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Ghecaistry. — " 77/(' hrowhiation of toliiem'". B_v I'rof. A. F.

Hui.i.ivMAN and Di'. K. H. van dkh I.aan.

(Coiiiinuiiicatecl in the ineetiug of OctobiT ^8, 1905).

In till' ii'.iclion belwc'cn Inliicnc anil Inidnini- w i- have a sli'iUiii;f

c.xanijilc (if tlie inllnence exerted un I he ualme of liic |)r(>dncl of

reaction by exj)ei'iinenlal conditiüiis. Almnl this the fnllowiiiji' is

known:

1. I II lliii-iici' (If' l.i'iii jurdliiri-. \\\ the dark and at a Inw icni|ii'fa-

tnre tliei'e is t'oi'ined a nnxlnre i)ï hrnniDlolncnes ; on tjie nlliei- hand

benzyl bromide is t'oi'ined at tiie boilini: iioini of toluene.

'1. /ii/liit'iice ('/' /I1//1/. At a liiw Iein|ieralnri' benzv I lirmnide is

exeliisively fonned: the same takes plaee al the boiling;- temperat 11 re.

3. Jnjiuciicc of ciifii/i/zi'rs. Tliroimh llieir aelinn the broinination

takes place exeiiisiveiy in the core, even in full dayli^lil and at

ail elevated temperature.

If we make a closer slndy of the papers which lia\e a|)pearcd

a« to this reaction it strikes ns, as in so many other cases, that the

virtually known snlfers from much uncertainty owing tu an iiisiitli-

cient observance 01 liie quantitative proportions. When, for instance,

ScHKAMM states that on broinination in snnliü'ht l)en/.yl l>roniide is

e.xchisively formeil, a doubt arises as to the correctness of this view,

as the only proof he adduces is that tli(> boiliiii; point of his product

lies at 195^— 205°; his boiüiifi' point limits are therefore s(j wide

apart that tlicv sn<i<iest rather the iirescnee than the total absence

of isomers. As rejiards the bioniolobieiies formed in the reticlioii,

it A\as known thai these are ortho- ami y/i//-'/-broinotoliieiie. Hiil the

(piestion, in \\ hat |n-oporlion those are formed under the inthieiice

of the three above factors, has only been niatle the subject of jxreatly

\aryinu,' conjectures and roiii^h estimates. Nuthinji' was known also

as to the naliire of the pi'odiicl> of reaction wiiich are formed in

the dark al temperaliire^ between the ordinar\ and the boilint; |ioinl

of toluene ( I 10 ,.

There was, theiefori-, e\'ery reason to again study this interesting

reaction and to liy to soi\e the following cpiestions:

In liow far is ili,' compo'-ition oi' the reaction-mixtni't' dependent

1. iiii the lemperaliire: '1. on the aclimi of light; !!. on the presence

of calaly/.i'i's.

In m_\ laboral<'>ry , lirsl al ( ironingen. aflerwanl^ al .\ mslerdam.

Dr. VAN i)i''.u Laan has made a eontrilMiiiou lo ihe resobilion of these

(piestions by means of a careful expi'iiini'iiial n'^i-Hicii ; he rommenccMi
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bv making sure of the absolute purity of his toluene ami bioniine

bv means of special methods of purifying : for details his dissertation

and his paper in the ••Recueil' (next appearing should be consulted.

As the composition of the reaction mixture consisting of ortho-

/}'j7vjbromotoluene ïind benzyl bromide had to be determined, but as

no method for this was available, it was necessary to work out a

suitable process : in order to do this it was necessary to tirst possess

the thi-ee said substances in a chemically pure state so as to be able

to make artificial mixtures for testing the analytici\l methods.

The preparation of /></;virbromotoluene and of benzyl chloride presented

no difficulties. The first substance was obtained from />rt;v/toluidine

by diazotation, and as this is a solid it could be readily freed JVom

any adhering traces of its isomers by i-ecrystallisation from ligroin

and thus yield a parabromotoluene also free from its isomers. Benzyl

bromide was made from benzyl alcohol and hydrobromic acid. On

the other hand the preparation of pure t>r//i(?bromotoluene was not

so easy. This was also prepared from the corresponding toluidine,

but the difficulty was to obtain the latter in a pure condition. This

was overcome in the manner i)re\ iously communicated (These Proc.

VII p. 395].

In the actual ijivestigation a large excess of toluene was always

taken (8 mols. toluene to 1 mol. of bromine) so as to avoid for certain

the formation of liigher substitution products. Besides the three above

mentioned substances the reaction mixture contains, therefore, a lai'ge

quantity of toluene: hydrogen bromide is also, present and often

iUso a small quantity of free bromine, especially in the reactions

which were executed in the dark. This reaction product was now
iuiaiysed quïuiritatively as follows : A slow current of air removed

almost quantitatively the hydrogen bromide, which was absorbed in

water and titrated : the quantity thus found is equivalent to iuid

serves as a measui-e for the brominated products. In order to free

the liquid from any free bromine, and to determine the amount of

the same, it is poured into a solution of potassium iodide and the

liberated iodine titrated with thiosulphate. The liquid is now washed

with water, dried, and the toluene is distilled off in an airbath

heated by boiling amyl alcohol. On taking the sp. gr. of the di&tilled

toluene it appeared that this had not carried over any brominated

products to speak of.

After these operations the liquid now only consisted ofthebromo-

toluenes and benzyl bromide besides also a small quantify of toluene.

In this mixtni-e the benzyl bromide can be estimated by means of

alcoholic silver nitrate which yields silver bromide quantitatively.

36*
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In order to deteriiiiiie in wiiat |ir(i)M)rtioii nrtlm- and /////vdininio-

tolueiie are present, it was necessary to i-enio\e the ben/vl bromide

from the mixture. Tiiis was done by l)rin,ij:iiiji' it into conlaet with

(limethvlanilino. Thei'c is iheii tnrnied t|iiaiililati\ eiy an amnioninm

bi'Oniide, the bulk ul' which is ile|i(>siled as a civslalline mass. By

washing- tlie residual li(|uid with \cr\ diiiilc nitric acid the excess

of dimethyl aniline ami tlic still diN>(il\('d ammonium l)romide

ai*e remoNcd so liial we olilain linally a li(|uid consisting merely of

tlie .bromotoluenes. When dried ami distilled in vacuo it is i-eady

for the determination of I lie isomers. This was done by determining

the solidifying point of this puritied liquid. By means of the solidi-

tying point curve previously constructed l)y Dr. v.\n ukk Laan, the

composition of the mixture could be at once ascertained from the

said point. By the analysis of a series of made up mixtures he was

satisfied that this method of analysis gives results accurate within

about 1 percent and is tlierefore sufüciently accurate for the purpose

intended.

With the aid of the method described Dr. van oioh Laan obtained

the following results.

1. Influence of ienijieriitnre. The llask containing the nnxture of

bromine and toluene was kept carefully in tiie dark. Observations

were made a( 25°, 50°, 75° and 100°. At 25° the reaction took

place very slowly and even after a week the bromine had not alto-

gether disappeared. A I
50° this was already I lie case in 3 days.

The subjoined table contains the anal^'ses of liie reaction mixtures.

The ligures given are each the mean of 8 or 4 concordant deternnnations.

From this it appears that in tiic dark a regular iiicrease of the

benzyl bromide content lakes place with a rising temperature. From

a graphical extrapolation ii appeal's liiat itenzyl bromide is no longer

formed below 17°, bul, on the olliei' hand, aliove H3° it is Ihe sole

i-eaction product. These conclusions. ht)wevcr. must still be coniirmed

experimentally. The pi-oporlion in w liich c////»- and /^'^/vdiromololuene

are formed also alters somew lial in lavdur of Ihe tirst-nained isomer.

A determinalion of the s|». gr. of Ihc mixture showed that this does

not contain any of the higher brnniinaleil sul)slances. The mixture

obtained at 25° iiad a s|i. lir. of 1.35it.s at (i4°.(J whilst a mixture of

the two isomers in the same projporlion shows a sp.gr. of 1.3598

at 64°.

2. Iii/hience of /ii//il. As already ob.scrxcd, ScnKAMM claims to

have obtained excbisi\ely brn/ylbromide when brominaling al low

tempei'ature in full sunlight, although his experimental dala create
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ten)j)eratiu'e at wliich llie reaction was Iriod was 50°, and llio action

of the catalyzers was determined in such a manner that increasing

quantitfes of them were added and the composition of the reaction

product determined each tin)e.

A feeble catalyzer was found in antimony Iriliromide as shown in

the subjoined table.

TABLE II.

Temp. 50^
; 50 cM.= toluene + 3 cM." Iti'omine. Dark.

Mol SbBr,
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Wlioreiis ShlJr, inodifios tlic |iro]i(H-li(in of i>rf/io-jiiini sli<>'iill_v iii

tavniir of' llic purii llicrc is pi-csciil Ih'i-(> a luiifli strnnii'cr iiitlut'jice

(if AHïi-, in ra\(iiii- of tlic inihu.

I'arlicularlv iiilprestiiiji here is tln' iiilliK'iicc on llio ainoiint of

hciizvl Itfoniiilp. Altliontili willi onlv 0.002 mol. no niodification of

tliose |)i'((|i(ii-|ions is pcrci'iilihli', lliis licconics so proiioiiiiced with

doul)l(' llic (|iianlit\ llial |)raclicall\ no more iicn/.vl lironiide i,s

fonned. This resnh is xciy slrikin^ and desoi-\cs a cdosei- stndv.

Wilh foi-ric lH'onii(h_' (hls phenomenon was repeated: this appeared

to he a still more po\\(M'fnl catalvzei' than ainniininm hromide, ay

the limit of its activity is sitnated still considei'ahly lower as may

be seen from the subjoined table:

T A B 1. E IV.

Temp. 50^; 50 eM.' toluene -f- 2.5 cM.' bromine. Dark.

('omposition of' iho

MolFeBrj
i

Benzyl- mixture,

on 1 mol Br„
|

bromide ort'io
|

para

' hromnlnlufne
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The (jiuintity of beiizvl lirdiiiidc lias therefore, murli increased

l)iit llie proporlion (niJio-piint has kepi fairly well imallered.

For fiirthei' particulars as to these researches van ukr Laan's

original dissertation should be consulted. An article by him on

this subject will also appear, shortly, in the "Recueil".

Amsti'nhiin, Sept. '05. Chemical Laboratory of the University.

Geology. — "On fragments of rocks from the Ardennes found in

the Diluvium of the Netherlands North of the Rhine." By

Prof. A. WiCHMANN.

(Communicated in the meeting of November 25, 1905)

Ever since the 18*'i Century, the attention of geologists has been

drawn to the boulders scattered about our heathgrounds and in opposition

to the \'arious and oftentimes curious theories started to account for

their presence there, A. Vosmakr llieu already expressed the opinion

that they had been transported from elsewhere by "A Mighty Flood". M

A little later, A. Bruomans ") and after him 8. .T. Brugmans ') pointed

to Scandinavia as the original home of these erratics ; but this view,

though shared by a few other scientists, was not generally adopted

until after the publication of J. F. L. Hausm.\nn's treatise *). It seemed

then as if the only question still remaining to he solved, was in what

way and by what road this transport had been aifected. Little or

no thought was üiven to the possibility that other countries might

be also accountable for their origin.

It was not until 1844 (hat W. C. H. Staring, whilst investigating

the nature of these boulders, discovered that at least those composed

of sandstone and quartzite, were found as well in the Ardennes, in

the districts of Bere, and JMai'k, at the foot of the Harz Mountains

1) Johannes van Lier. Oudheidkundige brieven, bevattende eene verhandelin.;

over de manier van Begraven, en over de Lijicbussen, Wapenen,' Veld- en Eere-

teekens der oude Germanen. Uitgegeven.... door A. Vosmaer. 's-Gravenhage 1760,

p. XV, 10, 11, 103.

-) Sermo publicus, de monumentis variarum mutatationum, quas Belgii foederati

solum aiiquando passum fuit. Verhandelingen ter nasporinge van de Wetten en

Gesteldheid onzes Vaderlands. 1. Groningen 1773, p. 5D4, 508.

') Lilhologia Groningana. Groningae 17S1. Preface p. 2, 3.

') Verhandelingen over den oorsprong der Graniet en andere primitieve Rots-

blokken, die over de vlakten der Nederlanden en van het Noordelijk Diiitschland

verspreid liggen. Natuurk. Verhandelingen der Hollandsciie Maatsch. van Wetensch.

XIX. Haarlem 1831, p. 341-349.
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as in Scandinavia '). It is to be noted that on his first geological map

these diluvial beds are not marked out in separate di\isions ^).

Two years later, however, his attention was arrested by the pecu-

liarity that, while in Twente and in the Eastern part oi'Salland and

probably over the whole extent of the Veluwe, the principal con-

stituents of these erratics were quartzite, red or blackish jasper, near

the Havelter hill, before Steenwijk when one conies from the side

of Meppel, one suddenly finds the detritus to consist entirely of

flints. He noticed the same phenomenon near Steenwijk, the Steen-

wijkerwold and even near Vollenhove '). These facts led him to con-

clude that two distinct diluvial deposits had taken place, i. e. one

of "siliceous material" transported from the Baltic and another

"composed of quartz" derived from the Ardeimes.

In 1854 Staring had modified his theories. To the siliceous for-

mation he gave the name of "Scandinavian Diluvium", and the

quartz, which he no longer regarded as derived from the Ardennes,

received the appellation of "Diluvium of the Rhine", which also

included the deposits between the Meuse and the Rhine ; and the

beds situated South of the river Lek received the name of Diluvium

of the Meuse. He was careful to add however that -. "it would be

wrong to deduce from these appellations that Scandinavia alone was

responsible for the diluvial formation in the North of Holland, and

the Ai'dennes, or the mountains of what at [iresenl is known as the

basin of the Meuse, for that of one of its Southern parts and the

Rhine for that of the other." ")

Six yeai'S later Staring again proposed another division which he

then considered decisive. Leaving the boundaries of the Scandinaxian

Diluvium and those of the Meuse unaltered, the limits of the diluvium

of the Rhine were confined to those parts of the Netherlands lying

between the Riiine and liie Meuse. The formation Nortii of the Rhine

and South of the Vecht was indicated by the name of "mixed dilu-

vium" ^), whicii therefore included tiie provinces of Overijsel, Guclders,

Utrecht, and the district of the Gooi in North Holland. The charac-

teristic feature of this (libninni is the presence of erratics from

') De Aai'dkunile en de Laiulboiiw in Xederlaiul. Zwolle 1844, p. 14.

-) Pioef eeiier geologische kaai-t van de Xederlauden. Groningen 1844.

'') De Aardkunde van Sallaud en bet Land van Vollenliove. Zwolle 184(j,

p. 8, [), 53.

') Het eiland Urk volgens den Hougleeraar H.arting en hel Nederlandsclie dilu-

vium. Verhandel, uitgegeven door de Commissie belast met hel vervaardigen eener

geologische kaart van Nederland. 11. Haarlem 18.54, p. 167 m. kaart.

5) De Bodem van Nederland. II. Haarlem 1860, p. 54—56. PI. 1.
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Scan{lina\'ia, from Hano\or, from the luoiintaiiis aloiiü' tlie hanks of'

the Rhine and from tlie Ardennes; I mt Sta itiNG was unable accurately

to define which erratics had been trans|)ortéd by the Rhine and

which by the Mense.

"Ky far tlie largest portion of the (|iiartzites, sandstones. j)U(ldin<;-

"stones and slates, found in those |>arls of the dilnviiini, which arc

"situated to the South of the Scandinavian drift, are derived from the

"Devonian strata of the Rhine and the Ardennes." ') Neither did

Staring succeed in proving that the erratics in the diluvium of the

Meuse had originally come from the Ardennes. "The gravel and the

"flints of the Mense are similar to those of the Yehnve, with the

"important difference, howevei-, that no fragments of plutonic rocks

"are found among them."')

Although for the last ten years the erratics transported from tlie

North of Europe have been tlie suliject of much careful investigation,

little interest has been bestowed on those derived from Southern parts.

This neglect is due in a great measure to the very nature of those

rocks. The first actual proof that detritus from the Ardennes has

been carried North of the Rhine, was supplied by J. Lori>1 when

he discovered a Rhynchonella Thiirmanni near Wageningen '); but

until now scarcely any further progress has been made, in the study

of this question.

The diffienlty of tracing to their original home the boulders trans-

ported from the Ardennes, lies in the first place in the necessity of

leaving out of consideration, fragments of those rocks which are

represented both in the diluvium of the Rhine and in that of the

Meuse, for it is impossible to determine the exact districts to which

thev originally belonged. In the second ]ilace, it is a well known

fact that the greater part of the Ardennes is \ery poor in fossils,

so that the chance of finding fossiliferous specimens among the diluvial

erratics is almost nil; — and thirdly, some of the very characteristic

rocks, e. g. the phyllites, are much too soft to offer adequate resis-

tance to the accidents of transportation. However, as I hope to show

in the following pages sufticient material iVoni various formations

^) 1. c. p. 97.

2) I. c. p. 96.

^) Contributions a la geologie des Pays-Ba.';. Arctiives Teyler (2) III. Haarlem

1887, p. 80.

Postscript: Ferd. Roemeu has already mentioned silicified specimens of Stcpha-

noceras coronatum, found in the boulders near Winterswijk, Guelders. (N. Jalirl).

f. Min. 1854, p. 322, 323). These looked exactly like those occurring in the Jurassic

layers of Northern France. See also Gl. Schl titer in Zeitschr. d. D. geolog. Ges.

XLIX. 1897, f. 486.
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remains to prove tliat tlio orratics traceable to the Ardennes niav

claim a considerable share in the formation of the mixed dilnvinm ').

Cambrian sy.ttem. Tlie principal part of the Ardemies is built

np of layers belonging to the Cambrian system, which A. Dumont
originally snb-divided into thi'ee groups, namely Devillian, Revinian

and Salmian^). The Devillian and Revinian systems were afterwards

united by J. Gossklet, ') into one series, called the devillo-revinian,

which consists of pliyllites, alternating with bands of greyish black

and dark bluish grey quartzites. These layers may be seen exposed

principally near Revin and Deville, on the banks of the Mense, near

Rocroi and Stavelot, and also near Givonne, to the north of Sedan/)
These quartzites are often crossed in \-arious directions bv fine veins

of quartz and — a distinctive feature by which thev are easily

recognized — they often contain small cubes of pyrite, which in

some cases has been in a greater or lesser degree changed into

hydroxyde of iron. Now and then specimens are found in which
the orginal mineral has entirely disappeared, only the impression of the

cubes being left. J. de Windt*) has given microscopical descriptions

of these crystalline quartzites, but has omitted to mention one
special characteristic in which they show great conformity with the

phyllites. In reference to the latter, E. Geinitz was the fii-st to point

out that the enclosed crystals of magnetite and pyrite are sur-

rounded by a zone of quartz, thus forming elongated lenses. ")

From the manner in which these minerals have grown together,

as well as the chlorite, he was led to the conclusion that the\'

were coeval. This theory has been refuted by A. Ren.vrd. Althouo-li,

with Geinitz, he believes the magnetites and pyrites to have

been formed at the same time as the mass of the rocks he

1) In all probability this share will be found to be mucli larger than is thought

at present, because a great many lotky fragments, among others quartzites and
sandstones, are now ascribed lo the diluvium of the Rhine although they are also

present in that of the Meuse.

') Mémoire sur les terrains Ardcnnais et Rhénan-Mémoires de TAcad.-rov. de

Belgique XX. Bruxelles 1847, p. 8.

') Esquisse géologique du nord de la l-'ranee. Lille, 1880, p. 10.

') It cannot be made out which of these localities have provided the boulders.

They are represented in the accompanying map ^as if they were coming from
Revin, the chief locality.

°) Sur les relations lithologiques entre les roches considérées comme cambrien-

nes des massifs de Rocroi, du Brabant et de Stavelot. Mém. cour. de l'Acad. rov.

de Belgique LVl. Bruxelles 1898, p. 21, fi8.

"j Der Phyllit vou Rimognes in den Ardennen. Tschermak's Mineralog. und
Petrogr. Mitthig. UI. \Vi«a. 1880, p. 533.
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considers tlio zone of (|uarlz sun-ouiiiliiiii' lliese miiieriils lo l>e of'

secoiidaiy origin, anil that |H-(>ssni'e (tn Ixttli sides iiad caused caxitics

which afterwards lia\e been lillcd np wilh (|uart/,. ') Some time

before, A. Daubrék had ah'eady fnrnished a description of trans-

formed crystals of pyrites foniid near Rimognes. ') Tiie stnihes of

other kinds of I'ocks led to the same conclnsion. ') An analysis iif

the pyritiferoiis (piartzites of the Cambrian system affords still l)etter

proof of the secondai-y origin of tliis qnartz, because in this case

the rock itself is composed of this mineral. When examining specimens,

it is easy to observe the sharp contrast between the two formations.

Tlie quartz which has formed itself around the pjrite, is clear and

transparent, seldom contains enclosui'es, and is built up of

fibres which stand perpendicular on the crystals of |)yrite. The

same structure is seen in the parts which form the veins. L. dk

DoRDOLOT, who has written on the same subject, is inclined to I'egard

this (juartz as chalcedony. *)

By the aid of this data it has not been diflicult lo prove that

erratics of this kind have been widely dispersed, and it is very

])robable that in the course of time their presence will be signalized

from many other places besides those we here indicate.

1. Province Utrecht: Railway cutting near Rhenen, on the river

Lek, Darthuizer Berg, sandpit to the North of Rijsenburg, railway

cutting at Maarn, the heath near the pyramid of Austerlitz, near

Zeist, Heideboscli near tiie House ter Heide, between the stations

de Bilt and Zeist, to the rear of Houderinge near de Bilt, Soester Berg.

2. Province of North-Holland : Hilversum and the sandy tract lo

the North of Larenberg.

3. Province of Guelders : Heath near Epe, BenneUom near Wage-

ningeji. Eerbeek near Dieren, at several places around Eibergen

Borculo, Groenlo and Hettenheuvel near Doetichem.

4. Province of Overiisel : Ileriker Berg near Markelo.

1) Recherches sur la composition pt la stnietvire ties pliyllaties arilpimais. Bull,

du Musée roy. d'hist. nat. de Belgique. 11. Bruxelles 1S83, p. 184— 1H5.

-) Etudes synthétiques de geologie expérimentale. 1. Paris 1879, p. 443.

') H. LoRETz. Ueber Transversalschieferung und vcrwandtc Erscheinungen im

thiiringischen Schiefergebirge. Jahrbuch der k. preuss. geolog. Landesanstalt fiii'

1881. JJerlin 1882, p. 283-289.

Hans Heusch. Bömmelöen og Karmocn met omgivelser. Kristiania 1888, p. fi9, 70.

Alfr. Harker. On "Eyes" of Pyrites and other Minerals in Slate. Geolog.

Magazine (3) VI. London 1889, p. 396, 397.

'*') Quelques observations sur les cubes de pyrite des quartzites revinions. Ann.

See. geolog. de Belgique. XXXI. Liége 1903—04. Mém. p. 505.
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It stands to reason that erratics of this type must be more plentiful

still in the dislriet South of the Rhine ; in fact, similar quartzites

lia\e heen found in the dilnviuiu of the Meuse for a long time past.

In the Pi'ovince of Limburg they are looked upon as the most com-

mon kiiul of erratics. At,ph. Erens came across one 3 M. high, 2.6 M.

long and O.B M. broad '). According to this author, they are also

found in quantities in the Province of North Brabant, although they

are not so large as those of Liniliurg. .1. Lohik found rocks of this

conq)osiii()n on the heaths at Mook and at Scliaik, also in South Holland

on the beach of Springer in Goedereede and near Rockanje in the

island of Voorne.

"Porphyroids." But the most conclusive |)roofs that immense quan-

tities of rocky fragments nuist have been transported from the Ardennes,

are furnished i)y the so-called Porphyroids. This rocky formation is

confined to the districts of Revin and Deville, where, more particu-

larly in the neiglibourliood of Laifour and Mairus, they form

dikes from 0.1 to 20 M. wide, corresponding to the kiyers of the

devillo-re\inian group. At present only 17 places are known where

this exceedingly characteristic formation ') may be encountered.

Dispersed in a bluish gray or greyish groundmass, may be seen

porphyritic crystals of bluish quartz and of feldspar. Owing to

their peculiar position and their schistose structure, many geologists

have classified these rocks among the series of crystalline

schists, — whilst others have ascribed to ihein an eruptive origin.

Ch. de t.a Yat.lee Polssin and A Renard, who ha\e given the

most detailed description of these rocks, favoured the former view ^);

Bakrois, Dalbree, Gosselet, von Lasaulx and others, on the con-

trary, justly considered them to be quartzporphyry, an opinion which

A. Renari) also finally accepted.

Although tiiese porphyroids can ha\'c but a miuiniuni share iu liie

formation of the Ardennes, they are frequently met with iu dihnial

deposits. In lïelgium, (4. Dewaeqle only noticed them near Liege ^),

which proves that but little attention has been paid to them in that

1) Recherches sur les foruiations ililuviemies du sud des Pays-Bas. Archives

Teyler (2) III. &'eme parlie. Haarlem 1891, p. 23.

^) J. Gosselet. L'Ardenue. Paris 1888, p. 86.

') Ménioire sur les caractères mineralogiiiues et stratigraphiques des roches dites

plutüuieiiiu's de la Belgicjue. Mémoires cour. etc. de I'Acad. roy. de Belgique XL.
Bi-uxelles 1S7(J, p. 237— 247 (also Zeilschr. d. D. geol. Ges. 1876, p. 750—769).

•*) Prodroiiii- d'une description géologique do la Belgi(|ue. Bruxelles et Liége

IsdS, p. •_':!7.
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country '), for Alph. Erexs mentions not less than 15 gravel-pits in

the neighbourhood of Maastricht in which he found fragments of

tlkese rocks, one being 0.(i M. long and 0.5 M. thick. The most

easterly place of deposit known at |)resent is Simpelveld'). Not long

ago, Mr. L. Rutten brought me several specimens dug up in the

neighbourhood of Sittard. From observations of Erens, it would appear

that these erratics are scarce in the Province of North Brabant. He
himself found a nice piece at Mook '), and J. Lorié a fragment

between Bladel and Postel.

North of the Rhine they have been discovered in the railway' cuttings

near Rhenen and also near Maarn (iji the latter locality the fragment

was over '/s M. in diameter), and on the Soester Berg, in the Province

of Utrecht. Another piece was found near Eibergen, in Guelders and

finally Ekens mentions having seen in the Geological Museum, at

Leiden, a fragment found in Overijsel : unfortunately he does not

state the exact spot at which it was found *').

2. Carhoniferuus system. Ferd. Roemer has given a description

of a few fragments of black carboniferous limestones containing

Productus striatus Fisch. found in the Gooi, near Hilversum and

sent to him for analysis by Staring. He came to the conclusion that

they were derived from the carboniferous limestone of the district

between Ai.\-la-Chapelle and Stolberg*).

Staring on the contrary believed them to have been transported

from Vise on the Meuse, in Belgium, and based his opinion on the

similarity of their composition witii the limestone found in that part

and also on the almost total absence of this rock from Westphalia.")

Although fragments of carboniferous limestone from Ratingt'n. N.W.

of Dusseldorf, might have found their way to the Netherlands, the

fact that no traces of the said fossil have ever been observed in

those rocks '), evidently keeps them outside the discussion. It is

true that in the district between Aix-la-Chapelle and Stolbei'g, the

1) J. LoRiÉ e.g. found several fragments near Lancklacr on the Zuid-Willemscanal.

-) Note sur les roches cristallines lecueiilies tlans les depots de transport dans

la partie meridionale du Limbourg hollandais. Ann. de la Soc. géolog. de Relgigue.

XVI. 1888—89. Liége. Mém. p. 417—420.

•') Recherches sur les formations diluviennes du sud des Pays-Bas. Archives

Teyler (2) III. 6*'^'"'' partie. Haarlem 1891, p. 23, 33.

*) Recherches sur les formations diluviennes. 1. c. p. 67.

°) Ueber Hollandische Diluvial-Geschiebe. Neues Jahrb. f. Mineralogie. 1857, p. 389.

«) De Bodem van Nederland. II. Haarlem 1860, p. 96.

7) H. voN DECHE^. Erlautcrungen zur geologischen Karte des Rheinlandes und

der Provinz Westfalen. 11. Bonn 1884, p. 216.
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Productus striatns is occasionally met with '), but, like manj- other

fossils, it is extremely rare. ') The probability of one of these

specimens haxing been transported l(j the Gooi becomes therefore

nil. On the other hand, as Staking had already pointed out, they are

very eommon at Vise in Belgium, consequently we are justified in

concludiug' that the above mentioned fragments must be referred to

thai locality.

Otiier fossil mentioned by Roemkk is the Goniatites sphaericus

Mart, (('ilyphioceras spliaericum), a specimen of which had been

found near Holten, in Overijsel, and whose original birth-place he

claims to have been the valley of the Roer. This fossil, however,

is found both at l\atingen and Vise: nothing definite can therefore

be saiil with regard to the place of its origin. I may here mention

that in lcSi)9, Dr. E. Coi.i.ins brought me a fine specimen, well

preserved and but Httle polished, which had been picked up in

the gravel of a garden at L'trecht and was very probably brought

from the Lek.

In the railway cutting near Maarn, to the East of Driebergen, I

found in 1891^ a block of crinoidal limestone weighing as much
as 97 K.G. In that same cutting i-epeatedly were observed pieces

of compact black limestone. In 1895, fragments of a very beautiful

crinoidal limestone were found in the grounds of the villa Houde-

ringe, near De Bilt, at a depth of about 1 M. Other pieces of

black and ne.\t to these of grayish compact limestone were found

in a railway cutting half way between the stations of De Bilt and

Soest. On the whole, therefore, it cannot be said that rocks of this

type are largely represented in the diluvial deposits under considera-

tion. This is probably owing in a large measure to the sandy nature

of the diluvium of those parts which allows the moisture of the

atmosphere to penetrate to the limestone and gradually dissolve it.

The same physical conditions are probably also responsible for the

paucity of erratics of this description in the Provinces of North-

Brabant and Lind)urg, antl in the ('ampine. A. Erkns found fragments

of crinoidal limestone near Oudenbosch, ') E. Dki.v.vux of carboni-

1) H. VON Decuen. 1. c. p. 211.

") C. Daniv. did not even come across a single specimen in the district of Aix-

la-Ghapelle. (Der Kohlonkalti in der Umgebung von Aachen. Zeitschr. d. D. geolog.

Ges. XLV. Berlhi IWCJ. p. 611).

') L. G. UE Ko.\im:k. KeclieR-hes sur les animaux ibssiles. V'"^ partie. Mono-

graphic des genres Productus et Ghonctes. Liege 1847. p. 30.

•*) Recherches sur Jes formations diluviemies I. c. p. 07.
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feroLis limestone in a gnu'el pit at Gelieren near Genck ') and J.

LoRiÉ at Smeermaes and Lancklaer, on the Zuid-Willems canal.

The original home of these various limestones cannot be determined

with any certainty. However, as numerous layers of crinoidal lime-

stone are present in tlie districts of Aix-la-Chapelle and Stolberg")

as well as in the valley of the Meuse, more especially near Dinant,

it seems rational that we should in the lirst place look to these parts

for their origin "). In any case they must have been transported

along the Meuse, for tlie district Aix-la-Chapelle—Stolberg is drained

by the Geul, tlie Inde and the Worm, which all three flow into

the Meuse.

Finally Rokmer gi^es in his treatise a description of fragments of

plitlianite, found near Ootmarsum, in Overijsel, which he thinks

derived from the layers of culm on the lower Rhine. This conjecture

is not inadmissible, but at the same time the tact must not be

overlooked that this kind of rock is also plentifid in the valley of

the Meuse.

Jurassic System {Ox/ordian). In the foregoing pages mention has

already been made of a piece of brownisii yellow sandy clay, found

by J. LoRiÉ on the Wageninger hill (Guelders) in whicli was inbedded

a perfect specimen of Rhynehonella Thurmaiuii ^'oltz, in every respect

similar to the fossils of this species found at Vieil-Saint-Rémy, to the

South-West of Mézières in the department of the xlrdennes *). This

is the oidy fossil of this type discovered in oiir country, although

in the dibivium of Sonlli Limboui'g and Norlheni Helgium, Jurassic

1) Les anciens depots de transport de la Meuse, appartenant a I'assisc; moséenne

observes dans les ballastieres de Gelieren pres Genck on Gampine. Ann. Soc. géol.

de Belgique XIV. 1886—87. Liége 1887, Mém. p. 103.

Here again, as at Maarn, he ascribed their presence to an "accident".

-) J. Beissel. Ueber Struktur und Zusammensetzung des Kohlenkalks in der

Umgebung von Aachen. Verhandl. natiuh. Yereins Rheinl. u. Westf. XXXIX. Bonn

1882. Corresp. Bl. p. 92.

*) Ed. Dupont. Notice sur les gites de fossiles du calcaire des bandes carboniféres

de Flourens el de Dinant. Bull. Acad. roy. de Belgique (2) XII Bruxelles 1861 p. 293.

Ed. Dupont. Essai d'une carte géologique des environs de Dinanl 1. e. (2) XX.

1865. p. 621, 622, 629.

Ed. Dopont. Carle géologique des environs de Dinant. Buil. Soc. geol. de Fr. (2)

XXIV. Paris 1866-67 p. 672, 673.

Ed. Dupo.nt et Michel Mourlon, Explication de la feuille de Dinanl. Musée d'hist.

nat. de Belgique. Service de la carte géolog. du Hoyaumc. Bruxelles 1883, p. 9,

26, 33, 34, 53 et passim.

*) Contributions .i la gciilogie dos Pays-Bas-. Archives Tcyler (2) III. Haarlem

1887, p. 10.
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fossils have been frequently met with. We tind them already men-

tioned by J. T. BiNKHORST VAX DEN BlNKHORST ^).

Fr. Seghers discovered a Rhynchonella and part of an Ammonites

at Genck '). Close to this place, at Gelieren, E. Dei.vaux frequently

came across remains of "calcaire a Chailles" '). C. Malaise gave a

description of petrified Nerinea found at Rothem and an Isastraea at

Jambes, near Namur ^). A. Erexs mentions a few other fossils ') and

finally we have an account of a yellow oolite, discovered by E. van

den Broeck among the erratics of the Meuse, and here we call

attention to the peculiar siliceous oolites scattered About the plateau of

the JMeuse and which probably belong to the Jurassic system '). As

yet no trace of similar oolites has been discovered North of the Rhine,

but J. LoRiÉ noticed some in the borings of a well at Mariendaal,

near Grave "). A few weeks ago Mr. L. Rutten found a small pebble

in the diluvium at KoUenberg, near Sittard.

Tertiary system. [Eocene). Very interesting are the accounts of

the discovery of erratics comprising specimens oï Numniulma laevigata

Lam. Ferd. Roemer has given a description of a fragment of this

kind derived from Holten, in Overijsel, but believed it to have only

accidentally found its way among the erratics '). Staring made

mention of a couple of rounded-off pieces of hornstone, one of which

had been found on the rising ground of Hellendoorn and the other

on the Steenshul, near Oldebroek, and which he referred to the Alps?

"If we did not know the place where these specimens were obtained,

"we should be rather inclined to think they came from a collection

"in which the objects had been confused and believe these rocks to

') Esquisse géologique el paluontologique de.s couches crétacées du Lirabourg.

Maastricht 1859. p. 7.

-j Ann. de la Soc. malacolog. de Belgique X. Bruxelles 1875. Bull. p. XXXIV.
•'') Les anciens depots de transport de la Meuse, appartenant a I'assise raoséenne

observes dans les ballastiéres de Gelieren prés Genck en Campine. Bull. Soc.

géolog. de Belgique XIV. 1886/87. Liége. 1887. Mém. p. 102.

*) Sur quelques fossiles du diluvium. Ann. Soc. malacolog. de Belgique X.

Bruxelles 1875. Bull. p. IV.

i) Note sur les roches cristallines 1. c. p. 413.

'') E. VAN DEN Broeck. Lcs callloux oolithiques des graviers tertiaires des hauts

plateaux de la Meuse. Bull. Soc. beige de Geologie III. Bruxelles 1890 p. 404—412.

X. Stainieb, Origine des cailloux oolithiques des couches a cailloux blancs du

bassin de la Meuse. Ann. Soc. géolog. de Belgique XVIII. 1890—92, p. CV, 92.

E. VAN DEN Broeck. Coup d'oeil synthétique sur l'Oligocène beige. Bull. Soc. beige

de Geologic VII. Bruxelles 1893 p. 25, 26<i.

"') Beschrijving van eenige nieuwe grondboringen, Verhandel. K. Akademie v. W.
2de sectie. VI, N. 6. Amsterdam 1899, p. 33.

^) Ueber Hoilandisclie Diluvial-Geschiebc. Neaes Jabrb. f. Min. 1857, p. 392,

37

Proceedings Royal Acad. Amsterdam. Vol. VIII.
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"liave been picked up near Hnissels ')". K. iAIartin ') and J. Lorié')

in fact assign tlieni also to tliat locality; they forget, however, that

no strata of nnmmulitic limestone are known to exist tiiere "). Their

origin lies much farther South. In 'J 863 J. Gosself,t had ah-eady

indicated the original source of these "silex a Nummnlites", of which

a few years later he published a description '). They are dispersed

in large cpiantities in the arrondissement of Avesnes, in the department

du Nord, more especially in the environs of Trelon ') where, on

account of their hardness, they are frequently used for the paving

of roads.

Since then numerous fragments of this rock have also been found

in Belgium, specially on the plateau situated between the Meuse and

the Sambre, e. g. around Silenrieux, Sivry, Clermont, etc., as well

as in parts lying further West ').

The second question which we have to examine, is the period at

which these rocky fragments from the Ardennes have been trans-

ported to districts at present situated North of the Rhine. The view

expressed by Staring that this transport has taken place before the

deposition of Scandinavian erratics, seems at present also satisfactorily

established, for those carried by the Meuse. In the railway cuttings

at Maarn and Rhenen, I'ocks of diverse origin lie together in friendly

1) De Bodem van Nederland. II. Haarlem iSiiÜ, p. 89.

2) Niedeilandische und Nordwestdeutsclie Sedimentaigeschiebe. Leiden 1878, p. 37.

*) Les metamorphoses de I'Escaut et de la Meuse. Bull. Soc. beige de Geologie,

IX. 1895 Bruxelles 1895—96, Mém. p. 60.

*) E. VAN DEN Broeck. A propos de Torigine des Nummuiiles laevigata du gravier

de base du Laekénien. Bull. Soc. beige de Geologie. XVI. 1902. p. 580.

S) De I'exlension des couidies a Nummulites laevigata dans le nord de la France.

Bull. Soc, géolog. de la France (3) II. 1873—74. Paris 1874, p. 51-58. See also

Ann. Soc. géol. du Nord. 1. 1870-74. Lille, p. 36.

*) Gompte-rendu de rexcursion du 7 Septembre [1874] a Tiélon 1. c. p. 681.

Leriche. L'Eocéne des environs de Trelon. Ann. Soc. géol. du Nord. XXXII. Lille

1903. p. 179.

'') Michel Mourlon. Sur les anias de sable et les blocs de gres dissiminés a la

surface des collines famenniennes dans TEntre-Sambre-et-Meuse. Bull. Acad. roy.

de Belgique (3) VII. Bruxelles 1884, p. 301-303.

A. RuTOT. Sur I'age de gres dc Fayut. Bull. Soc. beige de Geologie I, 1887,

p. 47.

L. Bayet. Premiéi'e note sur quelques depots lertiaii-cs de FEnlre-Sambi-e-et-Meuse.

Bull. Soc. beige de Geologie X, 1896. Bruxelles 1897-99 p. 139-140.

G. Velge. De I'exlension des sables eocenes laek^niens a travers la Hesbaye et la

Haute Belgique. Ann. Soc. géolog. de Belgique, XXV, 1897—98. Liége, p. GLXV.

A. Bkiart. Notice descriptive des terrains lerliaires el crétacés de Entre-Sambre-

et-Meuse. Ann. Soc. géolog. de Belgique XV. 1887— 88, p. 17,
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juxtaposition and intermixture, which proves tliat they must have

been carried together and at the same time to the place Aviierethey

are found at present. From the shape of the front moraine, we con-

clude that tiie direction of the transport was from the North-East.

The erratics nowadays found at the surface have been gradually

dennded by the action of water and wind. It is therefore evident

that originally these erratics were transported much farther to the

North and East, than their present place of deposit, because they

were seized by the advancing Baltic icestream ami carried along

together with the material of its moraine. We are therefore justified

in fixing the period of the transport of the boulders from the Rhine

and Meuse at the commencement of the epoch of maximum glaciation

(Saxonian).

A far greater difficulty presents itself when we attempt to deter-

mine in what way this transport has taken place, for it can only

have been effected by the agency of a river or a glacier. The

hypothesis that all these boulders should have been carried along

by the Meuse in its downward course, is scarcely admissible. Even

leaving out of account the finding of rocky fragments from the

Ardennes on the strands of Goedereede and Voorne — not to

speak of Suifolk, in Englaiul — there remains a large tract of land

105 K.M. long stretching from Utrecht to Eibergen, over which these

erratics are dispersed in the shape of a crescent. If carried by the

Meuse, its mouths must have extended over a very large area. But

a greater objection to this theory is that, in that case, they must have

been transported across the Rhine (at present the IJsel) because

rocks of this kind are found at places to the East of this river

(Doetichem, Eibergen, Markelo). Finally, some of these blocks are

so large that they could not possibly ha\'e been transported by a

river. Besides, some of them present no marks of polish, which is

another argument against their transport by running water.

For the better understanding of these objections we cpiote a few

examples from tlie Province of Limburg and the Campine. A. Erens

found ill the environs of Maastricht numerous large blocks of Cam-

brian quartzites, one of which was 3 M. high, 2,6 M. long and

0,6 M. in width, computed to weigh about 12400 K.G. '). More

important still are the blocks of sandstone found in the diluvium

of the Campine at Holsteen-Molenheide, near Zonhoven, in the neigh-

bourhood of Hasselt, E. Dklvaux noticed blocks measuring from 4

1) Note sur les roches cristallinus 1. c. p. 412, 417. Mr. L. Rutten informed

me tliat in the neialiboiirliood of Sittard similar boulders reach a diameter of

± a M.

37*
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to 36 M. cub, weighing from 10600 to 95400 K.G. '). He believed

tlicm to belong to the landenian stafje of the eocene system. His

opinion, that they covered the plateau of the Ardennes (where

Ch. Barrois was the first to discover similar masses '), to a height

of 672 M., has been much contested. E. van den Broeck classed these

sandstones first among the triassic system '), afterward referred them

to the oligocene system''), and finally suggested they might either be

oligocene, miocene or pliocene, but certainly not eocene*), (i. Dewalqi'e

pronounced them to be miocene °), whilst O. van Ertborn sought

their origin in the pliocene system '), more especially in the diestian

group "), but was of opinion that they must be regarded as the

remains of a "delta caillouteux" '). M. Mourlon, on the contrary,

held that they had been formed in the vicinity of their present place

of deposit, by the fusion of the "sable de Moll" ^''), an opinion

which cannot be maintained, because similar blocks are present in

the diluvium of Maastricht where no trace of this sand exists '').

J. GossELET compares these rocks with the fresliwater-quartzites of the

diluvium of tiie Rhine and, with reason, thinks that they belong

to the oligocene system '''). At all events it is universally admitted

that the Ardennes have been covered by extensive layers of tertiary

1) Description sommaire des bloes colossaux ele gres blanc crlstalllns proveriant

de l'étage landénien supérieur en différents points de la Gampine limbour-

geoise. Ann. Soc. géolog. de Belglque XIV. 188(J— 87. Liége 1887. Mém. p. 117— 130.

-) Sur l'étendue du système tertiaire inférieur dans les Ardennes. Ann. Soc.

géol. du Nord. VI. Lille 1879, p. 371.

3) Ann Soc. roy. malacolog. de Belgique XVI. Bruxelles 1880. Buil. p. LXXIV.

*) Note préliminaire sur Ie niveau sLraligrapliicjue de la Belgique et de la region

d'origine de certains des bloes de gres quartzeux de la Moyenne et de la Basse-

Belgique. Buil. Soc. beige de Geologie IX. 1895. Bruxelles Proc. verb, p. 94—99.

•') Les gres erraliques du sud du Dénier et dans la region de Heurgk. Buil.

Soc. beige de Geologie XV. 1001. Bruxelles 1902. Proc. verb. p. 628.

<^) Ann. Soc. géolog. de Belgique. XIV. 1880—87. Liége 1887. Buil. p. 18.

7) Le Quaternaire dans Ie sud de la Belgicpic. Buil. Soc. beige de Géolog. XV.

1901. Proc. verb. p. G62.

f*) Quelques mots au sujet des divers niveaux gréseux du tertiaire supérieur

dans le nord de la Belgique. 1. c. p. G32.

») Contribution a l'Étude des Élages nipélien, buldérien, diestien el poederlien,

1. c. XVI. 1902. Mém. p. Ü5.

10) Gompie rendu de rexcursion géologi(iue en Gampiiie les 23, 2-i et 25 sep-

tembre. 1. c. Xlll. ISO'.l. Mém. p. 205, 213, 214.

11) Alph. KiiEXS. Note siu- los ruches crislallines 1. c. PI. XIU.

12) L'Ardenne. Paris 1888, p. 833.
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fivstem, as has been pointed out l)y M. Lohest '), X. Stainif.k ''),

J. Cornet ') and otliers.

Before stating our reasons for su|i|iosinii- tiie presenee of a gla-

cier in tlio Ardennes during tlie second glacial period, we are

willing to admit that J. Gossei.et, who of all geologistst knew most

of this mountain range, remarked in reference to this hypothesis

:

"on n'en trouve aucnn indice serieu.x" ^). Indeed we have hut few

indications in support of it. The first to draw attention to this ques-

tion was Fr. van Horen, who at the time of the making of the rail-

way line between Tirlemont and Jodoigne, found near Kost blocks of

quartzites from the Ardennes which presented marks quite similar

to the striae caused by glaciers. Van Horen, however, did not feel

justified in drawing from this discovery the conclusion of the former

existence of a glacier '). A year later C. Mat.aise observed similar

marks on blocks of quartzites on the banks of the Givande Geete,

close to the spot formerly occupied by (he Abbey of Ramez-les-

Jochelette, about JO K.M. from Host"), (i. Dewalque believed to have

seen unmistakable striae on blocks of (piartzites in the valley of the

Amblève, near Stavelot, on the "llohe Venn" ^). E. Delvaux also

noticed these horizontally parallel scratches, lint believes them to

have been produced l)y a "torrent enlratnant et roulant pêle-mêle

des sables et des caillonx." ").

Finally, South of Stavelot, on the road to Somagne, G. Dewalque
discovered giants' kettles formed by the agency of glaciers "). It is

regrettable to find that the more detailed study of this subject has

been much impeded by the practice in Belgium of giving the name

1) Lps depots tertiaii'es de la haute Belglque. Ann. Soc.-géolog. de Belgique XV.
Liége 1S87— 88. Mém. p. .J'J.

^) Le grès blanc de Maizeroul. Ann. Soc. géolüg. de Belgique XVllI. Liége

1890—91. Mém. p. til.

') Etude sur I'Evolution des Rivieres beiges. Ann. Soc. géol. de Belgique XXXI.
1903-04. Mém. p. 317, 355.

*) L'Ardenne, p. 843.

5) Note sur quelques points relatifs a la geologie des environs de Tirlemont.

Bull. Acad. roy. de Belgique (2) XXV. Bruxelles 1868, p. 645, 664 ; 1 PI.

*) Roches usees avec cannelures de la vallée dc la grande Geethe. 1. c. (2)

XXVII, 1879, p. 682-685.

7) Sur la presence de stries glaciaires dans la vallée de FAmblève. Ann. Soc.

géolog. de Belgique. XII. 1884—85. Liège. 1885. Bull. p. 157—158.
^j Note succincte sur I'excursion de la Socielé géologique a Spa, Stavelot et

Lammersdorf en aout-septembre 1885. Ann. Soc. roy. malacol. de Belgique XX.
Bruxelles 1885, Mém. p. 19.

8) Marmites de géants prés de Stavelot. Ann. Soc. géol. de Belgique. XXV.
1897-98, p. CXXXVlll.
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of pseudoglacial to all kinds of bosses and scratches wliicli elsewhere

would scarcely be so called, because they do not in the lerst resemble

the striae of glaciers ').

This absence of positive characteristics is however easily explained.

Leaving alone the fact that as yet no thorough investigation of the

subject has been made, the condition of the Ardennes themselves

are very unfavorable to research. Its dense forests, fens and heaths

make it dilTicult to reach the surface of the rocks, ^vhose harder

layers are only capable of preserving marks. The reason why so

few traces are found on the sides of the valleys and on the plateau

of the Meuse becomes plain, when we remember that during the

period following the receding of the Northern glacier, the waters

of the Meuse rose 200 M. abo\'e the level of the sea, and not only

filled the whole valley but inundated the plateau of the Meuse and

thus destroyed the traces left by the glacier.

Of this we find the clearest proofs in the terraces which have

retained their boulders. ') Besides, exactly the same thing happened

with the Rhine and its tributaries. The sand and small pebbles

carried along by their waters must necessarily have almost entirely

obliterated the marks of the glaciers left on the rocks ').

Striae, however, are not the only evidences of the action of a

1) X. Stainier. Stries pseudo-glaciaires en Bolgiquo. Bull. Soc. beige de Geologie

X. Briixelles 1896. Pr. verb. p. 212—216.

E. VAN DEN Broeck. Contiibutioiis a l'étude des phénomènes d'altéralions

dont rinterpi'étation erronée pourrail faite croire a l'existanee de stries glaciaires.

1, c. Xni. 1899. Mém. p. 323-334. PI. XX.

G. SiMOENS. Sur line rocbe présentant des slries pseudo-glaciaires en Gondroz.

1. c. Pr. verb. p. 222-223.

2) É. DupoNT et M. MouRLON. Explication de la feuille de Dinant. Bruxelles

1883, p. 100.

A. RuTOT. Résnllals de quelques explorations dans ]e Quaternaire de Ia Meuse.

Buil. Soc. beige de Geologie. XIV. Bruxelles 1900. Pr. vorb. p. 259, 260.

X. Stainier. Le cours de la Meuse depuis l'ère tertiaire 1. c. VIII. 1894 Mém.

p. 84. PI. VII.

E. VAN DEN Broeck. Goup d'oeil synthélique sur l'Oligocène beige et les obser-

vations sur Ie Tongrien supérieur du Brabant I.e. Vil. 1893, p. 255, 256, 266.

E. VAN den Broeck. Exposé somtnaire des observations et découvertes stratigra-

phiques et paléonlologiques faites dans les depots marins el fluvio-marins du Lim-

bourg pendant les années 1880—81. Ann. Soc. roy. raalacolog. de Belgique XVI,

Bruxelles 1881. Buil. p. GXXV-GXLII.

3) It might be suggested that the transport of these boulders had taken place by

means of icefloes, but Mr. Lohest has demonstrated in the most positive manner

that these ice-masses are incapable of effecting a notable removal. He comes to

the conclusion that among the present climatic conditions no explanation can be
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jllaficr and oJic iiiighl roasonalily expect to (nul in the \alle_v8

some remains of the wall of moraines. That this is not the case

may be accounted for by the supposition that the great Baltic ice-

stream has travelled fiirther south and in its course also destroyed

these evidences. As there exists a ureal diversity of opinion with

respect to this forward movement of the ice-stream, it seems necessary

here to state wiiat is known of the dispersion of Scandinavian

erratics in the Provinces of Limlmrü; ami North-Hrahant and the

Campine.

As long ago as 1778, J. A. dk Lie mentions the discovery of

blocks of granite between I'ostel and Alfen, and also near Lommel
and Helchteren '). Subsequently, .1. .1. d'Omalius d'Hali.oy drew

attention to the numerous blocks of granite and other fragments of

"primordial" rocks found on the heath of the Campine. "T>a quan-

"tité de ces blocs doit étrc été immense ; car quoiqu'on fasse

"nn grand usage pour paver les rues, ainsi que pour faire des

"jetées Ie long de la mer et des rivieres, on en voit beaucoups

"dans les bruyères". ') And Engelspach—LAUiviiiKE adds the infor-

mation that some of these blocks of granite measured several

M. cub. ") Somewhat later again, .1. (i. S. van Brkda mentioned

the linding of two pebl)les of granite in the subsoil of Maastricht,

very justly remarking that these rocks must be regarded of later

date than those transported from the Ardennes ^). At that time lie

already spoke of blocks of granite found at Oudenbosch, in North-

Brabant '). Staring expressed the opinion that these erratics had been

brought there by "some accidental means or other" "), although a

short time before Norbert de Wael liad recorded the tinding, at

Weelde, 10 K.M. to the NKE. of Turnhout and also at Poppel,

found for the transport uf liie blocks ol' qiiartziles from the Ardennes. (Sur le

transport et le déplacement des cailloux volumineux de TAmblève. Ann. Soc.

géol. de Belgique. XVIII. Liége 1890-91. Bull. p. CVII-GIX).

1) Lettres physiques et morales sur I'hisloire de la terre et dc Fhonime. IV.

Paris et La Have 1779, p. 54, 57.

-) Mémoires pour servir a la description géologique des Pays-Bas, de la Flandre

et de quelques conlrécs voisines. Naniur. 1828, p. 204, 205.

•') Considerations sur les blocs erratiques et roches primordiales Bruxelles. 1829

(fide P. GoGELs. Ann. Soc. roy. raalacolog. de Belgique. XVI. 18S1, Bull. p. LIV).

*) Natuurk. Verhandel, van de Holl. Maatsch. v. Wetensch. XIX. Haarlem

1831. p. 39Ü.

') The biggest one originally weighed ± 5300 K.G. (V. Becker). Het zwerfblok

van Oudenbosch en zijne omgeving. Studiën op Godsdienstig, Wetensch. en

Lelterk. Gebied. XXX. utrecht. 1888, p. 25).

"*) De bodem van Nederland II. Haarlem 18G0, p. 78.



( 534
)

half-waj belweeii the last-named place aiul Tilburg, of erratics one

of which weighed 200 K.G. '). G. Delwaqle then again mentioned

two pebbles of granite fonnd in the neighbourhood of Maastricht ").

It is only during the last ten years that a deeper interest has been

taken in the study of this subject, with the result that the presence

of erratics of Northern origin has been ascertained in several places,

as we gather from the writings of C. Bamps, V. Becker, E. van den

Broeck, p. Cogels, E. Delvaux, G. Dewalque, A. Erens, 0. van

Ertborn, J. LoRiÉ, A. Renard and Ch. de la Vallee—Poussin.

Another fact w^orthy of notice is the presence, at these very places,

of boulders derived from the district of the Rhine. The first indications

of sucli finds, by G. Dewalque, are rather questionable. They were

fragments of rocks from the lava of Niedermendig, near Andernach,

frequently met with in the valley of the Amblève, but were believed

to have been fragments of mill-stones, formerly used at Stavelot and

Maimed}'. Subsequently E. Delvaux found a few pieces of lava and

pumice stone in the diluvium of the Campine ') ; but it was A. Erens

who discovered and described a great number of rocks derived from

the Rhine district, composed of lava from Niedermendig, pumice

stone and Taunus-quartzite *). These were followed at a later

period by trachyte from the Drachenfels, basalt and hornblende-

andesite from the Siebengebirge, and melaphyre and agate from the

basin of the Nahe '). The discovery of these fragments in the North

of Limburg admits of no other interpretation than that these rocks

must have been carried South, simultaneously with the detritus from

Scandinavia.

It cannot be denied that fewer erratics from Scandinavian rocks

are found South of the Rhine than North of it. We give the following

reasons in explanation of this fact: 1^'. During the progress of the

Baltic icestream in a South-Western direction, the Scandinavian drift

must already have lost a certain portion of its material by the mix-

ture of the debris of its own moraine with that of other sources;

2°'^. It must have suffered further loss by mixing with the moraine

1) Bull. Soc. paléontolog. Bruxelles p. 36. (Seance du 5 Septembre 1858).

^) Prodrome d'une description géologique de la Belgique. Bruxelles et Liége.

1868, p. 237.

8) Les anciens depots de transport de la Meuse. Ann. Soc. géol. de Belgique

XIV. 1886-87. Mém. p. 102.

*) Note sur les roches cristallines . . . Ann. Soc. géolog. de Belgique XVI. 1888—

89. Mém. p. 414, 439—441, 444.

6) Recherches sur les formations diluviennes du sud des Pays-Bas. Archives

Teyler (2) III.
6''™^' parlie. Haarlem 1891. Tableaux syuuptiques I— V.



A. WICHMANN. "On fragments of rocks from the Ardennes found in the Diluvium

of the Netherlands North of the Rhine."

Proceedings Royal Acad. Amsterdam. Vol. VIU.
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debris of the glacier fVoin the Ardennes; 8'^'. The nieltiiig process

commenced soon after reaching its Southern limit. It was only dnring

its receding course that the Baltic ice-stream remained for some time

stationary, and in this period of inaction was formed the front

moraine extending from the South coast of the Zuiderzee to Grebbe

and further as shown by J. Lorié '), over Nimeguen to Crefeld.

The glacierformations, at present situated South of the Riiine, were

afterwards, i. e., during the inter-glacial period, exposed to the turbulent

waters of the Meuse, which, as has been stated above, rose 200 M.

above tlie level of the sea, at least between Namur and Dinant, —
proof of which is afforded by the high terrace. Although this terrace

slopes down towards the North, near Nimeguen, it still reaches a

height of between 50 and 100 M. -|- A. P. '). Owing to (his action

of the Meuse, the erratics found in North-Brabant and Limburg are

generally smaller and more polished than those of the diluvial depo-

sits North of the Rhine. And lastly, a great portion of the glacier

formation has got hidden from view by the large alluvial tract of

the Rhine delta, which has been formed after the bi-each of this

river at Nimeguen and subsequent alterations of the level by dis-

locations.

Anyhow, it is entirely out of the question to admit that in the

beginning of the quarternary period the Meuse had its outlet into the

sea, a little North of Maastricht and formed thei-e an estuary, —
a theory put forwards by M. Mourlon ') and A. Rutot *). As J. Lorié

justly observes, not a single indication exists of the sea having

extended so far inland.

1) J. Lorié. Le Rhin et le glacier scandinave quaternaire. Bull. Soc. beige de

Geologie XVI. 1902. Mém. p. 129-153. N. VIII.

') 1. c. p. 131. The high terrace of the valley of the Meuse is generally

considered of pliocene formation, but the presence of Scandinavian erratics in

places situated farther North, e. g. Mook, Nimeguen, etc., proves that it must have

been formed after tiie receding of the Baltic ice-stream.

3) Les mers quaternaires en Belgique. Bull. Acad. roy. de Belgique (3) XXXII.

Bruxelles 1896 p. 671— 711. La faune marine du quaternaire moséen revelée par

les sondages de Strybeek (Meerle) et de Wortel, prés de Hoogstraeten en Gam-
pine. 1. c. (3) XXXIIL 1897, p. 77Ö—782.

*) Les origines du quaternaire de la Belgique. Bull. Soc. beige de Geologie. XI.

Bruxelles 1897, p. 117.

") De hoogvenen en de gedaantewisseling der Maas in Noord-Brabant en Limburg.

Verhandel. K. Akad. van W. Tweede Sectie III. No. 7. Amsterdam 1894, p. 10.
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Chemistry. — "Thr //ni/iiii/ iminis nf sulnrufi'd m'/»//"/<.v in binary

systems in irJilrh a. ronipoiind occurs". By Prof. H. W.

Hakhiis Roozeboom.

(tlommunicated in the meeting of November 25, 1905).

In a previous communication ') it has been ascertained what

branches in the- three-phase lines for solid, liquid and vapour may

occur in binary systems in which a solid compound appears, namely

for the three cases that

:

a. the va])Our ])ressure of the licpiid mixtures diminishes gradually

from the component ,1 to tlie component B

;

b. liquid mixtures occur with a minimum pressure;

c. liquid mixtures occur witli a maximum pressure.

For the right understanding of the behaviour of such systems it

is particularly desirable to ascertain what is the order of the pheno-

mena which appear with ditferent mixing proportions of the components

when these, at a constant pressure, are brought from low to high

temperatures.

If those ]iressures are very low the mixtures, at a sutïiciently

low temperature, are completely solid, and on elevation of the

temperature, they pass gradually and, at last, completely into vapour,

therefore simply a sublimation occurs.

If the pressures are sutHiciently high (in the case of components

which are not too volatile, 1 aim. is (piite sufticient), the solid sub-

stances pass gradually and. at last, completely into liqnid and these

liquids evaporate at slill higher temperatures. In this case, fusion

takes place first and evaporation afterwards.

With moderate pressures, however, the melting and evaporation

phenomena partly coincide, namely when pressui-es are chosen which

occur on the three-phase lines of the components or the compound.

What cases may be distinguished wiieii no solid compound appears

has been fully investigated previously, by me. ')

Particular attention has been called to the fact that the three-

phase line of the component B may be sometimes intersected twice

at the same pressure, which is possible when this line exhibits the

branches \a and I^*, described in the previous communication. (See

line BD in tig. 1 and 6). In such a case two separate boiling

1) These Proc. VIII, p. 455. I learned that Dr. Smits had also come to the

conclusion that the minimum on the tlu'ee-phase line did nol coincide with

point //.

') Heterogene (lleichgewiclilc. Helt 2. p. 33S, el seq.
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points of solutions saturated with solid B occur, one on branch ih

and anothei on branch la. At the last point, iioiling does not take

place on heating but on cooling. The f, ,<'-ligures at a constant

pressure have been deduced by me, and the phenomena, in solutions

of salts in water and of sulphur in carbon disulpliide, have been

demonstrated bv SitiTs and de Kock.

The figures I, 3, 5, 6 show at once that this same case may
also occur in solutions saturated with a compound of the two com-

ponents as soon as their three-phase line shows branch lb as well

as la. -E.xamples of two boiling points of the saturated solution have

not thus far been noticed in binary compounds although they should

be far from rare.

In compounds Avhere, among the saturated solutions, there is

present one with a minimum pressure (Fig. 3), a second boiling

point of the saturated solution might occur with solutions either

richer in A or in B ; in fact a third boiling point at the side of

the solution richer in B would be possible if the point D in fig. 3

were situated so low that, at the same pressure, the branches JJl\,

2\Ti and T^H could be intersected in succession. The saturated

solution would then in succession first disappear, then reappear to

finally disappear once more. Examples belonging to this case have

thus far not been sufficiently studied.

If branch 3 of the three-phase hne exists for the solutions richer

in B {G D in Fig. 1 and Q, G H in Fig. 3 and 5), then if this

line is crossed, there occurs at a constant pressure a boiling |)oint

of the saturated solution of a different nature from that on branch 1.

The /, .r-figure of such a case is quite analogous to that derived by

me ') for saturated solutions of the component ^i whose Ihree-jihase

line in Fig. 1, 3, 5 always indicates branch 3. On boiling the solution

saturated with A the following transformation takes [)lace :

solid -j- liquid —*• vapour.

As solid and liquid now pass together into vapour in a definite

proportion, it now depends on the quantity of those two phases

which of the two disappears at the boihng point. Tiiis case occurs

for instance on the three-phase line for ice in systems of water and

little volatile substances as salts, also on the three-phase line for

solid CO, in mixtin-es of CO3 with less volatile substances such as

alcohol.

The same must now also ser\e for compounds' in so far branch 3

occurs therein. Among the binary systems whose liquid-vapour pres-

1) Heler. Gleichg. II. 341 et seq.
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sure always dimiiiislios from A \n /i. ilic liram-li 3 lias (liiis far only

been ibniid with IC'l, and KM, as observed in the pre\ ious eomnnini-

cation. From Stortenbeker's experiments, it may be deduced that for

ICl, the branch 3 extends from 34^ at 100 mm. to 22°7 at 42 mm.,

for ICl from 22° at 24 niM. to 8' at 11 niM. Tlie peculiar boiling

phenomenon is, therefore, only possible between these temperatures

and pressures, but has not been expressly stated in the solutions

saturated with IClj or ICl.

In binary systems in which a liquid with a minimum pressure

occurs on the three-phase line of the compound, branch 3 must

ahikii/s appear as shown in tig. 3 or 5. Among the examples cited

in the previous communication, there are sure to be found some

where the simultaneous boiling of the solid phase and the solution

may take place at 1 atm. pressure.

Another kind of boiling-]ihenomenon may, finally, take place on

branch 2 of the three-phase line of a compound. This branch cannot

occur with the components, for the peculiarity of the brancii consists

in this that the saturated solution contains an excess of the compo-

nent B, whilst the saturated vapour contains an excess of A ; the

compound is, therefore, the phase whose composition is situated

between those of the two others. This is, of course, only possible

with a compound and not with one of the components.

According to Fig. I, 3, 5, B of the previous communication branch

2 must occur with all compounds where coexisting liquids with an

e.xcess of B are possible, for it commences immediately at the

melting point.

Now, this is possible with a number of hydrated salts which,

below their melting point, yield saturated solutions with excess of

salt; but the appertaining pressures are then generally so small that

the boiling phenomenon cannot be readily observed. In the case of

salt-hydrates which occur at a higher temperature so that the equi-

librium-pressure on their three-phase line might amount to 1 atm.,

the solutions richer in salt seem to be very rare and no example is

known to me.

An example is, however, known if H,0 is replaced by NH,. With

the compound NH, Br . 3 NH,, branch 2 appears and the pressures

are even greater than 1 atm. In tins case the boiling phenomenon

has been observed by me.

Branch 2 has, however, been met repeatedly in my previous

researches on gas-hydrates where water is then the component B. If

we now take those hvdrates near solutions with more water the



( 539 )

vapour generally contains but little water, and we are dealing with

branch 2.

The conversion now taking place with heat supply at a constant

pressure is:

solid —*• liquid -|- vapour.

In all those cases it is, therefore, not the liquid which boils but

the compound. The gas is very plainlj^ seen to emanate from the

crystals lying in the liqidd, whilst the latter does not diminish but

increases. The phenomenon has been very plainly observed with the

two hydrates of HCl and of H Br and with those of SO^ and Cl^.

With the last two and with HC1.H,0 it could be observed at 1 atm.

pressure.

It must also exist with I CI but limited between 27° at 39 mm.,

and 22° at 24 mm., much more plainly with I CI, where it may
appear between the melting point 101° at 16 atm. and 34° at 100 mm.
Between this a three-phase pressure of 760 mm. occurs at 64°, and

at the said temperature it may, tiierefore, be observed in an open

apparatus. Solid ICl, breaks up into a liquid with 63 and into a

vapour with 89 atom-percent of chlorine.

That similar phenomena may also appear in compounds which are

very stable at a lower temperature, has recently been demonstrated

by Aten in the case of Bi^S,. This sulphide breaks up at 760° into

a liquid containing 55 atom-percent of S and a vapour consisting

almost exclusively of S. Therefore, the actual melting point of the

sulphide cannot be determined at 1 atm. pressure. A similar behaviour

may be expected of many compounds having a melting point situated

much higher than the boiling point of one of its components, such

as in the case of oxides, sulphides, phosphides etc.

We must point out another peculiarity which distinguishes the

boiling phenomena on branch 2 from those on branches 1 and 3.

The liquids and vapours belonging to the latter are both either richer

in A or richer in B than the compound : consequently the boiling

phenomena concerned are observed in systems consisting of the com-

pound with a smaller or larger excess of one of the components.

On branch 2 however the vapour is richer in A and the liquid

richer in B, therefore the boiling phenomenon can occur in mixtures

of the compound with ^1 as well as with B. In the tirst case such

a system, below the 'boiling point at the existing pressure, consists

of compound -|- vapour and the liquid appears only at the boiling

point, in the second case, the system below the boiling point con-

sists of compound -f- liquid and the vapour appears at the boiling
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point. Ill llie pai'tinilai' case that the compound was perfectly pure,

liquid and \aponr sliould appear both together at the boiling point.

This may be made plain by tiie example of I Clj. Tlie whole

<, .x'-tigure at 1 atm. is schematically represented by tig. 7.
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the three-phase line for solid iodine is interseeted botii on liraneh

lb and In and therefore tlie complication in the tignre occurs at

the side of the iodine.

Still greater complications may appear when according to Fig. 3

(previous communication) there exist liquids witii a miiumnm pressure

and wiien consequently the branches lb, In and lb can also appear

at the side of the liquids richer in B, whose intersection at an equal

pressure may coincide eventually with those of branch 2 or branch

3. When such systems have been more closely investigated it will

not prove difficult to give detailed t, .I'-figures for the same.

Chemistry. — "T/te reduction of ncraldeliyde nnd some derivatives

of s. divinijl (jhjcol (3.4 dihydroxy 1.5 liexadieney . By Prof.

P. VAN ROMBIKGH and W. VAN DORSSEN.

(Communicated in tlie Meeting of November 25, 190.5)

The reduction of acraldehyde (acroleine) with sodium amalgam ')

as well as with zinc and hydrochloric acitl ") has been studied by

Linnb;mann, who states that he has obtained in the first case propyl

and wopropyl alcoliol, in the second case wopropyl and allyl alcohol,

also a substance called acropinacone of the composition CjH,/)^, or

rather a product of non-constant boiling point, of which the fractions

boiling between 160''—170' and J 70°—180"' gave, on analysis, values

which led to this formula.

Claus ') could not confirm the results of Linxemann as regards the

formation of «cpropyl alcohol in the reduction with zinc and hydro-

chloric acid.

Griner *) has also repeated Linnemann's experiments with the object

of pre[)aring acropiiiacone (divinylglycol) but only obtained very small

quantities of a li(|ui(l wilhoiit constant boiling point \\liich bore no

resemi)lance lo the glycol which, however^ was obtained by him
in fairly large quantity by reduction of acraldehyde in acetic acid

solution with a copper-zinc couple. The other products of the reaction

have not been further described by the author.

If we consider the formula of acraldehyde in connection with the

1) Ann. d. Chem. u. Pliarm. 125 (1S(J3) S. 31.5.

5) Ibid Suppl. Ill (1864-1865) S. 257.

3) B. B. III. (1870) S. 404.

*) Ann. d. Phys, et Chim. [6J 26 (18'J2). p. 363.
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views of TiiiELE on the addition of hydrogen to conjugated systems

of nnsaturated compounds, then on reducing

CH, CH,

II I

CH we might expect CH
,

1^0 ll/OH
C C^

\h \h

an unsaturated alcohol wliicli, however, by intramolecular atomic
" ^0

shifting would be converted into CH,—CH^—C , propylaldehyde.

\H
On further reduction this would form propyl alcohol, a substance

w^hich actually occurs among the products of the reduction.

Up to the present, propylaldehyde has .not been found among the

substances formed in the reduction of acraldehyde.

We have, however, succeeded in showing that, although no free

propylaldehyde may be present, a derivative of this substance is

formed under certain conditions so that the intermediate formation of

the said aldehyde is not at all improbable.

First of all the reduction with zinc and hydrochloric acid in ethereal

solution according to Linnemann has been studied, but we succeeded

no more than Griner in isolating a well defined product — besides

allyl alcohol and perhaps smaller quantities of propyl alcohol
;

generally, the substance obtained, which boiled between 158°—164°,

contained much chlorine.

If, however, we allow zinc dust to act on a mixture of acraldehyde

and glacial acetic acid') then, in addition to aliyl and propyl alcohol,

a neutral liquid is formed (b.p. 170") from which, after fractionating

in vacuo, a product may be obtained boiling between 59^5—60'-' at

15 mm. The analysis and the vapour density lead to the formula

C,H,,0,.

The comiiound is not decomposed by potassium hydroxide ; neither

sodium nor phosphorus jjentachloride have any action ; it cannot be

benzoylated with benzoyl chloride and pyridine. This sufticiently

proves the absence of OH groups.

The said properties, however, render it very probable that the

substance is an etiier. By dilute acids it is hydrolysed although but

slowly. An aldehyde like odour appears but, as the reaction proceeds,

the mass becomes so ilark with formation of brownish-black resinous

1) The action ol' various rudufing agonic on acraldi'liyde has been sludied. The

results will be published iu due course.
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pi'udiK'ls tliat we have iiot, as yet, succeeded in isolating well-defined

compounds.

Bromine is readily absorbed by it and that in a quantity wliich

points to the presence of two double bonds. If we work with a

solution of carbon tetrachloride at a low temperature, but little hydrogen

bromide is formed.

From a substance of the formula ('..Hj/)., a great many isomers

arc, of course, possible. We cannot enter here into a description of

the different experiments made in order to elucidate the structure of

the product obtained, but we may state that we have tinally succeeded

by means of a synthesis, which leaves no doubt whatever.

If, on s.-divinyl glycol which, tliaidvS to the beautiful researches

of Grinku, may l)e readily prepared, propylaldehyde is allowed to

act for 6 days at 90^, a substance is obtained identical with the one

described above.

(Sp. gr. at 12° of the synthetic product 0.9392

„ „ „ „ „ „ original „ 0.9416

Refraction at 12° of the synthetic ,, 1.4434

„ „ „ „ original „ 1.4430.)

As to the synthetic product, propylidene s. divinylethylene ether,

must be given the formula :

CH,

CH
i

CH—

CH—0^

1

CH

^CH—CH,—CH,

CH,

the original must also be considered as a derivative of propylaldehyde.

It is, of course, possible that there might be foi-med at first an

analogous acraldehyde derivative, which afterwards got converted

into a propylaldehyde derivative, but considering the comparative

difficulty with which the vinyl grouj) combines with hydrogen, this

looks less probable.

As one of us (v. R.) explained many years ago, s. divinylglycol

or 3.4 diliydroxy 1.5 hexadiene would form an excellent material for the

preparation of the hydrocarbon CH^ = CH — CH == CH — CH = CH,,

otherwise hexatriene 1.3.5.

Different methods which we have tried have not led to the desired

38
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end. At last we think we have sncceeded by making use of the

diformate of s.-divinyl glycol, a compound which may be prepared

by heating this glycol for a short time with formic acid.

By fractionating in vacuo, the diformate is obtained as a colourless

liquid which at a pressure of 20 mm. boils at 109'^ and hasasp.gr.

of 1.0747 at 11°. A determination of the formic acid (by saponifica-

tion) gave the amount required for diformate.

In a communication about to follow, the hydrocarbon prepared

from the diformate and the method of its preparation will be fully

described.

University Org. Chem. Lab. Utrecht.

Chemistry. — ''The occurrence of li-a.myrlne acetate in some varieties

of gutta percha". By Prof. P. van Rombur&h and N. H. Cohen.

(Communicated in the meeting of Novembei' 25, 1905).

Last year, a compound melting at 234° was found by one of

us (v. R.) in the gutta percha of Payena Leerii') of which it could

be stated that it is not identical with lupeol cinnamate, which occurs

in many varieties of gutta percha; the quantity was then too small

for further research. Since then a little more of that product was

prepared so that it could be proved that on treatment with alcoholic

potash it yields acetic acid and an alcohol melting at 195°.

In these Proc. of June 25, 1905 p. 137 it was stated that the

same product has been found by one of us (C.) in the "djelutung"

derived from the juice of varieties of Dyera. The identity was shown

by a comparison of the melting points and by melting point deter-

minations of mixtures of the two substances.

A suHicient quantity was now at disposal to determine the nature

of the compound.

In the first place, the substance was recrystallised a few times and

finally obtained in beautiful, long, hard needles whicli melted at

235° (corr. m. p. 240°- 241°).

On analysis (combustion with lead cliromale) the following results

were obtained

:

Calculated for CjjHjjO,

C 81.96 , 82.08. C 82.06

H 11.24, 11.27. H 11.11

The conq)Ouiid was found to l)e dextrorotatory. For the specific

rotatory power in a cliloi'oforui sohition [o]n=81°.l was found.

As stated a!)ove, the suhsluiice melting at 235° when boiled with

1) B. B. 37 ll'.xii) «. 3413.
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alcoholic potash yields acetic acid, whicli was converted into the silver

salt. A silver determination gave 64.2 %. theory 64.67 °/„.

The alcohol formed on saponitleation was a colorless snbstance

crystallising in long, thin needles and melting at 195° (corr. ni. p.

197°— i97.°5).

The elementary analysis (with lead chromate) gave.-

Calculated for C,„H5„0.

C 84.27, 84.12, 84.32 84.50

H 11.97, 11.91, 11.99 11.76

This alcohol has also a dextrorotatory power. In a cliloroform solution

it has [«]d=:88°, and in a benzene solution [«]d= 98°.

On treatment with benzoyl chloride and pyridine, the alcohol readily

yields a benzoate which crystallises in beautiful rectangular little

plates and melts at 230° (corr. m.p. 234°—235°).

After perusing the literature, it now appeared that the alcohol

melting at 195° is identical with ^-amyrine which occurs in elemi

resin and has been investigated and described with great care by

Vesterberg '). Not only do the melting points of the alcohol obtained

from Payena Leerii-gutta percha and "djelutung", of the acetate

and the benzoate agree perfectly with the melting points determined

by Vesterberg for (?-amyrine and its acetate and benzoate, but in

addition the values found for the specific rotatory power of the alcohol

from "djelutung" and its acetate differ so little from those which he

states for /?-amyrine and its acetate ^) that the ditference may be safely

ascribed to experimental errors caused by working with dilute solutions.

(J-Amyrine has also been found afterwards by Tschirch ') in the

resin of Protiuni Carana. It is stated, however, to ditfer from the

common (ï-amyrine by being oittically inactive, which seems some-

what strange. It should be remarked, however, that the cinnamic

ester of lupeol described by Tschirch ') about the same period under

the name of crystal-albane was also declared to be inactive, although

we have found this substance ha\'ing a decided dextrorotatory power.

A further investigation is therefore a desideratum.

Marek *) has obtained from the milky juice of Asclepias syriaca a

substance melting at 232°—233°, the melting point of which could

be raised by repeated crystallisation to 239°—240". Its analysis led

1) B. B. 20 (1887) S. 1242; 23 (1890) S. 3196.

2) Vesterberg states for (3-amyriue (in benzene) [z]lj = 99°.81.

for the acetate (in benzene) [a]D = 78°.6.

3) Arch. il. Phaim. 241 S. 149.

1) Ibid 241 S. 4S3.

^) Journ. prakt. Clhein. M. OS (1903) S. 385 ami 449.

38*
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to the forniiila CjjH.jO.^ and on saponifleatiuii it yielded acetic acid

and an alcohol melting at J 92'— 198° having the formula CjoH^dO.

The benzoate from the alcohol melted at 229°—23(P.

It can hardly be doubted that Marek has been working with the

acetic ester of ,'i-amyrine. Fortunately, he has not given a name to

the product isolated l)y him, and hence, has not unnecessarily

increased the already existing confusion.

Undoubtedh-, the enormous number of substances said to be obtained

from different resins and milky juices will, on closer investigation,

be reduced to a more modest number and it will often be shown

that pure substances described by different names are one and the

same, but could not be identified owing to incomplete description.

In other cases, names may have been given wrongly to mixtures or

impure substances.

Although it may seem su peril uous, it is as well to again point

out how necessary it is, when investigating a natural product, to

purify the components as completely as possible, to fully describe

the properties and particularly to introduce no new names unless

one feels certain of really dealing with a new product.

A short time ago, Tschirch ') communicated the results of an

investigation of the components of Balata. From this was isolated a

crystallised substance called «-balalbane melting at 231°, the analysiR

of which led to the formula C'j.H^jO.,

(found C 81.19 H 10.38. calculated C 81.32 11 10.64).

No acids were found by Tschirch on saponification with alcoholic

potash as he only looked for crystallised acids ). This made one of

us (C.) think that Balata might perliaps also contain acetic esters

and that the «-balalbane might be identical with /3-amyrine acetate.

It was not difficult to isolate by Tschirch's method the product

melting at 231°.

By repeated recrystallisation from acetone, the melting point rose

to 235°. On saponification, acetic acid was obtained, also an alcohol

melting at 195°. Ester and alcohol mixed, respectively, with /ï-amyrine

acetate and ^-amyrine gave no lowering of the melting point, so

that «-balalbane is nothing else but jJ-amyrine acetate ; the name
«-balalbane may, therefore, be sti'uck out.

University Org. Chem. Lal>., I'trecltt.

1) Ann. d. Pliarm. 243 (1905) S. 358.

~) Tschirch comes to tlie conclusion tliat tlieie exist gutta perctias which yield

no clnnamic acid on Ireatnient with alcoliolic potaslr i)ut I have demonstrated

this fact previously (B B. 37 S. 34H4), (v. R.).
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Mathematics. — "The qaolient of tiro <i(ccesi>ii\' Be.sse! Ftinction-f."

By Prof. W. Kaptevn.

If /+'(-) 'T-iid /'(;) represent two successive Bessel Functions of

the lirst kind, the quotient may be expanded as follows:

/'+i (z)

liz)

Of course this equation holds for all values of z within a circle

whose radius is equal to the modulus of the tirst root of the

equation I'\:) = 0, zero excepted. Euler and Jacobi have determined

the first coefficients of this expansion ; we wish to determine the

general coefiicient.

Starting from the known dexelopment

lis) 2(v+ l) — —^ z'

^ ^ ' 2(v+3) — etc.

and putting

z' = — .1; 2 (i' + p) = up

the question reduces to the determination of the general coefficient

in the following equation:

—
,

=/iA' —/,»'+/,*•' — etc.

«I +^
a-j -|- etc.

Pn
Let — stand for the approximating fractions of the continued

'-In

fraction in the first member, and let

Qin+\ — I'o + 1', -e + 1', .(,•' + . . . + r„ .r»

Q-2n •= ft„ + /«, .'• + f',
•'' + . . . + J'«

*•"

Q.2n-^ = ;.„ + ;, ,,: + ;.^ ,,:' + . • . + -l„_l .^:''-l

Q.,„_2 = K„ + X, ./• -(- X., .v:' + . . . + '>C„_i .I-"-'

Q„+. = ?„ + $, ,. + . .
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rtj«+i a," a,"-' . . . rt„' rt„-i-i ƒ„+! = (— 1)''

.^, y.. ^9, ...?.e,

ö„ . . . C, 6,

/.„—2 '^H— 2 ';i—2 ^n—2 -..00

;i„_, Kn-\ ...

M W — 1

In this equation h stands for — 1 if m is even and for —-—

when n is odd. If now we replace np by 2 (r -|- p) = 2A^ we

obtain the following results. Firstly

= (-1)'

A„_2 '«„_2 «n — 2 ...

A„_l X„_l ...

if 11 is an even number, and secondly

22»+l ?,^. + W,^« + l
. . . t^,+ l bn + S . . . h„'bn + \fn + \

{I)
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if /( i.s ail odd mimbcr, wlicrc

(2n -p-l)(2n-j,-2)...i2n - 2p)
^^n ^= ; 0„ — 1, + 2 . . . <'2h — » — 1

p.

^

^2n-p-2)i2n-p-3)...{2n-2p-l)
^r =--

^^7
b„-,, + ...Mn-p-2

{2n—p — 3) (2« — /) — 4) . . (2h — 2p — 2)
l>n—p + 2...l>-2n — p— Z

p.'

en

{2n - p - 1) (2/, - p-2)... i2n - 2;.)
/» ; "y- + 1 . . . 02,1 - u - 1

(2m — p — 2) (2« — p — 3) . . . (2« — 2;? — 1)

(2n — p — 3) (2m — p — 4). . . (2h — 2/> — 2

)

«/<
—

;

—
^'i) 4- 1 . . . . ^2» — »— 3

p

.

(n-p^l){H-p)...{n-2p^ 2)
«/-
= -; t',.+ l...(>n-p + l-

It is of importance to remark that

?.„ -^ \ z^ III),,, J«„_iz=l, /„_2^(«— 1) //„_!, ö„_2=:l etc.

and that the determinants in tlie second members of the equations

(I) and (II) after tiie substitution /)^,=iv-\- p, are respectively poly-

7i(n — 2) (w — 1)=

nomia of decrees ^ and in v.
4 4

Meteorology. - "On frequency curves of barometric lieights." By

Dr. .1. P. VAN DER Stok.

1 . The records of barometric heiglits, corrected for temperature,

observed at Helder three times a day during the years August 1843

to July 1904, have been chosen as an appropriate material for this

inquiry into the nature of barometric frequency curves. The number

of observations for each month amoimts to :

January 5673 July 5673

February 5169 August 5766

March 5646 September 5560

April 5490 October 5766

May 5673 November 5580

June 5490 December 5766

ToUil 67252
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111 rejiistcriiiü; the oliservations the decimals have been omitled, so

that llio numlier of oeciuTences correspond i lift' with a lieiuiit of P

nun. includes all values between P -(- 0.5 and P — 0.5 mni.

Owing to this simplification the anionnl of laliour is less than

would appear from the great number of data. The ne.\t work to do

was to multiply the frequency numbers with a factor such that the

total number for each month amounted to 10.000. The frequencies

thus obtained correspond with expressions for the probability of

occurrence expressed in 10.000'''^ parts of unity. Then the average

height was calculated and, by means of simple, linear interpolation

the whole curve shifted in such a manner that the new frequencies

correspond with deviations from the average value expressed in

multiples of whole numbers. This has been done not only with a view

of abridging the computations of the moments of the second and

third order but principally in order to obtain an evaluation of the

skewness of the curves, which may be defined as the inequality of

frequency for equal positive and negative deviations from the arith-

metical mean. If of such a series of data the frequencies corresponding

with equal deviations are taken together, no iiccount lieing taken

of their sign, the skewness is eliminated, and the numbers obtained

in this way may be considered as belonging to a symmetrical curve

(Table I).

"

For this curve we calculate the factor of precision (stal)ili(y) and

investigate in how far the actual curve agrees or disagrees with the

curve of the normal exponential law (Table II).

As has been mentioned above, the inequalities of frc(piciicies for

equal deviations of opposite sign have been taken as a measure of

the skewness.

Tables I— III show, separately for each month, the sums and ditfer-

ences thus formed. Tlie numbers of Table I added to those of Table III

will give twice the number of frequencies corresponding to positive

deviations, their differences being twice that corresponding to negative

deviations. The values given for Winter, Summer and Spring-

Autumn are obtained by taking together the corresponding numbers

in the same Tables ; consequently they are not quite identical with

the numbers which would have been obtained if the frequencies for

these seasons had been calculated from the absolute heights, instead

of, as has been done here, from the deviations ; in the latter the

annual variation has been left out of consideration. The annual varia-

tion, however, being very small, this will not influence the results

to an appreciable degree.
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2. Taille IV sliows the results of tiie (reatiiieiit of the frequeiicics

given in Tahle I, as imliealed. If the (ieviatioii from the aritli-

metical mean is denoted by f, then :

M
y n—\ n

1 ,_ 1 2 AP

TABLE IV.
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liere the reverse ()I)t;iiiis, tlie frequency of barometric lieiglits showing

a deficit for small and a surplus for moderate deviations.

In an earlier paper (this volume p. 314) I have shown that, in

taking together series with different factors of steadiness, each series

occurring with equal subfrequency, we must expect to find too great

a number of small deviations.

From this follows the apparently somewhat i)aradoxical conclusion,

tiiat a sum of frequency numbers as those of barometric deviations,

ail showing negative differences for small deviations, may, when
taken together, lead to a resiilting curve in whicii these differences

have vanished or even turned positi\e.

This conclusion is of some importance liecause an investigation

into the frequency of barometric heigiits, in which the different

months are not treated separately, may lead to normal curves (the

skewness being left out of account) whereas in fact no normal curve

exists and appears only as an artificial consequence of the combi-

nation of incomparable frequency numbers.

The exceptional behaviour of the months of February and .July might

then be explained by assuming that the different series of f)aromelric

curves corresponding with different winds (barometric windrose) are

more differentiated in these two months than in the other ones.

A second remark is that frequency numbers as given in Table I

cannot be accepted as a measure for the variability of the atmo-

spheric pressure in the course of a montli, at least not if we adhere

to the conception of this variability as generally admitted.

On the one hand we have here to do witli the superposition of

two kinds of variability, J*' the secular variability as shown by the

variability from year to year of monthly means and 2"'^ the vari-

ability from day to day, which might be called the interior variability

for the month in question ; it is the latter definition which corresponds

with the usual conception.

On the other hand, daily means or obser\ations taken at fixed

hours are by no means to be regarded as being independent of

each other.

The questions, thei'efore, arise : how can we separate the two kinds

of variability, and to what degree are daily mean values of baro-

metric observations to be taken as dependent upon each other in

the different months.

For a knowledge of the climate of a place the latter question is

of importance
; it might also be formulated thus : what is the average

duration of a V)aromefi'ic disturbance, a question whicli can hardly

be answered by means of direct investigation,
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TABLE V.
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Hh
(1)VW — h'

By the following reasoning the second problem may also be easily

solved.

The total mean \aliie for a given month, as calculated from n

monthly means, must be the same as that deduced from N cor-

responding daily means.

The mean error (incertitude) of the total mean is, as monthly

means may be considered to be independent of each other:

\/-,
11 {n— 1) yn

For the mean incertitude deduced in the same manner from

observations made three times each day ;

El.

too small a value would be found as these observations are certainly

not independent of each other; therefore, if the number of obser-

vations which, on the average, constitute an independent group be

called p, we must have

:

\/n \/N

If we wish to express the average duration of a disturbance D
in numlters of days, we have, in our case

:

.1/,^ A' /,' N
l) = -±-

. — r= — . — (2)
M;' 3n IP 3« ^

'

Table VI shows the values of the interior variability A, thus

calculated by means of form. (I) and the duration /J of a barometric

disturbance.

It appears from these results that, on the average, the duration

of a barometric disturbance at Helder is in :

Winter 6.90 days

Summer 4.89 ,,

Spring-Autumn 6.04 ,,

or in round numbers resp. 7, 6 and 5 days in winter, spring-

autumn and summer.

3. It w'oulil perhaps not be iuipossil)le, and it certainly must be
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TABLE VI.
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00 00 00

Cz ,Jx = 1 , Czx d.r = 11^ — & , (z.c' ,U = M, = ^1^'

o o o

Cz.v' J.V = f«,
etc. ; ( Y.v <iv —O (6)

ü II

For the determination of the constants of form. (4) we tiien have

the four relations:

C l.SU H
A A 1 =

2C 2AE
A -\ 1- = IP u,

3C 3.5 E 2IIhi, l
'

' ' ' ^
'

^ 2H' ^ 4H' \/:x l

^ IW ^ 4IP '
'

MiiUiplviiiu,- rcsp. bv 1, — 3, -f 3 and — 1 and achUng, we tind :

or, because

:

1 1 1

Ml = 7777—' f^5 = TTTT' ^> =
//' SIP -611

\

1 = (8)

From tliis equation possible values for H can be derived, but not

in an advantageous manner as the quantities h, h' and h" generally

are only slightly different.

In practice, i. e. if we come to expression (4) by expansion of a

theoretical formula, the proitlem will prol>ably be less difficult, as

the constants H and A or H and h will not be independent of each

other, and it will be possible to reduce the four equations (7) to three

or two.

In this preliminary investigation we conline ourselves to the most

simple case that H = h which, as it will appear, leads to satisfactory

results.

Putting

h—h'

-ir = '''

we find

:

39
Proceedings Royal Acad. Amsterdam. Vul. VIII.
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A]/.i = h{l-S K)

C l/rr = 12 A' A'

E y .t = — W K (9)

Tlie po.silioii {>{' Ihe jioiiils dl' iiilcrscclioii ut' the nhscrved fVciiuciicy

(•iir\c witli llial oalculiited bv assiiiiiiiiu' liio simple expoiioiitial law

lo iiold <j;ood (the jxiiiils \\ iiere in Table II the iiiiinl)ers change iheir

sign) is determined liv Ihe e(niation :

(.1 + Ca' + J-Jtt') y.-r — I, z=: U,

or:

3 'A

- (c" -\ = U, (10)

0.525 1.(351
(t, =z - - , a„ r= .

/-

'
Il

In fact Table II shows that there are no more than two \vell

defined points of intersection, which jiistiiies the omission of higher

powers than the fourth in form. (4).

Tabel VII shows the values of the constants of (4) and the values

of « calculated with the help of form. (9) and (10).

It is ex'ident that, if form. (4) and the \alues of its constants

determined in the wav iudicated give a good re|)reseiitation of the

observed facts, the \alues of the coefHicient .1 must be nearly equal

TABLE VII.

Calculated.
|

Observed.

Jan.
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to tlie fre(|ueiK'ies fOiTesi)(mdiii'>' witli the deviations —0.5 uim..

as given in Talile 1, so thai the greater or less degree of agreement

hetueeii tiiesc \aluos may be taken as a criterion for the proposed

assnnijition //r=r //.

In order to show that this agreement is fairly satisfactory, the

observed trecpiencies between the limits and 0.5 are given once

more besides the calcnlatod valiies of A-

If we compare the situation of the intersection points as shown in

Table II and as calculated according to form. (10), we see that the

situation of the first point of intersection agrees well with the

observed facts, i)ut that the second [)oints «.^, as calculated, cor-

respond with greater de\ iations than occur in reality.

As this second point of intersection naturally coincides with small

trecpiencies the degree of precision of which is questionable, it seems

difficult to decide whether these differences may be ascribed to

insuiTiciency of material, to the omission of a possible fourth term in

form. (4), 01' to an error introduced by the supposition //= A; as the

calculated values of «^ are jointly too great, the latter cause has to

be regarded as the most |(rol)able one.

4. The fact that in Table HI, in which a measure is given for

the skewness of the curves, except for e ^ 0, only one zero-value

occurs, proves that in fc/rm. (5) the addition of a third term is cer-

tainly not retiuired. The calculation of the constants 5 and Z) as well

as the deternunatioii of I he point of intersection ,? can, therefore,

easil}- be made.

As:

we find immediatelv

Ir.rd.v =

3 I)
B

-\
= (11)

whereas

r B D
I
Ydx = - -^- =r—p~ n. .

J h" ^ h'
'

;i2)

denotes the surplus of positive over negative deviations.

If we take the absolute sum of positive and negative deviations

as a measure for the skewness *

:

/3 « (5

« = jo -f « = 2
I
Ydx —

I

Yd.v = - r Ydx — V,

39*
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+ r hr (13)

Tlie situation of tiie [(oiiit ot' intersection ,ï is (leterMiim-d liy the

equation :

li + D^r — (I (14)

By (11) and (12) :

B — óh'v.l)=i — 'lh'r (15)

ii'^^ = ^,2 (16)

With the lielp of {V\^) we tind from these values:

, = r (1 + 4.-»/.) .

:

—^^ = 1.89 .
•' = y.'iö (171

1' /) — n II

By means of the values r or .y, to l)e taken from Tahle 111, the

constants of form (5) as well as tlie position of the point of inter-

section can, therefore, be determined ; we choose r, so that a com-

parison of the calculated and observed values of */, or /'/„ may serve

as a criterion for the method followed in calculating the constants

of the empirical fornnila.

TABLE YIII.

Observed. Calculated.

1
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The a\eragc values of r and .< sliow a satisfactorv agreement

with tlie form. (17):

« 1053
- z= — 1.99
r 52S

Fi'om the aggregate values given in Table lil for three seasons

we find :

Sums.

p n ^y -f- " = -^^
•'>' /''"

Winter 3849 1340 5189 12.97°,, 2.87

Spring-Autumn 2959 937 389<> 9.74 3.1(;

Summer 2380 747 3127 7.82 3.19

For the values of ,} in these ihree seasons:

(,>hserv. Tab. Ill ('ale. Tal). MI
Winter 17 17.05

Spring-Autumn 14 13.68

Summer 9.5 9.55

Anatomy. — "Andtomical rfsearch about cerehelhty connectloutt."

By L. .1. J. MrsKENs. (second communieation). (Communicated

bv Prof. ('. WiNKI.KRI.

A comparalive examination inio dillei'ent species of mammals I

have thought desirable in order (o get information about the course

of the axis-cylinders arising from tiie cortex cerebelli. The develop-

ment of our knowledge in this matter in the last 15 years has

resulted in thai at the present time the following tjuestion has been

placed in the center of discussion -. do the strands of fibres, which

form the supei-ior ('rus cerebelli, arise from the cortex cerebelli stric-

tiore sensu or liaxc \\f to reiiaiMl ilic basal (•(M-('I)ellar nuchn as an

undispensaiile inlermediary for ail llicsc corlico-fngal nci'v ctiliresr ( )u

the one hand we find in some i-odculia in the lolius p(>ti-osus cere-

belli e.\clusi\ely cortex and white matter (sipiirrel), on the other hand

we find in others (rabbit) equally a part of the nucleus dentatus

situated in the peduncle of that lobe. In hotji animals the lobus

petrosus is situated iu a se|iarale bony hole. We find in this lobe

therefore a very fortunatt' opportunity for operative procedure therein,

leaving tiie otlier neighbouring central striu'tures and also the semi-

circular canals intact. We can here in a comparative physiological

way find an answer on the above question and at the same time

avoid a large cranial aperture.
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Since Makchi sliited, tlial after large lesions as hemi-exstirpation

of the ceiebellmn a iiiiniber of 'nerve-strands degenerate np to the

meseneepiialon and down to the spinal cord, it is notable, that subse-

quently Mahaim, Fkrrikr and Tlrnkr, R. Russell, Thomas and

especially Probst and van Gehichten have more and more directed

their attention lo smaller and smaller lesions, so that it became

more and more clear, that most of the degenerations, found l\y Marchi,

were caused by affection of neighbouring parts. Finally have Clarke

and HoRSLEY recently succeeded in stating definitely, that all fibres of

the superior crus cerebelli do not arise from the cortex, but from

the basal nnclei. Their material was larger than that of any of the

precedent investigators and only very limited exstirpations, mostly

without any lesion of the nuclei, were used. If the lesion was

limited and the cerebellar cortex exclusively hurt, never the dege-

neration was found further than the nuclei. Tliey stated moreover,

which parts of the cortex are directly connected with s[iocial parts

of the basal nuclei.

Independently of this result the examination of my own material

(experiments on the lobus petrosus in different rodentia) tends clearly

to reinforce tlieir conclusion. Whereas in the case of the squirrel (where

only cortical and white matter in tlie lobus petrosus cerebelli -- inex-

actly called flocculus — can be iiurt) the degeneration stops short in

the lateral part of the dentate nucleus, we find in the rabbit always

a part — especially and exclusively the middle third part of the

superior crus cei'ebelli on cross section — degenerated. These dege-

nerated fibres could be followed in (he series of sections up to the

lesion. Here, in th(? case of the rabiiit, we had removed a number of

ganglioncells, situated in (lie pe<luncle of the lobus petrosus and

being contiguous to the Jiuclcus deiitatus.

We see therefore that as well the MAHCHi-\Aork in the same spe-

cies as experiments in kin ajiiuial groups lead to the same

answer to our question viz. that only the ganglioncells of the basal

nuclei and not (he cells of Pirkin.t?;, have to be regarded as the

origin of the degenerations after (lie cerebellar lesion. The last reserve

left in this matter by Er)iN(iKK can therefore, so it appears to me,

be abandoned.

In accordance with the above investigators and also with my
former communication in These Proc. VII p. 202 about experi-

ments in rabbits 1 could not find in the spinal cord of (he

squirrels, examined, any degeneration. Regarding the middle cere-

bellar peduncle, the relations are more complicated and need further

research.



Chemistry. -- -On tJir .s;'i,iji/r.</ /ii/i/nicir/'nu n-itli hr<> i-oiijiiijiitt'il

si/sti'iiis of (liinlilc hniids. 1.;{.5. hr.nilrii'iw." By Prof. P. van

RnMnri{(;ii and W. van Dohsskn.

Ill 1S7(S Tii.DKN ') ;ulvanct'<l the liypotliesis tlial the terpeiies might

lie (ieri\ati\ ('s of a hydrocarlioii dt' the t'oriiiiihi :

(
'II, = CH — CH = CH ^ CH =r CH,.

At the meeting- of the x\ssoe. tVanc. pour i'avaiie. des Seieiieos in

Paris 28 Aug. IS78, Franciumont pronounced the same opinion and

suggested thai this coniiionnd might, ])erliaps, lie obtained by elinn-

iiating of the twd chlorine atoms from acrolein chloride. The efforts

made by oiu' of us \. K. many yearsago to prejiare that Iiydrocarbon

ill (his luaiiuer did not prove successful. The researches on terpenes

which afterwards delinitcly led to the result that, in the case of

these substances, we are dealing with i-yclic compounds made the

above cited hydrocarbon recede into the background.

The views of Thiki.e on conjugated systems of double bonds, and

the researches originated therefrom, in addition to the studies on the

aliphatic terpenes myi'cene i\m\ ocimene, hydrocarbons in which the

existence <tf three double-bonds has Ikmmi proved by difi'erent inves-

tigators, have again drawn our attention to the 1.3. 5 he.\atriene,

because it wduld represent the simjilest hydrocarbon in which occur

three double Unkings that also foriii two conjugated systems.

One of us I'v. R.] lias pointed out previously that one of the

iiiellioiU which iiiighl lead to llic de>ired product consists in the

action of luelals on 15.4 dichloro-l .5 hexadieni'.

The invesiigalioii> of (ii!iM:K') have acqiiaiiiled us with the ana-

logou> liroiiiiue couipouiid which i> formed by the action of phos-

jihoriis iribroiuide on ^. di\ iiiy I l;1_\ col. We have treated this substance,

[ii'epared according lo (iniNtii's direclioiis, with metals but have not

yet succeeded in |irepai-ing the hydrocaibiui in that way. There was

however, aiiollier way still al our disposal lo gain our oliject, namelv,

by starting from n. di\ iiiyl glycol and com ertiiig this into a foi'inic ester.

It is known that the formates of [lolyhydric alcohols, in wliicii occur

a ()H-group and a formic aciil-residue connected with two ('-atoms

linked together, yield, on heating, unsaturated compounds with eli-

mination of carbon dioxide and water. It was now obvious to prepare

the monoformate of dixinyl glycol. We endeavoured to do this by

heating this glycol with oxalic acid but obtained, mainly, brownisii

') Journ. cliem. Soc. 1878. p. 80.

-) Ann. d. Ghim. et d. Phys. [6] 26 (189i) p. 305.
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compounds not looking fil for furtlier investigation. By cantious

treatment witli formic acid tlie difoi-mate was, however, readily

obtained (see p. 544).

In order to convert this into the h3'drocarbon, a reaction was

applied which one of us had previonsly nsed for preparing allyl

alcohol from the diformate of glycerol, and which consists in heating

that compound with glycerol.

And, indeed, a mixture of the diformate of divinyl glycol with

the glycol when heated slowly, first at 165^ and then gradually to

200"', evolves carbon dio.xide and a little carbon monoxide and yields

a distillate consisting of two layers, the upper one of which consists

of a hydrocarbon.

The triformate of glycerol, like the diformate of divinyl glycol,

may be distilled without notable decomposition by heating it some-

what rapidly at the ordinary pressure. Recently' one of us (v. R.) found

however that it is decomposed b}' prolonged heating at a temperature

a little below the boiling point and it then yields the same decom-

position products as the diformate of glycerol.

If now the diformate of s. divinyl glycol is heated at J 65^ and

the temperature allowed to rise very slowly, an evolution of gas is

observed and in the receiver is collected a liquid consisting of two

layers. The upper layer again consists of a h^-drocarbon identical

with the one cited aboxe.

Probably, the simplest way to explain this reaclion is to assume

that the diformate contains a little monoformate which is decomposed

in the desired sense, with formation of water which in turn regene-

rates monoformate from liie diformate. Finally, a residue consisting

of glycol (respectively, polyglycols) is obtained and in the distillate

a little formic acid is found, besides water, whilst tiie gases evolved

consist of carbon dioxide and carbon monoxide. The last method

appears to give a better yield than the first one.

The hydrocarbon formed is separated and distilled, the portion

distilling up to 95° being collected. It is then dried over a piece

of caustic potash, which also removes traces of formic acid and then

rectified a few times over metallic sodium.

It then forms a colourless, strongly refracti\e liquid with a slight

pungent odour ; in contact with the air it appears to slowly oxidise.

Tlie boiling ])oint lies between 77°—82°, the main traction boils

between 78*,5—80° (corr.
;
pressure 766 m.ni.)

The analysis and the vapour density ga\e \aluos leading to the

composition C, H^.

For the physical constants of the main fraction was found ;
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Spec. gr.i„ 0,7565

Hn,, 1.49856.

If we calculate the molecular refraction from these data, with the

aid of the formula of Lorentz—Loijenz, we find ^fK =^'S1,0S,

whilst for CsHg is found J/'/t= 28.53 assuming that the hydrocarbon

possesses tliree double bonds, and making use of the atomic retrac-

tions of CoNRADY ') and the increment for the double bond.

The difference of 2,5 between the calculated and found molecular

refraction is a striking one. According to Brühi, ') excesses always

occur with substances with a conjugated system of double bonds.

In the aliphatic terpene ociniene, an excess (to the extent of 1.76)

is also found, and this assumes an extraordinarily large proportion

in the case of allo-ocimene. 'j

As regards the structural foi-inula of the hydrocarbon obtained,

its formation from

CH,==CH—CH—CH—CH=CH,
! 1

OH OH
by the elimination of the two OH-groups by means of formic acid

points to the formula:

CH,=CH—CH=CH—CH=CH,
which indeed represents 1.3.5-hexatriene.

A glance at this formula shows that it may appear in two geo-

metrical isomeric forms, namely in the cis and tnnis form^):

CH,=CH—CH CH„=CH—CH
tl

'^>Hl '11

C,H=CH—CH HC—CH=CH,.
If, with Thiele *), we accept partial valencies the formula of

1.3.5-hexatrieiie should be written:

CH,=CH^CH=ClQ'H:=('ll,

Unsaturated liydrocarixms with a conjugated system readily take

1) Zeitschr. physik. Clieiu. 3, -i'^O.

-, B.B. 38, 708.

'l G. J. Enklaar, Dissertation 190-5. Compare literature on the subject p. 87.

') Probably, the hydrocarbon is a mixture of both. Id the fractionation, besides

the main fraction, a distillate could be obtained bolting between 77.5^ and 78^.5

(sp. gr.j.j 0.7558, nnio 1.494 MR 30.8), also a final fraction boiling between
80°—82' (sp. gr.m 0.7584, nnio 1.508, MR 31.2). We hope to repeat the expe-

riment on a larger scale.

') Ann. 306. 94.



ii|i liydrdiicn oii trealiiieiil with al>Miliil(' alcdlidl and iiiclallic sodium.

In tlie rediiclidii of our own livdi-ocai-lioii. 2.4 hcxadionc luijiiil l>e

C-xpcoted in the lirst [liace. alllionuii. a prioii llie lorniation of ol lier

hexadienos is not to be excluded. In tiie 2.4 hexatliene

CH, — CH = CH — CH = CH CI1„

we have again, however a eoniponnd witli a conjufialed svsteni

which ininht lie further hydrogeiiat(>d to hexi'iie o.

In fact, oui' hydrocarlion when treated witii lioiling alt.solute

alcohol and metallic sodium takes u[) hydrogen. The study of the

product (or products) of the reaction is not facilitated by the contra-

dictory statements found in tiie literature about the hexadieiies. A
future communication will treat more e.vtensiveiy of this reaction and

also of the original hydrocarbon whose structure we will try to ileter-

niiiie also by other nielJiods. We may slate further that a diiiromine

addition compound has been prepared niehing at Hi^—90" and a

tetra-coin|iound melting at J 15°.

University. Or"-, ('hem. Lab. l/trfclit.

Chemistry. — "^>// thi' hidihu c(/in7//)f/ii In t/ic p,,e-s('ctioih'< hfloir

the ('uU'ctir /ii)liif'\ \>\ Di'. A. .S\nTs. (Communieated by Prof.

II. W. Ü.XKIUIS RoOZKliOOM).

The y^,r-.sections of binary systems in the neighl)ourlioo(l of the

eulectic point have been fully discussed by llvKitris Roozkhoom '); in

this the course of the solubility i.sotherms in the unstaitle and metastable

region were, however, not exairiined. This proi)lem could oidy be

taken in hand after v,\n dk.k W.v.vr.s' paper') on: •'T/if lU/H/'/i/iriinii

hi'tirct'ii II sulid liixlji iind a jhiiil jtlidsi-, i'.-:/ii'c/<i//i/ ni tln' iifiijh-

hoiirlwod of till' critlciil .stnti'" had bet'U published.

Availing myself of this paper I shall discuss the just-menliojied

problem, and show brietly in what way the stable region is conuecled

with the metastaitle and misiable irgion.

If for the two sulistaiices .1 and P> the volume in solid slate is

larger than in liquiil state, these substaiu-es will have negative meltiiig-

iln

point curves, i.e. will lie negative, and the meltiiiü-poinl curve

will therefore |)ass to lower temperatures with increase of pressure. If

1) Die Heterogene Gleicligewiclile 2, 1^9 (1904).

«) These Proceedings Oct. 31, 1903, 439.
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tliis case occurs, the entectic ini'I(iiu/-jioint caire, furnished bv the system

A -\- B will generally present the same course. This case is rare.

As, however, Bakhuis Roozeboom already ()bser\ed "), a negative

eutectir melting-point curve is also possible, when oidy the melting-

point curve of one siilislance is negative, provided the negative course

of one melting-point curve be stronger than llie ])osiiive course of the

other. To this lielong all cryo-hydrate lines.

In the Z', 7'-prqjection fig. J it has been assumed (which, however,

is of minor importance here; that the negative course of the entectic

melting-iioini curve results from negative melting-point cur\es of the

substances ^4 and B.

The particularity attencbug the negative course of the entectic

melting-point curve, is this, that a y/,.r-section corresponding with a

temperature below the euleclic point, will contain a region for ,S'^i -)- L
and a region for N/; -|- L, separated by a li(pnd r(\i;ioii L. The

limits of tins liquid reuion are given In soluhilily isdilicrms, whicli

according to van uku Waai.s' theory, are [xirlidus nf twd coulinudus

curves indicating the Huid phases wiiich can coexist willi the solid

substance A respectively A', and wliicii lia\e been called de .s()//^A/7////

isotlierms.

The regions for .b'.i -|- (i and N.i 4- L resp. S]j -\- ^' and Sn -f- />

below the entectic point being separated by a region for ,S.i -\-Sjj,

the question which I wislied to solve came to this: "what is the

course of the t\vo solubility isotherms in the i-egioii foi' ,S'.i -|~'^/.' "•

In order to answer this (piestion we lirst exanune what is tlie

y>„i'-seclion which corresponds with a tenqierature above the euteclic

point, but below the melting points of the two components. The
temperature whicii 1 have chosen for this purpose, is denoted bv

?, in the /'. 7 -projection. The y^-.c-section corresponding with this is

re[)resente<l in fig. 2. As van uer Waals has proved that the s(tlu-

bility isolherni has two xcrtical tangents foi' the case r., <^ Vf . lint

only one vertical langeni for die case r» ^ r ^ two continuous soln-

bibty isotherms with one \erlical tangent have been drawn in lliis

/y-.r-section : for llie one solnliility isotherm this \ertical langent lies

at Ihc li(|iiid point A. an<i I'oi- the other at die vapour point (t.

We see further that the branches which separate the licpdd region

L from the i-egions feu- .S'^ -^ L and Sn -\- L diverge towards higher

pressure. The porlion of the licpiid-vapour-reiiion L -f- (r. which iiiav

be realized in slaltle condition, lies between the two three phase

pressure lines Sa^^L and S/; /. (_;. If we now examine a j(>-./-section,

1) Loc. cit. p. 418,
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coiTesponding willi tlic outcclic tompenitiirc, deiioted In /^ in tlio

/*,7'-projection, we gel \vlia( is i'epreseiik'il in liu'. 2. 'l'lic Iwo iIut'C

phase pressure lines Sa + ^'' + ^^ 'i'"' '"^^ + ^- + ^' l"^^'*' ''•^''

descended, llie former, however, sironger than the inlter, and Ihov

have (inally coincided.

The two solubilitv i.sotiiernis intersect besides in the nnslable region,

also in the points G and L. While the point of intersection (r indi-

cates tiie possil)ilily of a coexistence of ,S'i -|- S/i ~\- (r, tiie second

point of intersection Ij indicates the jjOssibiUly of a coexistence of

,S'.j -|- *S'b + L, and when at a delinite teniperatnre, as is liie case

here the two points lie on the same j)ressüre line, this means that

at that teniperatnre the four phases Sa + <Sb + ^ + ^^ f*" coexist,

provided the pressure be equal to that indicated by tiie horizontal

line which joins the four coexisting states. At a higher pressure the

regions for Sa + -^ iind .S'.i -j- L are separated by the triangular

region for L.

In order to get a clear idea of tiie form wiiicli the y>,r-section

assumes at a temperature /,, lying somewhat below the eutectic

temperature, it is necessary to draw the metastable branches of the

lines for ,SU + Lab + ^aij, Xoy Sb-}- Lad-\-Oab and for La + (-a .

as has been done in fig. 1. We see then, that the situation of the

fii'st two tiiree phase lines is Just the reverse of that of the stable

branches. For the stable branches that for ,S i + La/j + Gab lies,

namely, above that for S/j -{- Lab + ^''.i/;- for the metastable branches

the reverse is the case. If, taking this into consideration, we now

draw the pr-section corresponding with the temperature /,, we gel

fig. 4, from Avhich we see that the lirst point of intersection of

the two solubility isotherms lias moved upwards, and the second

downwards. The first point of intersection denotes, as has been

said, the coexistence of ^S'^i -|- Su -\- G, and the second the coexistence

Qt" ,S'^ +»'>'/;+ L\ at constant temperature these tliree phase e(iuilil»ria

are only possible at one pressure, because we haxe here a system

of two components, hence for pressures between tlie two |)oints of

intersection mentioned there must be change of the three phase

equilibria into a two phase system, where the two three phase

pressure lines form the limits of a new hen p/iuse nu/lon, viz. for

SA-\-Sn.
The second |)oint of intersection of the solubibty isotherms which

causes the occurrence of Ihe three phases N-i +>'/;+ /- hi'^^ 1'"^''''

in agreement with the (hilted line traced in tlie /^ 7-projeclion for

the temperature t^ at a pressure beh)w that of liie supercooled liquid

of pure A.





A. SMITS. "On the bidden equilibria in the px-sections below the eutéctive point.'

-S^L \SiL

'\&^.'S

t3

Fig. 4.

Proceedings Royal Acad. Amsterdaiii. Vol. VIU.



( 571 )

It is further te he seen in tliis ^,,r-section, that the Uvo nietastable

throe j)hase |ircssiire lines for 5.4+ G -\- L and for Sb-{- L -\- G
lie alxive the stable three phase pressure line for Sa-\- Su-\- G,

and tiiat tiie first lies between the two others. At the same time we
see that the chariicter of tlie solubility isotherms does not eliange,

the only modilii-alion which is brought about for each of the isotherms

conijjared with llio usual case is this that the metastable part is

enlarged.

If we now take a temperature which lies still somewhat lower,

viz. t^, we get a /<,.i'-section as represented in fig. 5. All the three

phase ])ressnre lines have tlivergod, and descended, except that for

N.i + >'/;+ />. which has strongly ascended. The second point of

intersection lies now, in agreement with what the dotted line for the

temperature /, traced in the /^, 7-prqjec(ion shows, far above the

point indicating the \a[K)ur tension of the supercooled liqnid of A.

The metastaiile part of the two solubility isotherms has greatly in-

creased, and with it the region for ,S'j -|- .S'/,> . With further decrease

of temperature the character of the modifications in the />,,('-section

remains the same, so that it is unnecessary to e.xamine another.

If we had applied the same considerations to the case that the

eutectic melting-point curve has a po.sitive course, we should, with the

exception of the unstable region, have found but one (lower) point

of intersection for the solubility isotherms, for the branches which

gave a second (higher) point of intersection in the case under dis-

cussion, recede continually from each other.

I have not represented this latter case, as it yields nothing special.

The case treated shows once more, how the e.xamination of the

equilibria which are hidden from our eyes, may conli'ibute to widen

our insight into those accessible to experiment.

Amderdain, December 11)05.

Aiioiydnic ('hi'iiilail hibunitorn of the Cniver^itii.

Chemistry. — "On the phenonwna vJiirli occur ii-lien tlw plait[toiiit-

ciirve meets the three phiise line of a dissoclatintj l/hiari/

compound". By Dr. A. S.mits. (Communicated by Prof. H. W.
l')AKHt IS KoO-SEBOOM).

1. In a previous paper ') I have already pointed out, that the

interestinji; systems metal-oxygen, metal-hydiogen and metal-nitrogen,

to which we may still add many of the systems metal-halogen, and

metaliixyde-acidanhyilride, iiclonii to the type etlier-autlii'aipiinone,

) Zeilschr, f. pbysik. tbeia. 51, 193 (1905.)
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but tliev are more (•(implicated, heeanse here the (•()m|)Onents mav
combine.

Now tVdiii a chemical |ii>iiit of view it is of the liiiiheyt impor-

tance to examine also these more complicated phenomena, in order

to obtain in this way a ijeneral insight into the phenomena of equi-

librium for the case that compounds are raised to high temperatures,

and placed under such a pressure that critical |)henomena are found

with saturated solutions. As vet any insight into this was wanting.

Hy bringing the results of my investigation on ether-anthraqninone

ill connection with the cases lately discussed by me in a paper:

"Contribution to the knowledge of the PX and tlie PT-lines for the

case that two substances enter into a combination which is disso-

ciated ill the liipiid anil the gas phase" '), I have succeeded in

arriving at a clear (Miuccplioii of (he abo\e mentioned plienomf^iia.

In all the cases which 1 shall shortly discuss here, I start from

the supi)Ositioii that the compound under consideration is miscible

with both components in tliiid state in all proportions. On the whole

our knowledge as to this is exceedingly slight, nor is (here the least

certainty on this head for the substances which I shall adduce here

as examples.

2. First of all 1 shall consider the case, that two substances

A and B yield a dissociajiug compound A„, B„, the melting point of

which lies above the critical temperature oi' (he substance A. This

case is met with in (he system CaO— ('O.^. If now the solubility of

the compound A,„ I5„ in A is still slight a( the critical temperature

of A, the continuous plaitpoint curve, A\hicli starts at the critical point

of A (C()J and terminates in the critical point of 1! (Cat )) will meet

the solubility curve of A„, B„ ((kCOj) in fluid A (C().J in two points.

That the point /> exists has already been demonstrated by Dr. Büchner");

in temperature this point lies only slightly above 31°, the solubilitv

of CaCO, in tliiid CO, being still very slight at this temperature

This case has been represented in Fig. J . The upper half of this

diagram contains the projection of the spacial figure on the PT-plane;

the lower half represents the [projection of the tiro phase regions 'j

coe.ftstiiKj vith sdJid siihst'Uice, and the plaitpoint curve. The com-

bination of these two projections seems to me the simplest way of

1) These Proc, June 1ÖÜ5, p. 20U.

») Thesis for the doctorate, IÜ(>. (1905).

'•) At lirst I ^uve the iiaiiu> of flirei' phasv regions to tliese regions because,

though they imlicate only two pliases, a third coexists witli tliem. It seems,

liowever, better to me \.o »pcA\i o{ two phase j-egions coexisting icith solid substance,

which term I shall use licnceforth.
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representation for a first investigation of these prohlems. Foi' the sake

of clearness I mnst draw attention to the lai-t, that in the T-X-pro-

jection the lines nE, Ej), yFK' ami V/r are (lie solubility enrves,

whereas r/E,. Ei//. q¥'E/ am! E^'c represent the vaponr lines. In

the P-T-pi'ojection. however, we get one M/vv plin.se liiw for each

jiair of two ('orn'spondiiiu lines for the lii|iii(l and gas phases coexist-

inii' with solid sulislaiice. These three phase lines are indicated

U\ A + L-|-(;, A„, H„ +!>+ <; and ll+ L-fO in the P-T-prqjection.

Tiie tirst meeting of a soliiliility curve with the plaitpoint cnrve

takes place in p and the second in 7. Ai-coi-ding to van dek Waals"

theory a continuous transition from the solubility curve into the

coexisting vapour curve takes place in these two points. If we take once

moie the system C'< ),—('aO as an example, p indicates the critical

|ioiiil of the saturated solution of CaCO, in Huid carbonic acid, and

(/ the ciiiical point of anotlier solution saturated with C'aCO, with a

much larger concentration of CaCO,.

Between these points p and (/ a Huid phase may occur alone or

by the siile of solid A,„ 1!„ (CaCO,), and in the neighbourhood of

these points the jdienomenon of retrograde solidification must present

itself. 1 will further emphatically [)oint out here, that it is assumed,

as is easily seen in the T-X-projeclion, that near the melting i»oint

the difference of liie \olalility of the comjionents is not so

large as to prevent the occiwrence of a \apour of the comiKJsition

of the compound. The point F', where the composition of' the \apour

is the same as that of the compound, is tiie ))uuiinu)ii-sid>/ii)i(itio)i.

pi'iiit and the point F, where the concentration of the liquid is the

same as thai of llie couipound, is the minimum meltimj puiiif, oi- \\>q

melting [loint under the three i)hase pressure '). What I did not vet

show in my ju-evi()us jiaper is this that two lines stai't from the

points F ami F', which pass continuously into each other at K.

The.se lines form the continuous bounding curve of the two sheets

of the PTX-siu'fa<-e for the composition of the compound. The con-

tinuous bounding curve touches the plaitpoint curve in K, so that

K denotes the critical point of the dissociating compound. That this

point K does not constitute a special point of the continuous [dait-

|ioini curve is duetto the fact that when the compound is assumed
to dissociate, the critical |)oiut of the licjuid compound does not

essentially differ from that of the licpuds with oilier compositions.

In fig. Ill the projection of the two phase regions coexisting with

solid substance is I'cpresented, and also that of the plaitpoint curve

1) These Proc, June 1005, p. 20U.
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on tlie />-.('-plaiie ; further the sohihility isotherms corresponding with

the temperatures of the points /; and q are indicated, from which

the phenomenon of retrograde solidilication ap{)ears clearly.

3. In the case discussed the situation of the points p and q
depends on different properties of the compound and its components.

In special cases it will, therefore, depend on this, on what part of

the three phase line of the compound the point q lies. Undoubtedly

there will be many cases where this point falls below the melting

point. Probably this case will occur the sooner the more the volatility

of the two components differs. In this paper, however, I continue to

assume, that a vapour of the composition of the compound may exist.

In this different cases may present themselves, which each call for

a separate discussion. So highly remarkable phenomena make e. g.

their apj)earance, when the plaitpoint curve cuts the three phase line

of the compound between the melting point and the maximum subli-

mation point. I shall, however, discuss this case and some others in

another paper, and restrict myself now to the phenomena, which

occur, when the point of intersection q, as has been drawn in Fig. 2,

lies not onl}' below the melting point of the compound, but also

below the maximum sublimation point. Also in this case the possi-

biJity is excluded that the coinpound melts, and the only may in which

the solid compound can vanish, is by eva/wration.

The line for solid A,„ B„ -)- G, which would touch the three phase

line Am B„ -f- L -j- G in the maximum sublimation point, if this

point existed, runs on uninterruptedly to inlijuty, at least when no

further complications appear.

The T-X-projection occurring in tig. 2 may contribute te elucidate

some i)oints. As is to 'be seen there, the two phase region E\ qE'

coexisting with the solid compound, does not possess any liquid

or \apour of the com[)oyition of the compound, which is in harmony

with the supposition, that the points F and F' are wanting.

In fig. '2a I have traced the projection of the two phase regions

coexisting with solid substance, and of the plaitpoint curve on' the

^j-a;-plane. Further there are some solubility isotherms in this dia-

gram, which re(|uire a few words of explanation,

The curve fGecf' denotes the solubility isotherm for a temperature

somewhat below that of the point q. If we now consider the tem-

perature of the point q, we get a solubility isotherm which touches

in f/' '^ii*' which has two more points iif inflection, as is indicated

l)y tiie curve /, G,q,gf'. At a higher temperature we get a solu-

bility isotherm, which does not touch any more, and from which

tiic two points uf inflection may disappear.
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4. In tlie third place 1 will point out what I have already demon-

strated in a previous i)ablication '), that when the tension of a com-

pound is smaller at its melting point than that of the components,

a three phase curve may occur with a very peculiar shape, viz

with one minimum and two maxima.

l^et us now consider the case that the melting point of this com-

pound lies above the critical temperatures of the components, tiien

the very peculiar phenomenon may present itself, that what occurred

once in the system ether and anthraquinone, is here to be realized

twice, and that the solubility curve which runs from one eutectic

point to the other, meets the plaitpoint curve four times, which

appears in the PT-projection tig. 3 as a four times repeated inter-

section of the three phase curve A,„B„-[-L-[-Gr and the continuous

plaitpoint curve bKLd in the points p, q, c[ and p'

.

It ai>jiears from the PT and TX-prqjections that for all possible

concentrations a range of temperature may be pointed out, within

which the solid compound can only coexist with a fluid phase.

When, however, which is conceivable, the portions cut out of the

three phase line have no range of temperature in common, the

temperature regions for solid -\- fluid, lie above each other, and so

we have no symmetrical phenomena for any temperature on both

sides of the line for A,„B„ in the PT-projection.

The systems hydrogen-water and oxygen-water -belong to the type

ether-anthraquinone when the components are miscible in all propor-

tions. Each of these systems will then yield a point p and a point q.

Supposing, which is, however, highly improbable, that by the appli-

cation of a catalyser we could bring about equilibrium between

oxygen, hydrogen and water vapour at any temperature, we should

get a continuous three phase line for ice -J- L -]- G as is indicated

in fig. 3, and also one continuous plaitpoint curve. The equilibrium

with water, however, lying theoretically almost quite on the side of

water at lower temperatures, we should commit a practically un-

apjn'eciable error, when we tried to realize at these lower temperatures

the diagram drawn here b}' starting in one case from ice, reap,

water -\- hydrogen, and in another case from ice, resp. water -|-

oxygen.

This example, however, is not suitable for illustration of the

assumed case, because for this purpose we require a compound
which appreciably dissociates at its melting point. I have only men-

tioned the system H^— 0^ to show how remarkable this system is.

It is very probable that systems are to be found, with which the

') loc cit.

40
Proceedings Royal Acad. Amsterdam. Vol. VIII.
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supposed case may be realized without excessive experimental

difficulties. This may succeed with NHy—HCl. A system for which

fig. 3 holds, presents also this particularity, that we have here a

P, T, X-surface of two sheets with a minimum curve bounded on the

upper side by a continuous plaitpoint cur\e, which, in consequence

of the great difference between the critical temperatures of the

compound and the components might possibly have the shape

described here.

Prof. Van uek W.\als was so kind as to draw my attention to

the particularities of the P, T, X-surface of two sheets, which may
be derived directly from tliose of a surface witii a maximum curve,

by simply reversing everything. The minimum curve, i. e. the locus

of all points for which the concentration of liquid and vapour are

the same, forms here the lower boundary of the projection of the

P, T, X-surface of two sheets on the P, T-plane. This curve is repre-

sented in tig. 3 by the dotted line LL', which touches the plaitpoint

curve at L, and the continuous three phase line at N. This point

-iV, lying between tlie minimum M in the three phase line and the

maximum sublimation point F\ as I have shown in a paper forwarded

to the Zeitschr. f. phys. Chem. towards the end of September, is

a point wliere tiie concentration of tlie vapour is equal to that of

the liquid, and is tlierefore at the same line a point of the minimum
curve, which becomes metastable on the left of N. The peculiar

feature in the P, T, X-surface of. two sheets drawn here manifests

itself, wlien the bounding curves are traced for different concentrations.

It appears then, that if we come from the side of B, the con-

centration of the point L is the first, at which the bounding curve

presents some particularity. At this concentration we get, viz., two

bounding curxes, whicli starting from (^ and Ö, terminate at L in

a so-called cusp, as is here once more separately represented.

With a concentration somewhat richer iu A we get now two

bounding curves which pass continuously info each other. The con-

tinuous transition lakes place where the bounding curve touches the

plaitpoint curve. Further this continuous bounding curve shows this

particularity llial llie two luauches loucli each other near the critical
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puiiit, and form in this way a loop, as is separately represented below.

The point of tangency m lies on the niininiiini cin've.

With concentrations still richer in A, the character of the bound-

ing curves remains the same, only the point m shifts along the

minimum curve towards iV, so that, when we choose the concen-

tration corresponding wuth the point X, the bounding curve gets

this shape, where the vapour branch as well as the liquid branch

touches the three phase line at N.

If we now pass on to greater concentration of A, we get again

l)0unding curves of the usual form, for the point of tangency m lies

now in the metastable region. If the critical point of the bounding

curve, coincides with the maximum temperature of the plaitpoint

curve then m lies at the absolute zero point. Leaving further parti-

cularities undiscussed, I will only just point out that the minimum
curve, beyond the point X towards lower temperatures, lies below

the three phase line, which is necessary, because the supersaturate

solution has a smaller vapour tension than a saturate one and it is

wanted for the realisation of the metastable branch of the minimum
curve that the solid substance does not make its appearance.

Now as to the T-X-projection on fig. 3 Ave may still remark,

that in accordance with the foregoing remark the liquid line qF'Xq'
cuts the vapour line qF Xq' in X at a temperature and pressure

lying somewhat below that of the maximum sublimation point F',

but slightly above that of the minimum point M of the three phase

line. In ^V vapour and liquid are therefore of the same concen-

tration, but this is not the case at the minimum M.

In fig. 3a the projection is represented of the two phase regions

coexisting with solid substance on the ^>,,r-plane, which diagram does

not call for furlher elucidation.

Ains/,'i'(/<int, December 1905.

Aiwryduic-Cliemical-labomtory of the University.

40*
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Chemistry". — "On the course of the x]nnoda] and the jihdtpoint

lines for binarij mixtures of normal suhstances." Hy J. J.

VAN Laar. (Third communication). (Communicated by Prof.

H. A. LORENTZ).

1. In my last paper') on tlie above mentioned subject I discussed

the general equations of the spinodal and the phxitpoint lines, viz.

RT= f (v, x) and F{v, x) := (derived in a previous communication "))

for the special case />^= />„, i.e. n^8, when rr denotes the ratio

ot tiie critical pressures — , and & that of the critical temperatures —
Pi ^'i

of the components. (The lii(jher critical temperature is always T^).

I started ti-om van der Waals' equation of state, where h was

assumed to be independent of r and T, while further in the quadratic

equations :

\a = {l-,f- «, + -l,- (I-.,-) «,,, + X- a,

it was assumed that

^. = \'. (i'l + ^'.) ' «1. = y\ a, , • . • • (1)

which reduces the above expressions to

U = (l-,.)^+.^-^

i« = ((l-.,;)j/«, +.''l/<g'.

Henceforward we shall indicate by the name normal (binary)

mivAures such mixtures, the components of which are not only simple,

but where both the relations (J) may be considered as satisfied.

. The discussion in (piestion led to the occurrence of tuKi separate

branches of the plaitpoint line (see plate loc. cit.), which present

a double point at a definite value of 6 (fig-. 4). If ^ < 2,89

(when ^1 = h^), we have the normal shape, represented in tig-. 2 ; if

ö]>2,89, we find the abnormal shape, represented in fig. 1, which

as yet has been only considered possible for mixtures, of which at

least one of the components is associating (abnormal). (C^H^ -\- CHjOH,

C,H, + H,0, SO, + H,0, Ether + H.,0).

The possibility of a third case was also iirietly mentioned (see

fig. 3), examples of which lia\e been described inter alia by Küenen

(C, H, -f- C5H5OII, etc.) ; but this case was not further discussed, nor

the connodal relations and three phase equilibria, which, for the

1) These Proc, .June 1905, p. lii.

2) These Proc, April 1905, p. 646.
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rest, were ah'eadv known. (The ehiel' [)oiii(s had already lieen

previously described by Koktewkc; and van der Waals).

Li a later paper ') tlie ])lace of' tbe double point, tli? knowledge

of which is important, because it imlicates the separation of two

very diftereni types, was determined for the perfectly genei-al case

^'i-^/'j, and (he disenssion of the shape of the plailpoint line was

extended to the case rr = 1, i. e. to the case which is of frequent

occurrence, tliat the critical i)ressures of the two components are

equaL In this latter case it Avas inter alia found, that not before

ö]>9,9 the case of fig. 'J loc. cit. is found.

I further deri\'ed from the perfectly general expression :

RTz=/{v,a:) ; F (v, .i') =
1 / IT* \ '^\

of the iilaitpoint line also the initial course, viz. — [ —^i , chietly

in connection with opinions expressed previously on this point.

As I remarked before (loc. cit. p. 34), van dek Waals had already

drawn up the differential equation of the plaitpoint line, and drawn

a series of general conclusions from it. Also in a few papers of very

recent date ') he has demonstrated in his own masterly way how
far we may get with general thennodpiamical considerations and

general relations, deri\ed from the equation of state. But seeing that

VAN DER Waals himself in his Ternary Systems IV (These Proc. V,

p. 1—2) with perfect Justice em])hatically points out the absurdity

of the often prevailing opinion as if an equation of state should not

be rccjuired for the knowledge of the binary systems, I ha\'e consi-

derotl it not unprofitable to transform the c////WY'?iY/c?/ equation of the

Ö/" df fèv\
i»lait|>oiut line, viz. v- "I" <r\ '^ > where / represents the second

memlter of J\T :=/{v, .v) — the equation of the spiuodal lines —

-

by means of the equation of state into a finite relation I'\i;iv), which

in combination with RT := f {r,.r) expresses the plaitpoint line in the

usual data Ï', r, .r. This enabled me to get acquainted with new par-

ticulars concerning its course (inter alia its ^splitting up into two

separate branches), and to examine this course in its details more closely

1) Arch. Teyler (2) X, Première parlie, p. 1—26 (1905).

2) These Proc. VIII, p. 144.

S) These Proc, VItt, p. 271—298. The first mentioned paper was cited by me
(loc, cit. p. 34), so it has by no means "been overlooked", that already ten years

ago v.\x DER Waals determined the principal properties of the critical line, (cfr

V. D. Waals loc. cit. p. 271).
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tluvu has boen done up to now. 1 also pointed ont (loc. cit. p. 'J 5)

that already before nic Koktkww; has tried to find a finite expression

for the plaitpoint line, but has not fidly succeeded in this. His dis-

cussion extends after all only over the special case') b^^=b^—li^.^, Oi=aj

(but «15 := xa^"), whereas in my paper cited it was assumed in the

discussion that b^:=^l>^, but that «i ^ (Vj(andai,= l/rt,ö,).KoRTE\VEG's

paper is of the highest importance, specially with regard to the

connodal relations, which are often so intricate, and to which we

shall presently come back.

The equation of the plaitpoint line once being derived in the above

mentioned finite form, it was hardly any difficulty to derive also

1 fdTA
for the expression -— —— on the side of lower critical temperatureT\ da; J,

T p
an accurate expression, in which only the quantities 6 =z —^ and jr =r —

•' 1 Pi

occur. In Van der Waals' paper mentioned by me in the paper

cited, again only the general differential equation for the expression

mentioned is given, (cf. (9) p. 89).

2. Some important points are left for discussion.

1^' The discussion of the transition case at the double point, with

regard to the shape of the spinodal lines etc; and the discussion of

the possibility of the 3'<J case (loc. cit. fig. 3).

2"'' The treatment of the special case d^^l.

3"' The different connodal relations in the three chief cases and

in the transition case.

4"' The particularity of the c'Uf:p at R^, R^ and /?,' in the p/T-

representations of the three cases (loc. cit. la, 2a and 3a).

5''' The question concerning the occun*ence of a minimum critical

temperature, and in connection with this of a ma.vinmm vapour

pressure.

Let us in accordance with our last paper (loc. cit. p. 144) begin

with the fifth point.

a. Minimum-critical temperature.

In tills paper I derived the formula:

1 fdT^\ 1

"^^~C/-^-'/'^0-']- •
^'^

') Arch. Neéi-l. 24 (1891), p. 297, 324, 337 and 341.
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Pilt (ing- L <0, we get:

s< ^"

01'

4jr \/üt
e < — (3)

This gives the following synopsis:

^ = V,s V:. V, V, 1 4 9 16 25

'9<V. 1 ^. 2 1 lv„ 1"/» 2-A„ 2'7„.

^ always being assumed >1 (7'j is the lower of the two critical

temperatures), a minimum critical temperature can only occur, when

.T, i. c. (he ratio of the two critical pressures ^ '/le-

If jr = '/,, this takes place for nil values of 8 ; if .t = y^, only

for values of & between 1 and 2; etc. etc. (For .t ^ 1, a minimum
'

occurs in the above series of extreme values for 6, viz. é':=1).

Now in by far the most cases jt will probably lie between 1 and 4,

so that & will always have to be quite near J , if a minimum critical

temperature is to be found.

Let us take as an illustration tiio normal substances C,H, and

N3O, investigated by Kuenen. There

74 ' 273 + 36
rr = — = 1,65, j/.-r = 1.29, f) = — =1,00.

45 273 + 35

According to the above rule, 8 has to be smaller than 1,04, if 7',

is to be minimum. This is the case here. Kcenen found really a

mininuim value for 7!r.

We also call attention (0 the fact that when /i^ =z b^, so Ji=:8,

no value of (^ exists^] satisfyingthe ineipiality (3). For 8=zjt= 1 {a^=a ^,

hy = 6.J the two members are equal, and the line of the critical

temperatures is a straight line. The foregoing is in perfect concordance

with what we have derived in a previous paper with regard to this

point (loc. cit. p. 43).

Also in the special case jr = \ evidently not a .single value of

8 exists greater than 1, which satisties (3). But in the case 8 = 1

there is nhnmjs a value of jr conceivable, yielding a minimum for
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T,. Evidently in this case i/.t must be greater tlian '/j' ^^

4(^/Jr)'-9(^/Jr)H-^^/-'«'— 1= (y':x~-\y (4l/jr— 1),

and hence -t^Vi». •" agreement with wiiat has already been

found above.

h. Maximum of vapour jin'ssuri'. As is known, this will occur at

higher temperatures, when at loiver temperatures in the case of a three

phase equilibrium the three phase pressure docs not lie between the

vapour pressures of the two components, but is greater than either. The

concentration x^ of the vapour lies then betimen the concentrations

X and x^ of the two liquid phases. On the side of the lower critical

temperature .^"3>.^', will always have to be satisfied.

Let us now try to determine the condition for this.

For equilibrium between the phase 1 and 3 we have evidently

when [la and fit represent the molecular potentials of the two components:

(Ml = Ws ; (f*i)i = (f 6)3

,

or

Ci-f i>+ (l-.^0-^j +7?r%,f, =6'i-f i2+(l-.0^J -^RTlo<ux,

where il = | fdc — pr, and Ca and L\, are functions of the tem-

perature.

Subtraction of the two equations yields :

dfi 1— A-, öi> ,
1— .r,

\- RT log i — J^ RT loa '
,

d.%\
'

A\ 0.», .Tj

1-
loij —

1— .r, RT da;, d.v.

as has been repeatedly derived before, inter alia by van der Waals.

Now we found before for— (I.e. p 649 tormula (3) and p. 050):

dii 2l/a / nA

Hence we have for x = 0, when n = a^:
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1 1

so that we get at loir teniperatiii-es (when — and — may l>e neglecteu

and i\ ^ b^ may be put):

loil

1

R2'

\{b,—l>,) 2l/n,(l/a,— 1/«,)'

From lliis we see ah'eady, that when A., := A^ (.t =: 6),

(4)

l/a, l/fli (because 6 must be krgei- than 1), tlien Ion — is alwavs

negative, i.e. .r., <:^ .i:, . Hence just as little a three phase pressure ]>

than the two vapour branches, as a minimum critical temperature.

Let us now proceed te derive tiie condition^for ''"s^.''! from (4).

Then ( dividing bv —^ 1 we must get

K
or as — = — and

from which tVilhm';

6
+ 1>2

ö<

l/.-r

— (5)
21/.T-1 ^

^

Hence tliis condition is another than the condition (3) for the

minimum critical temperature, and we shall at once examine in

how far the two conditions include or exclude each other.

No more than for .t = (9 does a value of 6 satisfy the above

inequality for .-r=r 1. If /9 = 1, then, provided l/^^Vai ^ — '^ l/^ + 1

must be ^0; and as this will always be satisfied, .v, will be ^.v,

for 6z=i\ on the side of the first component, when .t^\/^. (We

found onlv then a minimum critical temperature for (^=1, when

We can now easily prove, that always :

4.T j/.T 71

(3 l/.T— l)^"^2i/.-T^'

when -t ^ ' \ For the abo\e leads to

:

(3l/'.T-ir>4l/.-t(2l/.Tr-l),

i. e. to fl; — 2 i/jr -|- 1 > 0, which is again alwa^'S satisfied.
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Hence we have t'ov .-r ^ \'^ :

//' thci-c is ii, iidnbnuin critical temperature, then also .ï, ^.i^ i^but

not necessarily rice versa); it' not x^'^ x-^, then there is )?o minimum
of 7'.i. (Again the reverse need not be true).

If jr should be •< '/i' ''lei ne'rer x, >.ei, while T,,- is only minimum,

when (3) is satisfied, viz. if tt^'/,,. But this exceptional case, viz.

that for S'^l the value of :nc remains below 7^, will be very rare.

ll appears therefore convincingly from the above, that the two

conditions include each other often, but by no means always.

Just one example: Mher -{- H^O.

273 4- 364 195
Here ^ = = 1,36, jr = = 5,42, [/ji = 2,35. The

273 + 195 36

51,0
second member of (3) becomes therefore =: —-—

; = 1,39. As therefore
36,6

ff <^ 1,39, there will lie a minimum critical temperature, and hence

also A", >.''i according to the above rule. In fact the second member

of (5) =1,46, and li being <1,39, so a fortiori (9 < 1,46.

What is found, is in iiai'niony with experiment, as the three phase

pressure was found larger than the vapour pressure of ether.

Let us now take (',H,-{-HJJ.

Here the three phase pressure was found smaller than that of

0,H,. Let us now examine if the inequality of (5) predicts the same. As

273 + 364 195

^=2-73T3T = '^''^ '-' = 4^2- = ^'^^' ^^ = 2,08, so we find

for the value 1,36. And so 2,07 is «r*/ <' 1,36 now. Here
2 \/n—l ' ^

too the rule holds again.

According to the above rule there is now not a minimum critical

35,9
temperature either. The second member of (3) becomes now —— = 1,31,

and 2,07 is still less < 1,31 than <1,36.
The two examples are illustrations of the first principal type,

where a plaitpoint curve runs from C^ to A, and one from C.^ to C\.

The reader will observe, that vmter serves here as 2"'' component,

so a very abnormal substance. But we must bear in mind, that in

the neighbourhood of x = 0, where both the rules hold, the liquid

phase consists almost entirely of ether (resp. C^H,), so that the water

present may be considered as almost perfectly normal on account

of the extremely high degree of dilution.

Foi' the sake of completeness we mention tiiat two other known
examples, which with those mentioned are about the only ones
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known, or rather iiixcslijiatoii, wliirli liolonp to Tvjie J, ho\\\ follow

tlie rule derived.

Witli C,H, + CH,OH 6» is viz. i,(i9, .t = 1,(33, so on aeeount

of ::r = <9, .i\ cannot be >,Ci. And with SO, + H,0, 6» = 1,49,

jr = 2,47, i/jr ^ 1,57, hence the second member of (5) ^ 1,15. And

1,49 is 'not <[ 1,15, so ;v, is also not >.*'i. Thi.s implies again that

no naininunn critical temperature is found.

So the fact that of the four mixtures C,H, -f CH,OH,, C.,H„ + H,0,

SO, + H5O and ether -[- H.,0 only the last has a three phase

pressure greater than the vapour pressures of the two components,

is in perfect harmony with (he theoretical derivations given above.

3. Let us now briefly discuss the third point, viz. the connodal

relations. As we are guided by the different figures of the adjoined

plate, a few words will suffice. The essential part was already given

by me in a few suggestions in one of my last papers (loc. cit.

p. 37 at the foot and p. 38 at the top; p. 44 at the foot and p. 45

at the top
; p. 48 in the middle), where I referred (0 Kortp:wko's

well-known papers, with regard to the neighbourhood of the points

R^ and R^, and to some papers by van der Waals, with regard to

the points R,^ and R', with the third principal type.

Now we may add to this, tiiat recently van der Waals [in the

Proceedings of the same Meeting as in which my first paper on the

spinodal and the plaitpoint lines was published (Meeting of March 25

1905)] has given an addition to his former considerations concerning

the just mentioned third type, in agreement ^vith what Korteweg

derived for this case already 14 years ago (loc. cit. p. 316—318,

figs. 30—35). We have reproduced this course of transformation in

our figs. 9, 10 and 11, l»ut now in connection with our former

considerations on the course of (he plaitpoint line. So also in

other cases.

a. Principal type I (figs. 1—6).

In fig. 1 we see the gradual transformation of the principal

(transverse) plait, when the temperature falls from t = — := 2,37

at 6', to 0,80. (These numerical values relate to special case h^r=b^,

but when ^1 ^ ?>, the relations are modified only numerically, as I

have demonstrated in the above cited paper in the Arch. Teyler).

T
1\ is the temperatui-e of the point t\, and is put =r 1. Ö = ~?
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is here =4. (cl'. Ibr tliesc and oIImm' data (he already repeatedly

mentioned paper in these proceedings).

Tlie plait|)üiiit I' ha.s strongly shifted lo the side of the small

volumes; (here is always equilibrium between a gas phase 8 and a

licpiid phase 2, which is comparatix'ely rich in the 2'"' component.

With smaller volumes (he gas phase 3 is pracdcally equal to a

liquid phase, l)nt the transition is gradual. (The full-traced border

curve.s of (ho plaits in (heir /, .r-prqjecdon, on which (he straight

node lines rest, represent eveiy where the oonnodal lines; the dotted

lines always represent the spino<lal curves ; the plaitpoint line is

indicated by crosses).

At r=:l,Q and t = 1 we see the conno<lal lines in the ligure.

If T is somewhat below 1, e.g. 0,98, a connodal line arises running

at a short distance round ('„, while the large connodal line shifts

its plaitpoint further to C„. At t = 0,97 the two plaits meet in a

homogeneous douhk point '). At still lower temperatures we have an

open plait, of which the two branches of the connodal line recede

towards the i-ight and the left, and whicli is traced for t = 0,8. Up
to the highest pressures, a\ and :i\ continue to differ, and it is no

longer possible to mix the two phases to one homogeneous liquid

phase by pressure, however great. With values of T' between T„

and 0,97 7*0 the homogeneity reached at a certain high pressure was

again broken at still higher pressure, after which the two phases

diverge more and more up to a certain limit.

In fig. 2 an important moment has been represented. At t = 0.63

the spinodal curve touches namely the plaitpoint line C^A in R^,

and from (his moment a new closed connodal line begins to appear

of the shape as is I'epresented in fig. 3 (r = 0,62) v:ithin the connodal

line proper. The spinodal line touches that isolated curve twice, i.e.

in the plaitpoints p and p [all this has been fully explained by

KoRTKWKG (loc. cit.)], whicli for r := 0,63 coincide to a so-called

"point double heterogene" in R^ '')/ The connodal line in question

does not yet present, howcxer, realizable equilibria, because that line

lies on the i|'-surface abore the tangent plane to the connodal line

proper, which determines (he phases 3 and 2.

1) In fig. 1 the spinodal lines seem to touch each other in this douhie point
;

of course this has to be an intersection.

2) It need hardly be mentioned, that every time only one, after the contact at Ri

two points of the plaitpoint line correspond with the temperature of the spinodal

and connodal line under consideration. All the other points of the plaitpoint line

wliich is every time projected as a wliole, belong lo oilier, lower and higher tem-

peratures.
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Fig. 3a gives an enlarged, sclicniatical representation of thai iso-

lated connodal line, where some straight lines represent (he "hidden"',

non-realizable eqnilibria. The points a and a', and in the same way
b and b' are corresponding points. The "tail" at b' is always directed

towards the side of the plaitpoint (which lias already disappeared in

onr diagram) of the principal plait, the "point" at a lies on the

opposite side.

We point ont that the shape of tiie spinodal lijie, as is drawn

in tigs. 3 and 3(i, implies, that it tonches the plaitpoint line in the

peculiar way, indicated in tig. 2. In the innnediate neighbonrhood of

7?i the uppermost portion lies left of the common tangent, the lower-

most portion on its riglit.

At somewhat lower temperatures, in our example at r = 0,61

fig. 4), the isolated connodal line begins to touch (in M) the connodal

line proper, and from this moment one of the two new plaitpoints,

viz. p, will become the plaitpoint of a new branch plait, which has

thus arisen from the principal [)lait in the way described above.

Cf. e. g. fig. 5, where t := 0,60. The point p' is always unrealizable,

and this continues so down to the absolute zero, where the plaitpoint

line terminates in A. On the other hand all the plaitpoints I' trom

M to Ci will form realizable plaitpoints of the new plait.

In fig. 4 phase 3 begins to split up into two new phases, the gas

phase proper 3, and a new liquid phase J, rich in the 1*' component

of the mixture. There is a three phase Jiiie, the beginning of a three

phase triancih (see fig. 5), whicli contiiuies to exist from this point

down to the lowest temperatures.

In fig. 5 it is also seen how the connodal line whicii passed on

uninterruptedly before, but which is now broken oft' in the angles

1 and 3 of the three phase triangle, proceeds on the ifj-surface.

With this corresponds the well-known "ridge" oji the connodal line

at 2.

At T = 0,59 the new plaitpoint P reaches the lower critical tem-

perature C\, and from this moment the branch plait is always open

on the side x = 0, and this continues so down to the lowest

temperatures.

The ^>,.i'-representations are omitted for want of space.

Fig. 6 gives the jj,7'-diagram of the plaitpoint lines. Noteworthy is,

that we meet with a cusp in the line (\A at /?i, where the spinodal

line touches the plaitpoint line (cf. fig. 2). We shall prove this further

on. As we have already shown in our former paper, the pressure p
approaches — 27 /jj at A, where ï'=:0. (This derivation holds
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evidently also for the general case that b ^ 0). Comparison with

tig. 4 teaches us, that tlie point M, where the three phase pressure

begins, lies at a temperature lower than that of R.^. If the three

phase pressure lies between the vapour pressures of the two com-

ponents (the full-traced curves starting from Cj and (7, represent the

vapour tension lines), in other words if «i^.»,,, then fig. 6 holds;

if on the other hand x, ^ x^ and the three phase pressure always

higher than the vapour pressure of the two components, then fig. 6a

holds. The line C^R shows then a minimum. (In the figure the three

phase pressure line is always denoted by AAA).

b. Principal tijpe IF.

After what has been discussed above, the relations for this type

may be made sutficiently clear even without diagrams. At a tem-

perature somewhat lower than that of li^, where the spinodal line

again touches the plaitpoint line (now C\A) a three phase equilibrium

again prevails. Now the gas phase 3 does not split up into 3 and

1, as with type I, but the liquid phase 2 into two liquid phases 2

and 1. Just as with type I the plaitpoints from M (between R^ and

Ci) to A were unrealizable (cf. also fig. 6), those from M (now between

7?3 and C») to A are now also unrealizable. Tlie three phase equi-

librium formed continues to exist down to the lowest temperatures.

Here the same phenomenon of the minimum critical temperature in

the neighbourhood of C^ is met with as with type I. At tempera-

tures lower than 2'=: 0,96 1\ the two liquid pliases 1 and 2 are

no longer to be mixed to one homogeneous phase by pressure,

however great.

The successive y^ .;,'-lines are again omitted.

Finally we find in fig. 7 the />,
7 -representation. The three phase

pressure line lies here between the two vapour pressure lines, so

that .I'j <^ .fj on the border near x = 0.

c. Principal ti/pe III.

The possibility of this type for mixtures of Mt»/'»ia/ substances will

be examined separately afterwards. Wlien it occurs (inter alia for

mixtures of C.,II„ with C5H5OH3, etc,, for triethylamine and water),

then the plaitpoint line C\C.2 has the shape drawn in fig. 8.

If we pass downward from the higher critical temperature at Cj,

a (l()ul>le plaitpoint will again occur at A^ at the temperature indi-

cated liy /,, hence t'oniialioii of an i^cihiknl coinioilal line as in tig. 3,

at soniewiuil lower temiieraliire. This li'oes on till at I (he closed
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curve in M" begins to get outside, i.e. outside the connodal line

proper of tlie principal plait, at which the phase 3 begins to split

up into 3 and 1 just as in iig. 4. This splitting- up itself is repre-

sented at ti in tig. 9. A three phase equilibrium has formed then

just as in tig. 5. The shape of the different connodal lines is still

quite the same as in the analogous case in tig. 5, only the plaitpoint

P of the principal plait had already disappeared there. This course

has alread}' been given by Kortf.wkg, as was mentioned above, and

VAN DER Wa.\ls, too, has accepted it in one of his last papers (loc.

cit.) on the transformation of a principal plait into a branch plait

and the reverse.

The three phase equilibrium established is however not of long

duration as we shall see. At still somewhat lower temperature /, a

very interesting transformation takes place (see fig. 10), also men-

tioned by KoRTEWEG (loc. cit. p. 318, tig. 34), and later by van der

Waals (I.e.). The small letters a, b, c, d and a', b', c\d' placed in fig. 9

give a clear idea of the transformation.

Still somewhat lower, at t^ (fig. 11), the plaits liave reversed liieir

functions; the branch plait of fig. 9 has become a principal plait, and

reversely the principal plait has been transformed into a branch

plait. We may notice that the "tail" at b is always turned to the

side of the principal plait, both in tig. 9 and in fig. 11. Also the

"ridge" has changed its place after the transition of fig. 10.

And then the further transformation resumes its normal course.

There comes a moment, at /, (represented in fig. 8), that the isolated

connodal line of fig. 11 begins to retreat within the connodal line

proper of the principal plait. This takes place in J/', and the three

phase equilibrium, which accordingly has been of very short dura-

tion, finishes. The two phases 1 and 2 ha\'e again coincided, and

after this we have only coe.\istence of 3 and 2, as before, and as

with type II before ^1/ in the neighbourhood of R^. The plaitpoint

P of the principal plait continues to exist for some time more, but

will soon also disappear (at C\) ') Also the closed connodal line

remains past J/' still for a short time within the connodal line

proper, gets smaller and smaller, anil disappears at last at R^, where

the spiuodal line touclies the plaitpoint line once more (tig. 8 at t,).

The temperature t^„ is the lower critical temperature of the two

components, that of L\, and at still lower temperatures we begin

gradually to approach the second plaitpoint line L'„A.

') Tlie temperature of R\ (and M') may also be lower than that of Co. This

really occurs for the above mentioned mixtures. The point P of the principal

plait has then already disappeared before 1 and 2 coincide at M'.
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At /n coiilact of a spinodal line and tiie itlaitpuiiit line takes

place for the third time, viz. at the branch fVI mentioned. Again at

somewhat lower temperatnre a three phase eqiiiJibriiim will be fonnd

at M by the repeated splitting np of 2 into 1 and '1, and now for

good and all, down to the lowest temperatures. All this is quite

identical with the case treated with type II.

Theoretically of importance for this remarkable third (very ab-

normal) pi'incipal type is therefore this, that after the two liquid

phases 1 and 2 have become identical at M' (t^), there must again

take place splitting up of the homogeneous liquid phases into two

separate phases with sufticient lowering of the temperature, viz. at

31, somewhat below R^ (cf. also fig. 12).

We point out that the point M in fig. 4 and 6, and in fig. 7 is a

so-called upper mixing-point, i.e. that at temperatures hlc/her than the

temperatures corresponding Avith that point the two phases 3,1 or

2,1 will form one homogeneous phase. The same thing is also the

case for the points M and Af' of figs. 8 and 12. Above the tempe-

rature of 3[ 1 coincides with 2, above that of 31" again 1 with 3.

But the point 31' is there a so-called loiver mixing-point, for at

temperatures lotn-r than that of 31' the phases 1 and 2, distinct at

higher temperatures, coincide to one homogeneous phase.

For the plaitpoint line C,C^ of the third type (fig. 8) all the points,

lying between 31" somewhat before R^ and 31' somewhat beyond

R'^, are not to be realized. They form again the series of hidden

plaitpoints p', indicated in the figs. 9—11.

The p, .«-representations are again omitted.

In the figs. 12 and 12a the p, 7'-representations of the plaitpoint

line are drawn of the type mentioned. We again notice the three

ciisp)s R^, R^ and R'.,. In fig. 12 the three phase pressure lies between

the vapour pressures of the components; in fig. 12a above them.

Ci R^ has then again, as in fig. 6a, a retrogressive course.

We shall put off the discussion of the remaining points to a

following paper. Those points are : a. The transition case between

type I and II with the double point; l>. the discussion of the possi-

bility of the occurrence of type III ; c. some remarks on the special

case (9^1; d., the proof, that in the ^v,7'-representations the different

points R^, R, and R', are cusps.
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Physics. — ''21ie abaorpliuti and enm^ion Unes of gaseous bodies."

Ky Prof. H. A. Lorkntz.

(Communicated in the Meetings of November and December 1905).

§ 1. The dispersion and absorption of light, as well as the

intluence of certain circumstances on the bands or lines of absorp-

tion, can be explained by means of the hypothesis that the molecules

of ponderable bodies contain small particles that are set in vibration

by the periodic forces existing in a beam of light or radiant heat.

The connexion between the two first mentioned phenomena forms the

subject of the theory of anomalous dis|)ersion that has been developed

by Sellmeyer, Boussinesq and Helmholtz, a theory that may readily

be reproduced in the language of electromagnetic theory, if the

small vibrating particles are supposed to have electric charges, so

that they may be called electrons. Among the changes in the lines

of absorption, those that are i)roduced by an exterior magnetic field

are of paramount interest. Voigt ') has proposed a theory which

not only accounts for these modifications, the inverse Zeeman effect

as it may properly be called, but from which he has been able to

deduce the existence of several other phenomena, which are closely

allied to the magnetic splitting of spectral lines, and which have

been investigated by Hallo ') and Geest ') in the Amsterdam labo-

ratory. In this theory of Voigt there is hardly any question of the

mechanism by which the phenomena are produced. I have shown

however that equations corresponding to his and from which the

same conclusions may be drawn, may be established on the basis

of the theory of electrons, if we confine ourselves to the simpler

cases. In what follows I shall give some further development to

my former considerations on the subject, somewhat simplifying them

at the same time by the introduction of the notation I have used

in my articles in the JMathematical Encyclopedia.

1) W. VoiGT, Theorie der magneto-optischen Erscheinungen. Ann. Phys. Chem.

67 (1899), p. 345; Weiteres zur Tiieorie des ZEEMAN-ellectes, ibidem 68 (1899),

p. 352; Weiteres zm- Theorie der magnelo-oplischen Wirkungen. Ann. Phys., 1

(1900), p. 389.

2) J. J. Hallo, La rotation magnétique du plan de polarisation dans le voisinage

d'une bande d'absorption, Arch. Néerl., (2), 10 (1905), p. 148.

") J. Geest, La double refraction magnétique de Ia vapeur de sodium, Arch.

Néerl., (2), 10 (1905), p. 291.

+) LoRExTz, Sur la theorie des pii.'nomènes magnéto-optiques rJcemment décou-

verts Rajiports prés. au Congres de physique, 1900, T. 3, p. 1.

41

Proceedings Royal Acad. Amsterdam. Vol. VIII.
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§ 2. We shall always consider a gaseous body. Let, in any point

of it, 'S. be the electric force, Sp the magnetic force, ''P the electric

polarization and

S = € + ^13 (1)

the dielectric displacement. Then we have the general relations

ö.Dr ö.fp,; _ 1 dSx öJp., d.^- _ 1 d^,,

dy dc c dt ' ds da; c dt

dS?, d^, 1 Ö2).

d.v oy c ot

0®, _ ö£,, _ _ J_ 0^ ^- _ ^ _ _ J_ ^/
dy dz c dt dz d,v c dt

d.v dy c dt
^

ill which c is the velocity of light in the aether.

To these we must add the formulae e.'ïpressing the connexion

between £ and '^, which we can find by starting from the equations

of motion for the vibrating electrons. For the sake of simplicity we

shall suppose each molecule to contain only one movable electron.

We shall write e for its charge, in for its mass and (x, y, z) for

its displacement fi'oni the position of equilibrium. Then, if N is the

number of molecules per unit volume,

%\. =r .V e X, %\, = N e y, p. = A' e z (4)

§ 3. The mo\able electron is acted on by several forces. First,

in virtue of the state of all other molecules, except the one to which

it belongs, there is a force whose components per unit charge are

given by ')

« being a constant that may be shown to ha\'e the value Vi i"

certain simple cases and which in general will not be widely different

from this. The components of the first force acting on the electron

are therefore

e(e, + «iV), e(^,, + a%\,), e((v. + «p,-) ... (5)

In the second place we shall assume the existence of an elastic

force directed towards tiie position of equilibrium and proportional

to the displacement. We may write for its couiponents

— /x. — ,/'y, -./'z (6)

/ being a constant whose value de|)euds on the nature of liie molecule.

') LoRENïz, Math. Encycl. Rd. 5, Art. 14, §g 85 and ;^G.
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If this were the only force, the electron could vibrate with a

frequency ??„, determined by

. ƒ
(7)

In order to account for the absorption, one has often introduced

a resistance proportional to the velocity of the electron whose com-

ponents may be represented by

rfx dy dz— r/ — , — <7 — , — </ — , (8)
• dt '' dt ^ dt ^

'

if by 1/ we denote a new constant.

We have finally to consider the forces due to the external mag-

netic field. We shall suppose this field to be constant and to ha\e

the direction of the axis of :. If the strength of the field is H, the

components of the last mentioned force will be

eH'/y eKdx
c dt c dt ^ '

It must be observed that, in the formulae (2) and (3), we may
understand by -^ the magnetic force that is due to the vibrations

in the beam of light and that may be conceived to be superimposed

on the constant magnetic force H.

§ 4. The equations of motion of the electron are

d'x ^ dx eH</y

dr dt c dt

d*Y dy e'H.dx

dr dt c dt

d'

Z

_ ,
dz

"* t:? = 6 (^-- + "
'^^--) — -^ ^ ~ ." 77 •

d t a I

These formulae may however be put in a form somewhat more

convenient for our purpose.

To this effect we shall divide l)y e, expressing at the same time

X, y, z in ^p^:, ^Py> l^-- Tins may be done by means of the relations (4).

Putting

m f ; 9 ,

AV = "*' .W^^-^' ^'=^ (^^^

we tind in this way

rri ^-^ = '^.c + « %: — / 'V. — 9 -^- + -^TT- ^— ,

« < f A' e <

ö«' dt cNe dt

4J*
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The equations may be fiirtlier simplitied, if, following a well

known method, we work with complex expressions, all containing

the time in the factor e«»'. If we introduce the three quantities

g=/' — a — in li*, (11)

il^ng,. (12)

and

«H
^=im'- "''

the result becomes

^, = (t-Yin)\\ + i^%. (14)

(T-, = (§ + ; li) %. '

§ 5. Before proceeding further, we shall try to form an idea of

the mechanism by which the absorption is produced. It seems difficult

to admit the real existence of a resistance proportional to the velo-

city such as is represented by the expressions (8). It is true that in the

theory of electrons a charged particle moving through the aether

is acted on by a certain force to which the name of resistance may
be applied, but this force is proportional to the differential coefficients

of the third order of x, y, z with respect to the time. Besides, as

we shall see later on, it is much too small to account for the absorp-

tion existing in many cases; we shall therefore begin by neglecting

it altogether, i. e. by supposing that a vi!)rating electron is not subject

to any force, exerted by the aether and tending to ilanip its vibrations.

However, if, in our case of gaseous bodies, we think of the mutual

encounters between the molecules, a way in which the regular

vibrations of light might be transformed into an inorderly motion

that may be called heat, can easily be conceived. As long as a mole-

cule is not struck by another, the movable electron contained within

it may be considered as free to follow the periodic electric forces

existing in the beam of light ; it will therefore take a motion whose

amplitude would continually increase if the frequency of the incident

light corresponded exactly to that of the free vibrations of the electron.

In a short time however, the molecule will strike against another

particle, and it seems natural to suppose that by this encounter the

regular vibration set up in the molecule will be changed into a

motion of a wholly different kind. Between this transformation and

the next encounter, there will again be an interval of time during

which a new regular vibration is given to the electron. It is clear

that ill this way, as well as Ity a resistance proportional to the velo-
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cilv, llic ani|ililii(lo ot' llir vilnatidiis will lie pre\eiitcil from snrpas-

siiig a certain liinit.

We should bc led into serions niallieniatical diflieullies. il', in

following n|) tliis id(>a, we were to consider the motions actually'

taking |)lace in a system of molecules. In order to simplify the

problem, without materially changing the circumstances of the case,

we shall suppose each molecule to remain in its place, the state of

vibration being disturbed over and over again by a large number of

blows, distributed in the system according to the laws of chance.

Let A be the number of blows that are given to N^ molecules per

unit of time. Then

N
Ti = '

may be said to be the mean length of time during which the vibra-

tion in a molecule is left undisturi^ed. It may further be shown

that, at a definite instant, there are

iV --
~e ' do-
T

molecules for which the time that has elapsed since the last blow

lies between & and 0- -\- </{).

§ 6. We have now to compare the influence of the just men-

tioned blows with that of a resistance whose intensity is determined

by the coeflicient (/. In order to do this, we shall consider a mole-

cule acted on by an external electric force

ae''"

in the direction of the axis of x.

If there is a resistance (/, the displacement x is given by the

equation

m — = — fX — fj- ^ a e e'"
'

,

dt'
' -^ dt ^

80 that, if we confine ourselves to the particular solution in which

X contains the factor <""', and if we use the relation (7),

ae
. -e'"' (15)

m{7i,' - h') -(- 1710

In the other case, if, between two successive blows, there is no

resistance, we must start from the equation of motion

dt

whose general solution is

d'x
-z= — fX -\- aee">*.
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a e «""

X = -— ,,+ t^'"»'+^,.-"•or . . . . (16)

By means of this formula we can calculate, for a definite instant

t, the mean value x for a large number of molecules, all acted on

by the same electric force ae'>>'. Noav, for each molecule, the con-

stants C\ and Cj are determined by the values ofX and— immediately

after the last blow, i. e. by the values x„ and I
-—

I existing at

the time t— 19-, if & is the interval that has elajised since that blow.

We shall suppose that immediately after a blow all directions of

the displacement and tlie velocity of the electron are equally pro-

fdx\
bable. Then the mean values ot x„ and — are 0, and we shall

find the exact value of x, if in the determination of C\ and C\, we
dx

.
,

, .

suppose X and — to vanisii at tiie tmie t
— &.

dt

In this way, (16) becomes

ae«"'' I 1 /. >t\ ., ,„ 1 /, n\
., , ^=.)

From this X is found, if, after multiplying by -e ' dd^, we inte-
T

grate from & ^ to 9- ^ oo . If ?« is an imaginai'y constant, we have

00 &
1 r «s

—

1

I e ' dd' =
1— ?<T

Hence, after some transformations,

— fl ©

/ 1 \ iinn
(17)

If this is compared with (15), it appears that, on account of the

blows, the phenomena will bo the same as if there were a resistance

determined by

.» = ?^, (Ï8)
T

and an elastic force having for its coelTiicient

(/)=/+^ (19)



Indeed, if llie eluslir loire luid tlie iiileiisilv oorrespondiiig to this

tbnmda, the s((iuire oF the freqiioiev of (lie free vibrations would

liave, bv (7), the vabie »,/ -\ . The e(|ualion ';15) woidd then

take the form (17).

In the next paragraphs the hist tei'ni in (19^ will however be

omitted.

As to the time t, it will [)e found to be considerably shorter than

the time between two successive encounters of a molecule. Hence,

if we wish to maintain the conception here set forth, we must sup-

pose tiie regular succession of vibrations to be disturbed by some un-

known action much more rapidly than it would be by the encounters.

We may add that, even if tliere were a resistance proportional to

the velocity, tjie vibrations might be said to go on undisturbed only

for a limited length of time. On account of the damping their amplitude

would be ronsideral)!y diminished in a lime of the order of magnitude

»t—
. This is comparable to the value of t which, bv (18), corresponds

9

to a given magnitude of //.

§ 7. The laws of propagation of electric ^•ibrations are easily

deduced from our fundamental equations. We shall begin by sup-

posing that there is no external magnetic field, so that the terms

with § disappear from the equations (14).

Let the propagation fake place in the direction of the axis of z

and let the components of the electromagnetic vectors ail contain

the factor

e'" '-?--', ......... (20)

in which it is the value of the constant q that will chiefly interest

us. There can exist a state of things, in which the electric vibrations

are parallel to X and the magnetic ones parallel to Y, so that

^'ï) '^i, ^x i^iid -^P,, are the only components differing from 0. Since

diiferentiations \\itii respect to t and to c are equivalent to a

multiplication by in and by —
I n (j respectively, we have by

[2) and (3)

1 1

q .Py =—£);„ q (l-j. = — Spy .

Hence

and, in virtue of (1),

2>,, = r' q' ti\

The llrsi of iho e([uations (14) leads therefore to the following
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formula, which may serve for tlie deleniiiiiation of q,

c''?'-!^^-^ (21)

Of course, q has a complex value. If, taking x and to real, we put

1 — i X
q = , (22)

to

the expression (20) becomes

e ,

so that the real parts of the quantities representing the vibrations

contain the factor

n X

«~^~
(23)

multiplied by the cosine or sine of

(-0
It appears from this that to may be called the velocity of propa-

gation and that the absorption is determined by x. If

n X

to

(index of absorption), we may infer from (23) that, while the vibra-

i

tions travel over a distance — , their amplitude is diminished in the

1

ratio of 1 to —

.

e

In order to determine (a and x, we have only to substitute (22)

in (2J). We then get

cMl — ix)' 1

to' S + * »!

or, separating the real and the imaginary parts,

c' (1 — x') _
^

§ 2c'x _ n

to' ~ i' + n"' w' ~
I' + n"

'

from which we derive the formulae

24=l/<i+I|lp +^ + ., . . . ,24,
to' K §' -f ij' §' + ïi'

^c^^l xrnrT? f
w' l^

I' + n' %" + »]'

in which the radical must be taken with the positive sign.
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It' tlic ililforeiit constants arc known, we can caK-nlale liy tliese

formulae the velocity and the index of absorption for every value

of tlie frequency n ; in doing so, we shall also get an idea about

the breadth and tlie intensity of tiie absorption liand.

^ 8. In these questions much depends on .the vahie of »/. In the

special case ^ := 0, i. e. if the frequency is equal to, or at least only

a little different from that of the free vibrations, we have on account

of (25)

^ c'x' ( / 1

n'

From what has been said above, it may further be inferred that

along a distance equal to the wave-length in air, i. e. , the
n

amplitude deci'eases in the ratio of 1 to

2 jr ex

Now, in the large majority of cases, the absorption along sucii a

s^cx
distance is undoubtedly very feeble, so that must be a small

cV.'
number. The value of —- must be still smaller and this can oidv

be the case, if »j is much larger than 1.

This being so, the radical in (25) may be replaced by an approxi-

mate value. Putting it in the form

1/
25 + 1

1 + ^
^

è' + »i'

'

we may in the first place observe, that, since »/ is large, the numerator

2 § 4" 1 ^^'Jl' be very small in comparison with the denominator,

whatever be the value of 5. Up to terms with the square of

2| + 1——-—r, we may therefore write for the radical
I + »J

1 I i iï±_i _ i (- g + ^y
^ 2 r + 7j' 8 (s' + t,')'

and after some transformations

cV.' _ 4 »/' — 4 s — 1

^ "" 8(5'+ riY
•

As long as § is small in comparison with -if, the numerator of

this fraction may be replaced by 4jj\ On the other hand, as
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soon as I is of the same onler of niagiiitiule as ?j' or surpasses

Ihis quantity, (lie fraction i)econies so small that it may be neglected,

and it will remain so, if we omit the term — 4| in the numerator.

We may therefore write in all cases

ex
1J

so tliat the index of absorption becomes

k = — . ^-^- (26)

This formula shows that for 5 = the index has its maximum
value

n
^a = .— (27)

and tiiat for | =i ± r»i, it is r' -(- J times smaller.

The frequency corresponding to this \alue of g can easily be cal-

culated. If « may be neglected, a question to which we shall return

in § IS, (11) may be put in the form

5 = '«'("»'-«') (28)

Hence, foi' $ ^ q= n;

7n {ii'' — w„') =r d= rij ^ ± r « </'.

or, on account of (10) and (18),

2 m V n
in {n^ — ;;„") = ± r « r/ ^ ±

,

T

2v7i

T

If n — iio is much smaller than n^, we may also write

71 = M„ ± - (29)
T

The preceding considerations lead to the well known conclusion,

somewhat paradoxal at first sight, that the intensity of the maximum
absorption increases by a diminution of the resistance, or by a lengthen-

ing of the time during which the vibrations go on undisturbed. In-

deed, if // is diminished or t increased, it appears by (10) and (12)

that ij becomes smaller and by (27) ko will become larger. This result

may l)e understood, if we keep in mind that, in the case ?j = iio,

the one most favourable to "optical resonance", in molecules that

are left to themselves for a long time a large amount of vibratory

energy will have accumulated before a blow takes place. Though

the blows are rare, the amount of vibratory energy which is converted

into heal may therefore very well be large.
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In aiiotlier sense, however, ilie absorption may be said to be

diminished i\y an increase of t (or a diniiinition of (j), the range

of wave-lengths to which it is confined, becoming narrower. This

follows immediately from the equation (26). Let a fixed value be

given to s, so that we fix our attention on a point of the spectrum,

situated at a definite distance from the place of maximum absorption

,

and let ij be gradually diminished. As soon as it has come below

I, further diminution will lead to smaller values of k, i. e. to a

smaller breadth of the band.

If g is very small, or t very large, we shall observe a \ery nar-

row line of great intensity.

§ 9. The observation of the btinds or lines of absorption, combined

with the knowledge that has been obtained by other means of some

of the quantities occurring in our formulae, enables us to determine

the time t and the number ^\' of molecules per unit volume.

I shall perform these calculations for two rather different cases,

viz. for the absorption of dark rays of heat by carbonic dioxyd and

for the absorption in a sodium flame.

As soon as we know the breadth of the absorption band, or,

more exactly, at what distance from the middle of the band the

absorption has diminished in a certain ratio, the value of t may be

deduced from (29) ; we have only to remember that in this formula,

71 is the frequency for which the index of absorption is r' -j- 1 times

smaller than the maximum Ho-

Angstrom ') has found that in the absorption band of carlionic

dioxyd, whose middle corresponds to the wave-length ?. i= 2,6()
f<,

the index of absorption has approximately diminished to 4 ^o for

A = 2,30 ft. This diminution corresponding to r = 1, we have by (29)

1
- = « — "o ,

T

if 7)j and n are the frequencies for the wave-lengths 2,G0 /t and 2,30 ;<,

In this way 1 find

T = 10-14 sec.

In the case of the absorption lines produced in the spectrum by

a sodium flame, we cannot say at what distance from the middle

the absorption has sunk to ^ Z„. We must therefore deduce the value of

T from the estimated breadth of the line. Though the \alue of v

corresponding to the border cannot be exactly indicated, we shall

1) K. Angstrom, Beitrage zur Kenntnlss der Absorjition der Warmestrahlen

durch die verschiedenen Bestandtnile der Almosphare, Ann. Pliys. Ghem. 39 (18',(ü|,

p. 2G7 (see p. 280).
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))r(>li;il)ly lt(^ tjn( fjir \\ ronn, if \vc sii|i|(os(^ i( lo lie lielweeii oaiidfi;

tliit< would iniplv llial at llie Ixtrdi'i- tlio iiidcx of alxsorption lies l»e-

1
*

1 ,

tweeii — /„ and /„. It tlieretbro n i-elates U) tlic hoi'dcr, the tor-
10 37

imda (29) shows that the limits for — are - {ii—»„) and -^ (?i— ??„).

In Hallo's experiments the breadth of the Z)-lines was about

1 A. E. The relation between n and the wave-length 7. being

2 jrc

we find for that between small variations of the two quantities

ictc
,

dn =: dX.

Hence, if we put f/A = 0,5 A. E. = 0,5 X 10-« om., we find

1, — no — 0,26 X 10'2,

from which I infer that the value of t lies between 12 X lO-'^ and

24 X 10-12 sec.

§ 10. In the case of carbonic dioxyd the number K may be

deduced from the measured intensity of absorption. In Angstrom's

experiments this amounted to 10,6 pCt. in a layer, 12 cm. thick,

and for X = 2,60 ft. The amplitude being diminished in the proportion

of 1 to ^-''o- in a layer whose thickness is :, and the intensity of

the rays being proportional to the square of the amplitude, we have

e-^*l'o = 0,894,

and
ko = 0,0046.

Now, by the formulae (27), (12), (10) and (18)

_iVe'T

4cm

^ 4 c m ko

Here r and /„ are known by what precedes. As to the charge 6,

it is, in all probability, equal to that of an electrolytic ion of hydrogen.

It is therefore expressed in the usual electromagnetic units by

the num.ber 1,3 X lO^^o^ and in the usual electrostatic units by

3,9 X 10—"*. The unit of electricity used in our formulae being

1^4 31 = 3,5 times smaller than the common electrostatic one, we
must put

e = 14 X 10-1" (30)



( 603 )

In the case of the iiilVa-rcd rays whose absorption lias been

measured by Angstrom we are probably concerned with the vibrations

of charged atoms of oxygen or carbon. The mass of an atom of

hydrogen being about 1,3 X lO-^* gramme, I shall take

m = 2X 10-23.

The result then becomes

iV=6 X 10'^-

^ 11. The above method is not available for a sodium flame.

Hallo has however observed that the value of JSF for this body may

be deduced from his measurements of the magnetic rotation of the

plane of polarization and Geest has shown that the magnetic double

refraction in the flame may serve for the same purpose. In what

follows I shall only use one of H.\llo's results.

In the first place it must be noticed that in the case to be con-

sidered, £ is much larger and much smaller than unitv. The
fe 5' + ïj'

radical in (24) may therefore be replaced by

^
S' + n'

and the formula becomes

c 5
- = 1 +

2 (5^ + n')

Now, if there is an external magnetic field, the velocities of pro-

pagation tUj and to, of right and left circularly polarized light can

be calculated by a similar formula. We have only to replace § by

S, — ? and by § + ?.') From the results

— = 1 H ;:
~ and — = 1

2[(|-?r + V] ^, 2 !(§ + ?)' + VI

we liiid for the angle of rotation per unit length

_1 /"l.lV^il !jii i±i
!

.31.

In order to determine iV^ by means of a measured value of y,

we begin by observing that, in virtue of the equation (28), for

which we may write

5 ^^ 2 m' n^ («„ — w),

each value of i determines a certain point in the spectrum whose

distance from the middle of the band is proportional to t. At the

1) See LoRENTZ, Sur la theorie des phenomènes magnéto-optiques, etc., § 16.
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border of the band (if there i« no magnetic field) | has the value

V t}, the coefficient v being some moderate number, say between 3

and 6 (§ 9), and for one of the components of Zk.eman's doublet we
have i = ?. In the magnetic field used by Hallo the distance of

the components from the middle of the original line amounted to

0,15.1.^., half the breadlli of the line being 0,5 J. £•., as has

already been said.

We have therefore the following relation between ij and 5

:

g:jjij= 0,15:0,5

3,3
'i =— S (32)

V

On the other hand, a point in the spectrum, at which the angle

of rotation per unit length was approximately equal to nnity, was

^ ,
/35

situated at a distance of 1,6 A. h.\ —— ot the mutual distance of the
J 30

two D-lines) from the middle of the original line. Tins being 10 times

the distance from this line to one of the components, we have

approximately

§ = 10$.

On substituting this value and (32) in the formula (31), it appears

that the terms tj" may be omitted. Hence, if (13) is taken into account,

n Ne
*ƒ) = 0,005 — = 0,005 ~- , (33)

c s H
or since cp = 1 is,

A^e = 200H.

The strength of the magnetic field in these experiments was 9000

in ordinary units, or

9000
H = = 2600

in those used in our equations. Taking for e the value (30), I finally find

A^=i4 X 10'*-

• ^ 12. The value of i] may likewise be calculated, both for the

carbonic dioxyde and for the sodium flame. In the first case we can

avail ourselves of the formula (27), in which /•„ is now known
;

the result is

)( jt

)i = — =z = 2,5 X 10"-
2,'/-„ Xk,

Foi' the sodium llamc we first draw from (33)
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5 = 0,005 - = 0,01 — = 500
c X

and we then find by (32) the following limits for i}

550 and 270.

These results fully verify our assumption that ii would be a

large number.

Finally we can compare the values we have found for r with

the period of the vibrations. In this way we see that in the tlame

some six or twelve thousand vibrations follow each other in uninter-

rupted succession. In the carbonic dioxyd on the contrary no more

than a few vibrations can take place between two successive blows.

^13. After having found (he number ^V of molecules in the

sodium flame we can deduce from it the density d of the \apour of

sodium. In doing so, I shall suppose the molecules to be single atoms,

so that each has a mass equal to 23 times that of a mass of liydrogcn.

Taking for this latter 1,3 X i<>"-'* gramme, I find

^;= 12 X 10-9.

This is not very different from the number 7 X^O"^ found by Hai.t.o.

H\i,L0 has already pointed out that this value is ver^' much smaller

than the density of the vapour really present in the flame; at least,

this must be concluded if we may apply a statement made by

E. Wiedemann, according to which a certain flame with which he

has worked contained per cm', about 5X10-' gramme of sodium.

Perhaps the difference must be explained by supposing that only

those particles that are in some peculiar state, a small portion of the

whole number, play a part in the phenomenon of absorption. This

would agree with the views to which Lenakd has been led by his

investigation of the emission by vapour of sodium.

It must be noticed that the value of .^V we have calculated for

carbonic dioxyd warrants a similar conclusion. In the experiments of

Angstrom the pressure was 739 mm. At this pressure and at 15° C.

the number of molecules per cm', may be estimated at 3,2X10"-
This is 50 times the number we have found in § 10.

^ 14. An iiHeresting result is obtained if the time r we have

calculated for carbonic dioxyd is compared with the mean lapse of

time between two successive encounters of a molecule. Under the

circumstances mentioned at the end of § 13, the mean length of the

free path is about 7 X lO^*" cm. The molecular velocity being

4 X 10* cm. per sec, this distance is travelled over in
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1,8 X 10-'" sec,

i. e. in a time equal to 18000 times the value we have found for t.

We see in this way that it cannot be the encounters between mole-

cules, by wliich the regular succession of \ibrations comes to an end.

It seems to be disturbed much more rapidly by some other cause

which is at work within each molecule.

In the case of the sodium flame there is a similar difference

between the length of time r and the mean interval between two

encounters.

^ 15. Wc shall now return for a moment to the resistance that

has been spoken of in § 5, tlie only one that is really exerted by

the aether. This resistance is intimately connected with the radiation

issuing from a vibrating electron, and if a beam of ligiit were

weakened by its influence, this would be due to part of the incident

energy being withdrawn from the beam and emitted again into the

aether. C)f course, this could hardly be called an absorption. But,

apart from this objection, we can easily show that the resistance in

question is much too small to account for the diminution of intensity

that is really observed. Its component in the direction of .v is

e' (i'x

6 jrc' Tt'
'

or, for harmonic vibrations of frequency n,

n' e' d X

6 jr c' (it

Comparing this witli (8), we find

_ 7i'e'

6 JT c'

This amounts to 2,0 X lO^^' for carbonic dioxyd (for the wave-

length ;. = 2,60 ft (§ 9)) and to 4,0 X lO-^" in the case of the

sodium tiame. These numbers are far below those which result from

(18), if we substitute the value that has been calculated for t. We
then get, for carbonic dioxyd 4,0X10"'', and for the sodium flame

a number between 1,2 X io-ie and 0,6 X 10-'«.

^ 16. It has already been shown in § 8 that an increase of ij

broadens the absorption band, diminishing at the same time the ab-

sorption in its middle. Indeed, in many cases we may say that

the broader the band, the feebler is the absorption for a definite

kind of rays.

The question now arises what is the total amount of energy
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absorbed bv a layer of given thickness z, if the iiieideiit beam con-

tains all wave-lengths occurring in the part of the spectrnin occupied

by the absorption band. In treating this problem, I shall suppose

the energy to be uniformly distributed ovei' this range of frequencies,

so that, if we write Idn for the incident energy, in so far as it

belongs to wave-lengths between n and n -)- dii, I is a constant.

The total amount of enei'g.y absorbed is then given by

A = I \{l~e-''-'''')dn (34)

Now, if the coefficient ij and the time r were independent of the

density of the gas, both 'S, and i] would be inversely proportional to

X : this results from (10), (12) and (28). The equation (26) shows

that under these circumstances and for a given \'alue of n, k is

proportional to A'. The value of A will therefore be determined by

the |)roduct A':. This means that tlie total absorption would solely

depend on the quantity of gas contained in a layer of the given

thickness, wliose l)oundary surfaces have unit of area ; if the same

quantity were compressed within a layer of a thickness ^ z, the

absorption would not be altered.

The result is diiferent, if y and r depend on the density. In order

to examine Uiis point, I shall take z to be so small that 1 — e~-^~

may be replaced by 2/^ — 2k''z^, so that (34) becomes

A — 21 \z \ kdn — z' i k' fZ« (35)

Let us further contine ourselves to an absorption band, so nari'ow,

that we may put

I =2m'n„ («„-«) (86)

77 = 71.o', k = — — (37)

Introducing 5, instead of », and extending the integrations from

S = — 30 to § =: -f X , as may indeed be done, I find from (35)

2cm \ icg J

or, on account of (10),

nl
\,

1 )A = -— \Ne z — -— (iVe' zf .

2cm.
(

icg
)

Two conclusions follow from this result. First, the absorption in

an inliuitely thin layer of given thickness does not depend on the

42
Proceedings Royal Acad. Amsterdain. Vol. Vlll.
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value of (/. Ill the second place, if the layer is so thick that the

second term in tiie fornnda lias a cerlain intlnence, tor a iii\en

value of \:. die amount of absorption will increase wiUi </. It will

tlierefore increase by a cdinpix'ssidii of liie uas, if by this means die

coeflicient // takes a larger \aiiic. An elfect of diis kind has really

been ol)ser\e(l by AN(iSTK()M ') in his e\|)eriiiieiils on die absoiphon

produced by carbonic dio.xyde.

This result coidd have iieeii pre(Hcted by theory if die idea that

the succession of regular \ilirations would be distiirlied by the colli-

sions between the molecules had lieeii confirmed ; tiien, by an increase

of die density, the time r would becdiuc siiorter and the formula (18)

would give a larger \aliif for du' coeflicieul i/. As it is, the vilira-

tions must be supjiosed Id 1k' (hslurb(>d by sdiiie odicr cause (§ 14)

and we can only infer from An(;sthÖiM's measureiiients that the intln-

ence of this cause must depend in some unknown way on tlie density

of the gas.

§ 17. Thus far, we have constaihly assumed in our calculations

that the coeflicient i/ is very much larger than unity ; this hypotiiesis

has been conlirnied by the values given in § 12 and, to Judge from

these numbers, i( would e\eii seem hardly probable dial j; can in

any case have a value (Mpial lo, or smaller than I. Yel, there is a

|ilieiioiueii(iii w liicl: can only be CNplaineil by asi-ribing to i/ a small

value. This is the dissymmetry of the Zekm.\n elfect, which has been

predicted by \'oiut's theory '') and has shown itself in .some experi-

ments of ZiiKM.VN''). In so far as we are here concerned with il, it

consists ill a small iiiiM|iialily, observable only in weak magnetic

fields, of die distances at w liicli die Iwo outer coiii|ioiieii(s of the

triplel are situated from die |»lace of llii' original spectral line.

Whereas in slrtuig lields die posidon of lliese components is ileter-

mined by die eqiiadons ^ = -|- ? and t = — ?, it corresponds to

g = and §=I, if iliL' magnetic intensity is very small.

VoKiT has immediately |)oiuted out diat the dissymmetry can only

e.vist, if >j is not very large. Yet, from (he fad that the elfect could

scarcely be detected In Zkkm \n. lie coiicliides that the coeflicient must

'I A.NGSTRÖM, IJber dii' .\ljliaiii<igl<eit ilri' AhT:ür|jliuii iler Gase, besüiiders der

Kolileiisaure, voii dor Diclitr, Ann. Pliys., (i (l',)0l), p. Iü3.

') VoiGT, Uber eine Dissymmetrie der ZEE.M.^N'schen nonnaleii 'fii|>lels, Ann.

l^hys., 1 (1900), p. 37G.

') Zeeihn, Sume observations eoiiceniing an asyniineti-icai cliange of tlicspcctml

lines of ii'oii, |-adiatir,g' in :t iiiagnetic field. Tliese Proeeedini^'s, II (190(1), p. -298.
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ha\'o heen ralliei- lai'ii'er lliaii iiiiitv. In iny npinioii, we uiiist go

farthei' than that anti ascrihc in j^ a \ahii'. nol seusihlv aho\e 1,

niv artiiiniejil lieiiig ihal llic (h»\ nnneli\ can niilv make itself felt,

if the (ntforeiice between the (hstanees from the original line lo the

two conipfnients in qnestion is not ven nineh smaller than the breadth

of the line.

We loiow already (§ {() that I = at the middle of the line and

5 ^ r»; at the bordei-. Now, if j, were sensibly larger Ihaii i, the

places corresponding to ^^<> and 5:=!, i.e. the places occnpied

by the two c(niiponents in a weak field, wouhl lie within the

breadth (if llic original line : il wdnld llierefoi-e be impossible to

discern the want of symnielry.

§ 18. Whatever be the exact \aliie of ij, Zeem.vn's experiments

on this point show at all e\ents ihal under faxonraltle circumstances

a displacenieni «if a Hue, corresj)Ondiiig to a change from 5 = to

§ = 1, or to a change

^ (38)

of the freipiency, is large enough lo be seen. Rnt, if such is the

case, we shall no longer be right, if we discuss the \alue of ^, in

omitting (piaiililies dial arc^ but a few times smaller than uiuty.

A (piantity (if this kind is ihc icrm a in the equation (11), which

as has already been meulioued. is but little tlillerent from '/,, and

wliicli we have onulled 111 all our calcidations. If we wish to lake

it into account, we -hall liiid llial all llial precedes will slill hold,

pro\id('(l (inly we replace //„ by die ipianlily //„. tlelcrmined by

/" — n = >n' ,i\: • (39)

Indeed, (2!S) may then be written in the Ibrni

i — m' (//.,' — ,r)
,

and llic |ilace (if maxiniuin absorption, llic middle (if llu^ line, will

correspond to the fretpiency /a„, exactly as il tbrmerly correspdiuled

to the frequency //'„.

Now, l)y (7j and (lt>

/ = ;w' /»„',

and by (39)

« «
«7 — )(/

,
, h'„ = «„

,
.... (40)

or, on account of (10),

a y e'

".. = "0-^ (41)

We learn from this equation that an increase of the density must
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the siile of the larger wave-lengths. A shift of this kind has been

oi)ser\ed i>y Humphreys and Mohler in their investigation of the in-

tlnenee of |)ressiu'e on the position of spectral lines. However, as

the formnla (41) does not lead to the laws the two physicists have

established for the new phenomenon, I do not pretend to have

given an explanation of it.

Nevertheless we may be sure that in those cases in which the

dissymmetry of the Zeeman effect can be detected, the last term in

(41), which in fact is of the same order of magnitnde as the expres-

sion (38), can have an influence on the position of a spectral line

that is not wholly to be neglected.

On the other hand, it ]iow becomes clear that, in the case of a

large value of ij, the term a in (11) may certainly be neglected, its

influence on the position of the middle of the line being much smaller

than the breadth. ')

§ 19. We shall conclude by examinmg the influence of the last

term in (19), which we have likewise omitted. If we replace /' by

?« . . m
/' -| and, in virtue of (10), /' by / -\

—-, which I shall denote by
t' '

' T"

(ƒ'), and if this time we neglect the term «, the formula (11) may
again be written in the form (28). Indeed, if we put

(ƒ') 1

'»V =^ ="»'+- (42)m T

we shall have

§ = '"'(»"»' — «')•

Instead of (42) we may write

1

«0 = «0 + ^ r (43)

an equation which shows that the absorption band lies somewhat more
towards the side of tlie smaller wave-lengths than would correspond

to the frequency n„ and that its position would bo shifted a little,

if the time t were altered in one way or another (§ 16). These displa-

1) Prof. Julius has called my attention to the I'act that in many cases the absorp-

tion lines are considerably broadened by the change in the course of the rays that

can be produced in a non-iiomogeneous medium by anomalous dispersion. In the

experiments of Hallo, I have discussed, this phenomenon seems to have liad no
influence. This may be inferred from tlie circumstance that the emission lines of

his flame had about the same breadth as tlie absorption lines.
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cenioits would however lie iinieh smaller tliaii halt' the lireadlh of

the band. Tliis is easilv seen, if we divide the value of»,",, — //„

cak'ulated from (43) In die value of )i — //„ that is given hy (29).

The result

1

2 r «„ T

is (cf. §12) a small fraction, because n^x is equal to the number of

vibrations during the time t, multiplied by 2 -t.

(January 25, 1906).
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Some time ago a paper was published by Gossner ') on the crystal-

forms of Chlorobromonitrophenol, Dibromonitrophenol and lodobromo-

nitrojthenol being an experimental contribution to the knowledge of

1) B. Gossner, Krystallogiaphische Untersuchung organischer Halogenverbin-

dungen. Ein Beitrag zur Kenntniss der Isomorphie von Gl, Br und J. Zeitschr. f.

Kryslall. Bd. 40. (1903). 78—85.
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tlie isomorphous substitution of the halogens Cl, Br and ƒ in organic

molecules. The author first gives a short resume of the chief series

of inorganic compounds where CI-, Br- and /-compounds have been

compared in regard to their crystal-form. Even in c^ses where a

direct analogy in form does not occur an isof/«morphism may be

always proved to exist.

The /-compounds differ in most cases from the others as regards

their behaviour.

Only a few complete series of analogous halogen derivatives of

organic compounds have been investigated and in no case as to

their mutual behaviour in the liquid state.

A complete crystallographical investigation was made of : pC/Joro-,

ji-Bromo- and p-fodoacetnnilide '), the melting points of which are

respectively, 179°, 1674° and 181°. The Bromo- and the /of/o-com-

pounds are both monoclinic, the C/t/oro-compound differs and is

rhombic. The Br- and the /-compound present in symmetry and

parameters a distinct analogy with the rhombic 6V-compound ; the

plane of cleavage is, however, a totally different one ^).

(7/-compound : Rhombo-pyramidal.

a:b:c = 1,3347 : 1 : 0,6857 ; ^= 90°0'. Cleavable towards {100|.

^/'-compound : monoclino-prismatic. ')

a :i:c=:l,3895:1:0,7221; i?=:90°19'. Cleavable towards {301).

/-compound : monoclino-prismatic. ")

a:b:c= 1,4185 : 1 : 0,7415 ;
/J= 90°29'. Cleavable towards (301}.

GossNER ') proved that the C7-compound is c/i'morphous and also

that it possesses a more labile monoclinic form. On the other hand,

the Br- and /-compounds are certainly also f/«morphous but here

the rhombic modification is the more labile. The more labile and

the more stable modifications possess very analogous parameters,

although their molecular structures are different. He thinks however

that the irregular 'positions of the melting points may be satisfac-

torily explained from all this.

On the other hand, in the series Chlorobromo-, Dibromo- and

lodobromonitrophenol, all three derivatives are directly-isomorphous

with each other. (Structure : {OH) : (iVO,) : 5r = 1 : 2 : 4; CI, Br
and /on 6).

1) B. GossNER, Z. f. Kryst. 38. 156—158. (1904).

3) Fels, Z. f. Kryst. 32. 386 (1900); Idem 32. 406.

s) MüGGE, Z. f. Kryst. 4. 335; Fels, Z. f. Kryst. 37. (1903). 469; Wilson, Z. f.

Kryst. 36. 86. Abstract; Panebianco, Z. f. Kryst. 4. 393.

*) Sansoni, Z. f. Kryst. 18. 102.

6) GossNER, Z. f. Kryst. 38. 156-158.
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This is the fu'st properly investigated series of halogen-substitution

products in organic chemistr}^ where CI, Br, and I replace each

other in a directly isomorphous manner.

Notwithstanding this complete isomorphism there occurs here a

remarkable abnormality in the position of the melting points, just

as in the case of the isof/anorphous p-H(xlogen acetanllides. This

abnormality cannot, therefore, be explained in the manner described

above; in fact it is quite incom[)rehensible:

a-compound: m. p. 112° C. Spec. gr. 2,111 Mol. Vol. 118,7

Br- „ m. p. 117^ C. „ „ 2,434 „ „ 121,1

/- „ m. p. 1040 0. „ „ 2,645 „ „ 129,03

In this case it is tlie /-compound which exhibits an abnormal

melting point.

From all this it is evident that there is still something strange,

as regards the mutual morphotropous relations of the halogens, at

least, in the case of organic compounds. Some facts relating thereto

will therefore be communicated in what follows.

I have, frequently, published papers on the Methyl esters of p-

Chloro-, and p-Bromohenzoic acid '). The Chloro- and i?/'omo-deriva-

tive each appeared to possess a different form, whereas the melting

point line of binary mixtures should lead to the conclusion that an

isoJi'morphism was present here, with a melting point line of the

rising type, although it seemed impossible then to define by physico-

chemical methods the limits of mixing for the two kinds of mixed

crystals.

In order to treat the existing problem as fully as possible, I

prepared first of all the corresponding Fluoro- and /öc/o-compound.

p-Fluorotoluene kindly presented to me by Prof. Holleman was

oxidised with KMnO, in alkaline solution, the p-Fluorobenzoic acid

was separated with HCi and then esterified by means of methyl

alcohol and hydrogen chloride. The ester, which has a strong odour

of uniseseed oil, is a liquid rendering measurements impossible, but

on the other hand the acid could be measured crystallographically.

j).-Toluidine was diazotised and converted by means of KI into

p-Iodotoluene, this was distilled with steam, recrystallised and oxidised

as directed to p-Jodobemoic acid. In the same mannei-, p-Aminobenzoic

acid was converted by diazotation etc. into its acid and this was

1) Jaeger, Neues Jahrb. f. Miner. Geo), und Palaeont. (1903). Bell. Bd. 1—28;
Zeits. f. Kryst. 38. (1903). 279-301.

43*
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purified by sublimation. Both Todohenzoic acids tims obtained were

tlien esterified by means of methyl alcohol and HCl.

The product so obtained was purified by repeated recrystallisation

from boiling alcohol until the melting point became constant at 114°.

The methyl ester oi' p-Iodobemoic acid m.p. 114° crystallises from

ether -|- alcohol in colourless needles, having a faint odour of aniseseed

oil, which are very neatly formed, and exhibit the form of fig. 8.

Ehombo-bipyraviida I.

a:b:c = 1,4144 : 1 : 0,8187.

Forms observed ; a = jlOOj, predominant, very strongly- lustrous,

sometimes with delicate, vertical stripes; p = {210j, very sharply

reflecting; 6^jllO|, narrow, often absent, but yields very sharp

reflexes; w = il22j and r = \011\, well-developed; o = |112}, very

small and often absent altogether.

Habit: flattened towards jlOOj, with tendency parallel to the c-axis.

Angular measurements:

Measured: Calcidated:

a:p = (100) : (210) =:*35°15V; —
b:v = (010) : (122) =*51 49 —
b:p = (010) : (210) = 54 447,

v:v = {n2):{l22) = lQ''2Z' 76°22'

/; : r = (010) : (Oil) = 50 24'/, 50 41'/,

a:v = (100) : (122) = 77 29 77 23

v:v=:(122):(Ï22)r=25 42 25 41

r:r = (Oil) : (OTl) = 79 12 79 11

v:r = (122) : (Oil) = 12 50V, 12 37

p:r= (210) : (Oil) = 68 23 68 33

?; : = (122) : (J 12) = 17 0'/, 16 43'/,

o:o = (112) : (112) = 43 3 42 55'/,

Cleavable towards |010j.

The optical axial plane is jOOlj with the 6-axis as first bissectrix.

The apparent axial angle in «-monobromonaphthalene is about 80°;

the dispersion is Q <Cv. On a, p and b orientated extinction.

The sp.gr. of the crystals is: 2,020 at 10°; the equivalent volume
— 129,7.

Topic axes x : V' : « = 6,8179 : 4,8203 : 3,9464.

From the above it follows that the /-compound is perfectly iso-

morphous with the analogous i?r-compound. By way of comparison
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some of tlie cliief data observed in hotli oompounds are placed here

in juxtaposition

:

p-Iodobenzoic Ester : p-Bromobenzoic Ester -.

Rhombo-bipyraniidal Rhombo-bipyramidal

a:b:c=l ,4144 : 1 : 0,8187 a:b:C = 1,3967 : 1 : 0,8402

Forms : Forms :

jlOOj, jOlOj, |011!, J2J0J, 1112}, il22i. llOOj, {OlOj, i011|,{210j, !112|, {122!

On {100| delicate stripes On jlOOj delicate stripes

parallel c-axis. parallel c-axis.

Cleavable along b. Imperfectly cleavable along b.

Axial plane is jOOlj ;
1^' Diag. is b. Axial plane is |010| ;

l^t Diag. is b.

Angles: Angles:

a:p = d5°16' a : 2) = U°5G'

b:v = 51°49' b:v = 51°10'

0:0 = 42°55 etc. o -. o = 43°50' etc.

The dispersion in the /-derivative is of an opposite character to

that in the i??'-compound ; the apparent axial angles are almost e(pial

if that of the /-derivative is measured in «-Broraonaplithalene and

that of the /^/--derivative in oil of Cassia.

It seems remarkable, that in our case the Bromo- and lodo-com-

pounds behave in an analogous manner and that it is the Chloro-

compound which exhibits here a deviating character.

In order to show the further relation of the three compounds the

binary melting point lines were determined and represented in fig. 9.

Tiie melting point line 7i/'-/-compound does not deviate markedly

from the straight line, the ditference is really negligeable. The lowering

of the melting point of the /-derivate is, therefore, practically directly

proportional to the number of added molecules of the 5r-compound.

The melting point lines Cl-I- and C/-5r-compound take an analogous

course, that is to say, all the melting points lie between the lowest

and the highest melting point. Both melting point lines belong to

the rising type of Roozeboom, which may occur in isodimorphous

substances. The lower branch and the mixing limits could not be

found by thermometrical methods. The existence of these two branches

may indeed be proved, and they are even situated at some considerable

distance from the top branches — at least at the side of the com-

pounds having the highest melting points — as was found by Dr.

B. R. DE Bruyn. It is, however, not possible to determine this line

witli suflicient accuracy. The progressive change of the cooling-curve

is of such a nature that a discontinuity is observed from which we
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may draw the above iiieiitioiicd coiiclusioii that tlie lower branch of

the melting point line — at least at the side of the rhombic mixed

crystals — is situated at a fairly considerable distance from the upper

Wa 90 so 70 60 'to 30 ZO 10 o

Fig. 9. Binary melting point lines of the three halogenised benzoic methyl esters.

branch. Tliis change in direction of the cooling line is, however, so

slight, that the true situation of the point on the lower branch cannot

be indicated with certainty.

The determination of the mixing limits by an investigation of the

solid phases, which are in equilibrium with solutions of known con-

tent, met with difficulties of an analytical character. An effort was,

therefore, made to determine tliose mixing limits by the crystallo-

graphic process. For that purpose solutions were prepared of mixtures

of the two esters, for instance of the cldoro- and the Zro/zio-ester,



C 619 )

in ether -j- alcohol, and the homogeneous mixed crystals obtained

on slow evaporation were individually iinestigated crystallographic-

ally and then their melting point was taken, namely the temperature

at which the last particle of solid matter disappears in the surrounding

fused mass. If one may assume that this last solid particle, in each

of the cases investigated, is really in stable equilibrium in regard

to the fused mass, the temperature thus found, by comparison with

the already found upper branch, indicates the molecule-percentage

composition of the mixed crystal under investigation.

If we take little of the i?r-esler and much of the (7/-ester, we
obtain from the alcoholic solution momclinic mixed crystals which

possess quite the form and angular values of monoclinic C/-ester

itself. Of such crystals the melting point never exceeded 467,*'. If

the proportion of the components is reversed mixed crystals of a

rhombic form are de[»osited quite analogous to the i??'-ester. These

crystals gave melting i)oints from 797,° down to 47^
; but not lower.

Assuming that the melting point of the end terms of the mono-

clinic series does not ditfer practically from 47°, it then looks as

if rhombic mixed phases ma,y exist which, at 47° as transition tem-

perature, attach themselves immediately to the monoclinic terms. I

have found, however, that rhombic mixed crystals with various melt-

ing points kept together in a closed tube for four months become

turbid and partially opaque with a rough surface as soon as their

melting point falls heloin 65°. It is also remarkable that the rhombic

mixed phases of this kind are more and more badly formed and curve-

planed, and that they become more distorted, as if existing in a kind of

enforced condition, when their composition begins to ditfer from tliat at

65° towards the monoclinic side. It seems to me that when accepting

the above hypothesis, all rhombic mixed phases below 65° represent

metastable conditions, which, in tlie solid state, are very slowly

broken up, to be partly converted into monoclinic terms.

That is to say the melting figure takes schematically the form of

fig. 9 ; the said metastable conditions are then points situated on the

extended part of the lower branch to the right, which indicates the

composition of the rhombic mixed crystals coexisting with the fused

mass. The stable hiatus in the mixing series then extends from 187„
to 607o of the i?r-compound.

From all this it follows that in consequence of the very slow
conversion of the mixed crystals, no sharp determination of the

mixing limits can be made in this manner when less than 607,,
Br-estev of monoclinic character is present.

In the system CZ-ester + /-ester the matter is still more troublesome.
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There, the end term of the nioiioclinic mixiiif>' series is situated

still miicii closer to the axis than in the case mentioned. In conse-

quence of the very great difference in solubility of the CI-, and the

/-compound we never obtain here from alcoholic solutions anything

else but rhombic very delicate needles, while the monoclinic phases

crystallise so indistinctly that they are quite unsuitable for a serious

investigation.

The Br-, and the /-ester readily crystallise together in all propor-

tions with angular values which differ but little from those of the

components. No optical anomalies could be found in such mixed

phases. From this it follows that to those two halogen substitution

products belongs an analogous molecular structure. Their molecular

volumes in the solid condition agree indeed vei'y well ; the difference

is smaller than between that of the CI-, and i??"-compounds.

As regards the lowering of the melting point of the compound

melting at the higher temperature by addition of the one melting

at the lower temperatui-e, this is not proportionate to tlie number of

added molecules, as in the system Br- -|- /-compound. In the

mixtures of CI- and J-ester, the observed values are always situated

on a curve which occurs above the line of the pi-oportionate lowering

of the melting point; in the system CI- and /?r-ester, on a two-

periodic curve which occurs below the said straight line.

It must also be observed that the mixed pluises deposited from

alcoholic solutions possess a larger content in the compound melting

at the higher temperature than the solution from which they have

formed. For instance, from a solution containing 20 7o of -Br-ester

and 80 7o of C7-ester, mixed (rhombic) crystals were at first depo-

sited which melted at 57° corresponding with a considerably higher

percentage of the ^/'-compound.

The C/d/oro-compound which is monoclinic with

:

a:b:c = 1,8626 : 1 : 3,4260, and /?= 64''18'

and the forms

:

a=|100}, c=|001j, »-=|T02{, p=j2 1 0|, ü=<01 IJ, o=|Tll|, ,i;=jl 1 1|, m=\\\?,\.

presents a habit which is not at ail like that of the two other deri-

vatives, although that habit, as shown in fig. 1—5, is in a high

degree variable, according to the choice of the solvent and tempe-

rature of crystallisation.

The habit of the Br- and /-compound is on the otiier hand per-

fectly analogous ; in the /-ester it is, moreover, very constant under

different conditions of crystallisation (fig. 8) whilst it is still some-
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what changeable in the Br-estev (tig. 6 and 7), although no longei-

so strong as in tlie CZ-derivative. Witii an increasing atomic weight

of the halogens, the changeability of tlie crystal-habit, owing to a

change in conditions of crj-stallisation, decreases considerably and

gradually.

The sp. gr. of the three compounds, their equivalent volume and

their topic parameters are :

CT-ester : d,,o= j ,382 ; F=: 123,37 . / : i^ ">= 5,1731 : 2,7774 : 9,5153.

5r-ester:fZ„o= 1,689; F=::127,29 .-/: i|': ü>= 6,661J :4,769J : 4,0070.

J-ester: d,„o = 2,020; r= 129,70.x : il': w= 6,8179: 4,8203 : 3,9464.

It must be remarked here that the melting points of the three

esters increase regularly by 35'/,° notwithstanding the ditfercnce in

crystalform: 44°—79'/,°- 114°.

Tlie above admits of no other explanation than the assumption

that all three halogenised esters are dimorphous. The CAester must

still exist in a more labile rhombic form and the Br- and /-esters

in a more labile monodinic form. In one of Bruni's communications')

a "monoclinic'^ 2}-Bromobenzoic Methyl Ester is described by an

Italian investigator with the object of proving an "isomorphism"

with the analogous p-Nitrobenzoic ester. The given measurements

have, however, absolutely no connection with those applied to the

p-Chlorobenzoate, so that this monoclinic form can in no case be

the one intended. Moreover, none of the measured angular values

of the p-Bromo-derivative agree with those obtained by myself. It

appears to me doubtful whether the measurements mentioned in

Bruni's paper are really correct or it may be that the operator has

really not been working with p-Bromobemoic Methyl ester at all.

All etforts made by me to obtain from this substance a crystal form

diiferent to the rhombic one proved fruitless, whilst in the Italian

treatise, the supposed "monoclinic" form is represented as a perfectly

stable one which, therefore, occurs continuously.

In order to prove an eventually existing dimorphism of these sub-

stances, I have made use of Lehmann's microscopical method with the

aid of the crystallisation microscope constructed by him. It appeared,

however, that in none of these cases a positive result could be

obtained. I think that in the case of each of these substances, lean

notice two ditferent ways of crystallisation under the microscope,

namely long, rather delicate needles and also parallelogram-limited

>) Bruni and Padoa, Gazz. Chimic. Ital. (1904). 34a. 133—143; Rendic. Lincei

(1903). 5a. 12. 348.
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flat needles which exhibit higher interference colours and like the

first named extinguisli normally on the longitudinal direction. Howe-

ver, the difference — if present at all — is so indistinct that taking

into consideration the inclination of these substances to alter their

crjstal-habiousit under var circumstances in so high a degree, I dare

not conclude to an already proved dimorphism. Experiments with

mixtures richer or poorer in Ch/oro-ester also exhibited the same

properties. It is, therefore, quite possible that we have two forms

for each of the three substances, but this has not yet been proved

and also it could not be ascertained whether in the given circum-

stances both eventually present forms stood to each other in the

position of monotropy or enantiotropy.

A few short data as to the halogenised benzoic acids deserve mention.

1. p-Cldorohcnzoic acid m.p. 243° has been measured by Fels

(Zeitschr. f. Kryst. 32, (1900) 389). It is monoelino-prismatic, with

a:h:c = 1,2738 : 1 : 3,3397, and /i= 78°24|'. The forms observed

have intricate symbols; besides a^\100\ and c = {OOlj, he finds

f7= i207|, = jlll!, e = {233!, u = \%2% v = jill!. Sp.gr. = 1,541.

2. p-Fluoi'ohenzoic acid m.p. 182° synthesised by me is also

monoelino-prismatic. If to the forms occurring here we assign

the symbols: a = JlOOj, c = jOOlj, r = r203j, s = jlOSj, and q= \O^S\,

the indices being therefore analogous to those given above, the

parameters become :

a:b:c = 1,1917 : 1 : 3,1825

^= 78°16'.

Although there exists here an undeniable difference in habit, I

think I may still conclude that there is a direct isomorphism of

the Chloro- and i'Tworo-compound. A distinct plane of cleavage was

not found. The melting point of p-Fluorobemoic acid is also elevated

by addition of the 67-compound.

Angular values:

c':r =69°56'

r:s =15°36'

s:a =16°14'

c:a =78°16'

c:q =76°28'

?:=2x = 27°4'

The habit is thin-tabled towards c,. with a rectangular circum-

ference. The crystals were obtained from alcohol -j- ether and were

generally badly formed. The extinction on c is orientated.
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F. M JAEOER- Contribation to the knowledge of the iaomorphouB sobstitotion of the elementn Fluorine,

Chlorioe, Bromine and Iodine in organic molecules.

p-Chloroben7.oic Methyl ester.

From methyl alcohol, at a lower temperature

p-Chlorobenzoic Methyl ester.

From methyl alcohol, at a higher temperaturt

p-ChlorobeiiZ(iic Melhyl ester.

From ether, at a Irnver temperaturt

p-Bromobenzoic Methyl i

From methyl alcohol

Fig. 8.

p-Bromobenzoic Methyl

Proceedings Royal Acad. Amsterdum Vol, Vlll.
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3. p-Bromohenzoic acid, lu.p. 252' was obtained by me in tiny

crystals from ethyl acetate -|- benzene but they were very badly

formed. They are monoclinic and probably quite isoraorphous with

(he two other acids. The angle of inclination amounts to about TS'/,".

4. p-Iodobenzoic acid has not as yet been obtained in measurable

crystals owing to its little solubility in most of the organic solvents.

Its melting point is situated at 2t?7°, therefore higher than that of

the J5/'-derivative. A direct isomorphism with the three other halogen

benzoic acids is not improbable.

Physiology. — "On catalases of the blood". By L. van Itallie.

(Communicated by Prof. C. A. Pekelharing.)

(Communicated in the meeting of December 30, 1905).

The discovery made by Thenard that bloodtibrine possesses the

pi'operty of decomposing hydrogenpero.xide has also been extended

to defibrinated blood, by Schönbein {Joum. f. pi'akt. Chemie 89,

22). It has found a practical application in the judicial investi-

gation on bloodtraces and has been the object of manifold scientitic

investigations. A resuming report precedes the investigations by

Senter {Da^ Wasserstofsupero.vyd zersetzende Enzym des Blutes.

ZeiUchr. f. physik. Chemie 4A [1903] 257—318) to whose work we
refer the reader. Senter calls the enzyme which he has isolated

from blood Haemase whereas I myself prefer to use the name
of catalase, which has been given by LoEW {Catalase, A nen: enzym

of general occurrence, Report N". 68 V. S. Depart, of Agriculture.

Washington).

Although the catalases, those enzymes which are able to split

H5O2 in water and oxygen, are universally scattered in the vegetable

and animal kingdom, it has as yet not been possible to isolate one

of these bodies in state of purity.

Althougli different phenomena indicate that there exist more than

one catalase (apart from Loew's «- and f?-varieties) it has been

impossible as yet to discern them.

The following communication gives a new contribution to the

properties of the catalases of the blood, which may perhaps lead to

a differentation of the catalases, and which at least gives an opportunity

of dividing the catalases of some animals into two groups.

To Mr. C. J. Koning at Bussum I owe the communication that

human-blood diluted from 1^1000 heated at 63° for half an hour,
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still conhiiiis a (iiiaiititj of oatalase whereas ox-l>lood under the

same conditions no longer contains any catalase after half an hour.

Want of time prevented the above mentioned gentleman from pene-

trating any further in this matter, so that he left the treatment of

this subject to me.

The loss of activity of the catalase of the blood by heating has

been investigated for ox-blood by Senter (/. c. p. 293). Those

investigations show that a diluted bloodsolution loses its activity in

a quarter of an hour at 65°, that the rapidity of decomposition is

considerably smaller at 55° and that the solution after having been

heated for three hours at 45° still contains 60 7o of the catalystic

power, .which it possessed originally.

Moreover it appeared that the loss of activity is not proportional

to the present quantity of the enzyme, but that this phenomenon

takes place with constant rapidity. I thought it useful to investigate

the observed phenomenon with regard to some species of blood
')

more closely and to see at the same time if it was possible to

render the catalasereaction serviceable to the distinguishing of different

species of blood.

Method of investigation. 5 cM* of the diiferent species of blood in

a dilution of 1— 1000 are heated for half an hour at 63', then

cooled down to 15° and mixed with 3 cM'. of a hydrogenperoxide

solution of 17o- The mixture is put into a fermentation tube, such

as are used at the investigation of urine on glucose. If the mixture

still contains catalase the developing of oxygen begins within a few

minutes so that by the development of this gas it is indicated whether

catalase of the blood is present or not.

Human- and monkey-blood (Macacus cynomolgus) investigated in

this way appeared to contain still catalase after having been heated

at 63° for half an hour, whereas the blood of horses, oxen, pigs,

goats, sheep, rabbits, cavies, rats, hares, chickens, pigeons, fish (flounder)

and frogs did not show any reaction after the described treatment

with H,0, and did not split off oxygen within 3 hours.

Now the blood of some of these animals contains only a small

quantity of catalase, but in the liver this substance is present in

greater quantity. According to Battelli and Stern {Compt. rendus

138 [1904], 923-924) 10 mG. blood of a frog produces after being

mixed with H,0, of l"/», 7.5 cM.' oxygen in 5 minutes, whereas

1) For the providing of species of blood I am indebted to Messrs. W. C. Schimmel

and M. G. de Bruin, of the veterinary school at Utrecht and to Dr. J. Büttikofer,

director of the zoological gardens at Rotterdam.
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an equal quantity of tlie liver liberates 295 cM.' oxygen in the

same time.

The liver of a frog was mixed with puritied sand, and the mixture

thus obtained was shaken with water. A drop of the decanted

liquid called about in a H,0,-solution a turbulent development of 0.

If 5 cM.' of the liquid was heated for half an hour it lost the power

of decomposing H,0, quite, so that also with a considerable original

catalytic power the above mentioned time is sufficient to make that

power disappear.

In order to get an insight into the rapidity with which the catalase

of the blood loses its activity I put into practice the following method

of investigation for some species of blood.

5 cM.' of the bloodsolution (1—1000) were put in some test-tubes;

the tubes and their contents were heated for some time varying

from —IJO minutes in the tliermostate at 63^ then cooled down

to 15° and mixed with 10 or 20 cM.' of a H,0,-solution of 1%.
The action having taken place, for 1'/, hour at 15^^, the catalase-

action was interrupted by adding 10 cM.' diluted sulphuric acid

and the quantity of hydrogenperoxide, which had not been decom-

posed was immediately titrated back with Vio N. Kaliumpermanganatic

solution. While the not heated bloodsolution indicates the quantity

of H,0, which is decomposed by 5 milligrams of the used blood-

species, it could be investigated at an arbitrary point of time in how
far the catalytic action had been weakened by the heating.

At the used degree of concentration an oxidation of the catalytic

may originate by the H^Oj (Senter I.e. 279) but I would not reject

the advantages which are offered by larger concentration as it was

not wanted to get in the first place absolute figures.

In the table mentioned below the results of my investigations are

written down while the graphic representation gives a more ample

survey

.

It is peculiar that here as well as at the blood investigations of

Uhlenhuth and those of Neisser and Sachs {Berl. klin. Wochenschr.

1905 N°. 44) the bloodspecies of related animals (man and monkey)

show a relation with regard to catalytic power concerning the

absolute strength as well as the greater resistance against the increase

of temperature.

I think I may deduce from these investigations that the catalases

occurring in the blood of difterent species of animals are not identical.

My own observations, it is true extend to some individuals of the

different species of animals only, but from reports of Batelli and
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Hamff {Soc. biol. 57 [1904] 264) it appeared already that the same

organs of animals of the same species contain mostly about equal

quantities of catalase and that this quantity is not dependent on the

. W
\ w

Number of milligrams Ho Oo decomposed

by five milligrams of different bloodspecies

after their having been heated at 63° for

some minutes in a dilution of 1 : 1000.

_ :j^
7j ID T( 'jo 3? ÏÖ Ti s3 5v Co n 70 % ÏÖ ÏI j5 ^ ~<i ~s 7iti

Human blood.

--- -Monkey blood.

Horse blood (arterial).

Horse blood (venous).

.,,.,>«.,^^*.^,.*0x blood.

Goat blood.

...» ,..«^,.. ....*. ^ Pigeon blood.

temperature of the body nor on the metabolism. To illustrate the

catalytic power of the bloodspecies which I investigated quantitati-

vely I add a short survey,
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Quantitij of oxijgen in cM.' (0°—760 niM.) obtained from the

action of J cJ/.' blood on a solution of H, 0, of I'/o-

Man 710

Monkey 706

Horse (venous) 288

Horse (arterical) 438

Ox 136

Goat 58

Pigeon 4

Utrecht, December 1905.

Physiology. — "On the diferentiation of fluids of the body,

containing proteid." By L. van Itallie. (Communicated by

Prof. C. A. Pekelharing).

(Communicated in the meeting of December 30, 1905).

For the research of blood, sperm and other fluids of the body,

containing proteid, the phenomenon, that even traces of these sub-

stances are able to decompose hydrogenperoxide, has been used for

a long time already'. If a drop of a hydrogenperoxide-solution is

put on an object on which blood or sperm was dried up, develop-

ment of gas is observed, even by the presence of traces of blood or

sperm which' give rise to the forming of froth, when blood is

present. As the experiment can already be taken with some fibres,

and the splitting off of oxygen can be traced under the microscope,

it has often rendered me good services in examining on behalf of

the court of justice, at the preliminary-examinations. If then no oxygen

is liberated and the object on which dubious stains occur, has not

been exposed to a temperature higher than 65°, it may be concluded

from the fact that no reaction occurs, that blood and sperm were

absent.

It was obvious to try to render the result of the experiments

communicated in the preceding paper, serviceable to the distinguishing

of the blood of men, resp. monkeys, from the blood of other species

of animals. Not every one is in the possession of the serum of

Uhlenhut or of the sera recommended by Neisser and Sachs (Berl.

klin. Wochenschr. 1905, number 44) for the anti-complementary

influence, while it may be moreover of great value to the court of
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justice to ha\e within some hours the certainty whether bloodstains

appearing on an object, originate from human blood (in our countrj

of course monkey blood may as a rule be left unconsidered).

It is now indeed possible to show the presence of human blood

(resp. of the monkey) in older stains with the aid of the catalase of

the blood. I wish to draw the attention to this that the presence of

blood must have been proved by a preceding microscopical, chemical

or spectroscopical investigation because other fluids of the body too

(sperm and milk) cause a reaction of catalase.

The method of investigation is simple. If the dubious blood trace

is dried on some tissue, a piece of it is extracted with water at the

ordinary temperature and the extract is divided into two parts. One
part is mixed with a solution of hydrogenperoxide of I'/o fi'id the

mixture is put into a fermentation tube. The other part is heated

for half an hour in a watei-bath at 63°, then cooled down to 15°

and after having been mixed with a solution of HjO, it is also put

into a fermentation tui)e. If within some hours oxygen develops in

both tubes, it may be concluded that human — (resp. monkey-)

blood is present ; the quantity of oxygen in the second tube is of

course smaller than that in the first. When active catalase of the

blood is present the splitting off of oxygen begins soon after the

mixing, and is finished in some hours.

If however only in the first tube oxygen is split olT and the

second tube does not show any development of gas, it follows that

the catalase of the blood has become inactive by the heating to 63°

for half an hour, and that the dubious blood does not originate

from man or monkey.

I was in the opportunity of applying these experiments to fresh

bloodstains of man, dog, ox and horse and to bloodstains on linen

from the year 1903 originating from man, oxen, horses, goats and

pigs. The old bloodstains gave the same results as the fresh blood.

If we dispose of more bloodstains we can follow the process of

the reaction somewhat quantitatively by preparing for instance a

larger quantity of extract with water, dividing this in parts of 5 cM.',

heating this to 63° during different periods in test-tubes and mixing

it with HjOj and titrating it, as has been communicated in the

preceding paper. The peculiar process of the reaction, graphically

expressed, does not give a representation of the absolute quantity

of the catalase of the blood which is present, but is so characteristic

that human- (and monkey-) blood c<an be easily distinguished from

that of another species of animal, even in the dried state.

44
Proceedings Royal Acad. Amsterdam. Vol. VIII.
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It is liardly necessary to mention separately tliat tlie reaction of

the catalase can be made serviceable to the (listin,i>iiisliing of mother's

and cow's milk.

Cow's milk which has been heated to 63° for half an honr no

longer possesses the property of decomposing H^ 0,, a property

which mother's milk still possesses in a rather considerable measnre

under the same circumstance.

In a mother's milk which I thank to the kind interference of

Prof. KoüWER I found the following results, but it siiould be

observed that the action of the milk on the solution of hydrogen-

peroxide found place in the nitrometer of Lunge and that I read off

the volume of the developed oxygen after twelve hours :

5 cM.' iBOther's milk not heated gave 24.8 cM.' oxygen.

6 „ „ ,, heated to 63° for a

quai'ter of an hour gave 18.5 ,, ,,

5 „ „ „ „ 3 „ „ „ „ 7.5 „

5 ,, ,, ,, ,, for an hour „ 4.0 ,, „

Utrecht, December 1905.

Physics. — "Some remarks on the quantity H in Boltzmann's

" Vorlesimgen liber Gastheorie"." By 0. Postma. (Communi-

cated by Prof. H. A. Lorentz).

(Communicated in the meeting of December 30, 1905).

§ 1. It seems to me that some of the views advanced in one of

the first paragi'aphs of the above mentioned work, are inaccurate;

and it may be desirable to draw attention to this fact, because

several considerations of Boi.tzmann and others are based on them.

1 mean § 6 on the "Mathematische Bedeutung der Grosse H".

Ill the case of a gas the molecules of which are all of the same

type, this quantity is represented by if.l/.dia. Now, in § 5, assum-

ing that the gas is of the simplest nature and that the motion of

the molecules is "molecular-ungeordnet", Boltzmann has shown that,

in general, the quantity H decreases by the collisions and is minimum

in the stationary state.

Such a gas would therefore move of its own accord to the

stationary state i. e. with IMaxwell's distrilmtion of velocities, as

Boltzmann shows further on.

Now it is demonstrated in § 6 that the quantity H has also
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another meaning-, and that the cirenmstance that H is minimum

implies that the probability of the corresponding distribution of velo-

cities, indicated by the function ƒ, is maximum. Afterwards the

connection between H and the entropy is indicated in § 8 on the

"Physikalische Bedeiitung der Grosse H"

.

The meaning of H in question being very incompletely derived

in ^ 6, we shall have to consult Vol. 76 of the Sitzungsberichte der

Wiener Akad., to which Boltzmann refers, and Vol. 72, to whicii

he refers in Vol. 76.

In ^ 6 p. 40, Boltzmann begins with the following reasoning:

"Fur alle Zusammenstösse, für welche der Geschvvindigkeitspunkt

des einen der stossenden Moleküle ver dem Zusammenstösse in einem

unendlich kleinen Volumelemente lag, beflndet sich derselbe, wie

wir sahen, bei Constanz aller anderen, den Zusammenstoss charakte-

risirenden Variabeln nach dem Stosse wieder in einem Volumelement

von genau gleicher Grosse. Theilen wir daher den ganzen Raum
in sehr viele (§) gleichgrosse Volumenelemente w (Zeilen), so ist die

Anwesenheit des Geschwindigkeitspunktes eines Molekuls in jedem

solchen Volumenelemente mit der Anwesenheit in jedem anderen

Volumenelemente als ein gleichmöglicher Fall zu betrachten, gerade

so wie früher der Zug einer weissen oder einer schwarzen oder

einer blauer Kugel."

So it is as if the velocities were assigned to the molecules by

taking for every molecule a slip of paper from a box, w'hich box

would be filled with slips of paper each indicating a unit of volume

of the "whole space". The probabilities a priori are therefore equal

that the components of the velocity è',
'i, ? He between two values

which differ d^, ch], f/?.

Here at least something has been adduced to account for the fact

that these probabilities are equal, which has not been attempted in

Vol. 76 of the W. S. We have to derive it from the fact, that at

a collision the "points of velocity" skip from a certain volume into

one of the same size (cf. the "daher" of the quotation). For me
this has, however, by no means convincing force; for that one point

always skips from a volume to one of the same size does not prove

that it can just as well be found in any volume of the same size.

We shall presently show that this can hardly be assumed.

But let us first proceed. Let us assume n molecules are to have
a velocity, then the probability a priori that of them n, cu have their

"point of velocity" in the first volume co, n, to in the second volume

. , ., n!
etc. IS proportional to Z = ;

-—
, where Cn.+n.-f...) io=zn.

(«1 Oi) \ {n, to) ! . . .

44*
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If we now assume (lifit for ^>! may be taken \/2pjt{ — j , we get

IZ ^^ — (o (hj Z/ij -\- «2 In^ -\- . . .) A^ C, and so Z is maximum when

to (?Ji i/ij-f «, Z ?ij-j-- •) 'S minimum or when \ f {^t\^) If {^r^^) dï, dt] dC,

is minimum, or when ^is minimum, if we have a simple gas.

The distribution of the velocities ƒ (g ij ?) for which i/^is minimum,

is therefore also that with the greatest probability, concludes Boltzmann.

So the stationary state with Maxwell's distribution of velocities is at

the same time the most probable (p. 42).

This, however, follows by no means from the above, for the

stationary state is that, for which the change of H luith the time in

consequence of the collisions = 0, whereas the most probable state

here is that for which every conceivable variation of the numerator

of Z= 0.

Not before the condition is taken into consideration that the kinetic

energy of n molecules must have a deliuite value, as Boltzmann does

in Vol. 76 and 72, it can appear whether the result is the same.

Now
+ .0 +00 +CO

// =
ƒ ƒ ƒƒ (§ 7, g) i/iS ,i S) d§ dn </s

must be minimum, while the conditions

+» +» +CC

•=SSS^
and

+«> +=0 +CO

L = '!ƒƒƒ (^^ + n' + il/iS n S) dè dn di

00 — 00 — 00

exist, when m is the mass of every molecule, and L the kinetic

energy of n molecules.

In Vol. 72 p. 450 Boltzmann giv«s the solution of this, and it

appears that when no external forces exist,

ifiê ni) + ^ + i^-i»^{è' + n' + g^) = o

where X and fi are constants which are still to be determined.

From this follows Maxwell's distribution of velocities.

But what probability problem has now been solved ? I cannot see

that any has been solved but the following: From a box with slips

of paper, each indicating a volume element, one has been taken at
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random for each of tlie n molecules of a certain quantity of gas

;

the "point of velocity" of the molecule was every time placed in

the volume element extracted. The n velocities which have been

extracted chanced to be such that the sum of the energies of the

molecules has a definite value L. What distribution of the velocities

among those n molecules is now a posteriori the most probable?

The most probable is therefore the distribution of Maxwell. But

this is a problem without importance for the gas theory. For it 'is

easy to see that the mean velocity indicated by the slips of paper

in the box is intinitely large, so that if from this n slips of paper

are taken at random, in general the mean velocity, which is indicated

by them, is also infinitely large, and there is only an infinitely small

chance, that the energy of the n molecules becomes finite. If we
now see that of every finite gas-mass the energy is finite, we cannot

assume that the velocities would have been assigned to the molecules

in the way mentioned above. The chances a priori for every velocity

must, therefore, not be considered as equal.

The mean velocity in the box may be calculated as follows.

If in the unity of volume there are c points of velocity, then in

a spherical shell with radius r and thickness dr there are : 4 Jt r' c dr.

The sum of the velocities now is 4 rr r' c dr, and so for a sphere

with radius r = jt r* c. The number of points of velocity in the

4 3
sphere is - jt r' c, so the mean \ elocity = — r.

o '4:
For the whole space, therefore, the mean velocity is infinitely

large. In this way it is proved that the hypothesis of the equality

of the chances a priori is inaccurate, and so also the result that

Maxwell's distribution of velocities is the most probable state.

^ 2. Of course nothing is said here in derogation of the proof,

tliat Maxwell's law holds in the stationary state, which Boltzmann
gives in the § ^ preceding § 6 and in ^ 7. But it is incorrect to

speak of transition of probable to improbable states when the meaning
is from stationary to non-stationary states. This incorrect view gives

rise to wrong considerations when Boltzmann discusses the fiction

of the reversal of the molecular velocities in the last part of ^ 6.

It is assumed there, that a gas has originally a "molecular-unge-

ordnet" but "improbable" distribution e.g. all molecules have the same
velocity. The gas moves now to the stationary state Avith Maxmell's
distribution of velocities. But before it is reached, all velocities are

reversed, which causes the same conditions to be passed through

but now in reversed succession. This will cause H to increase. Is
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this not incompatible witli § 5, where it is proved that — can only

be negative or zero? No, says Boltzman, for the reversed motion is

not one for which this theorem holds, because the motion is "molecular

geordnet". For the molecules, which a molecule with a certain velocity

meets, are not taken at haphazard from the whole number but

their velocities are connected with that of the molecule under con-

sideration. This is specially clear when at the moment of reversal

the motion had not yet lasted long.

Now, however, Boltzmann meets with another dfiiculty, which is

to be removed. Does the increase of H not also clash with the laws

of probability, as the smallest H gives the most probable state ?

No, for the increase of H is only improbable, not impossible.

This diflTiculty seems to me to have only been raised by the in-

correct view discussed above. The smallest H is not the most pro-

bable. Moreover we do not do justice to the subjectivity of statements

concerning probability, when we speak of a transition from pro-

bable to improbable states, as if objective properties of substances

are expressed in this way. Boltzmann loses repeatedly sight of this;

particularly at the end of the second part of his "Gastheorie".

In my opinion the views on this matter of Dr. A. Pannekoek, occurring

in these Proceedings, Vol. VI, p. 42 ') are not perfectly correct either.

The latter assumes also that in the above mentioned case of

reversal the reversed motion is "molecular-geordnet", and tries now to

make clear what this means. With perfect justice he says, that it

does not mean, as seems to be sometimes assumed, that the state

may be calculated beforehand; this might also be done in the original

case if the initial state was known. Now, however, we get the im-

1) Another remark on this subject. Under 2 we read : "one more remark, however

is to be added", on which something follows, that does not supplement what has

been said, but is in direct opposition to it. Moreover, tlie author seems to con-

found the collisions in the fictitious system (after reversal of the motions) and what

Boltzmann calls the collisions of the opposite kind.

For it is not correct that the points QiQ/, R-^Bi return to Pj Pi' in the reversed

system; by reversal of the velocity we get a point of velocity lying diametrically

opposite to the first.

Also 3 gives rise to different questions. As e. g. is it altogether correct that in

the statistical way of treatment the direction of the normal of collision is consi-

dered as independent of the velocities? It can certainly not be independent of the

relative velocity ? And further : does the fact, that in the calculations it is assumed

that the molecules do not hinder each other when colliding against a third, give

sufticient justification for calling the radius of a molecule small of the first order

with respect to the distances of the molecules?
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pression that Di\ Pannekoek considers as tlie distinctive feature which

renders the original motion "iingeordnet" its dissipating influence, and

that which makes us call the reversed motion "geordnet" its bringing

the velocity points nearer together. When in consequence of the col-

lisions the "poi]its of velocity" get dissipated the state would be "unge-

ordnet"', when they draw nearer to each other, it is "geordnet". But

this holds only in this special case, and it might just as well be just

the reverse.

For what does "molecular-ungeordnet" mean. This appears when we

examine the place where Boi.tzmann introduces this idea. We lind it

p. 20 in the formula (17): Z$ = * i'^, rfw,. Here represents the

sum of the contents of all the oblique cylindres, into which a mole-

cule of the 2""^ kind must get in order to collide with one of the

1" kind. The formula now expresses that the molecules of the 2'"i

are, in proportion to the volume, as numerous in all these cylindres

together as in the whole gas mass, or that these cylindres constitute

a quantity taken at random from the gas mass with regard to the

molecules of the 2"^* kind.

Now in my opinion an "ungeordnete" distribution might very well

be imagined, in which the points of velocity are more dissipated

than in the stationary state. And of a gas in such a state the points

of velocity would be brought nearer together by the collisions till

Maxwell's distribution of velocity is reached.

^ 3. With reference to the foregoing Prof. Lorentz was so kind

as to dii-ect my attention to the work of Jeans on the kinetic

theory '). In this work a derivation of Maxwell's distribution of

velocities occurs, which is called a new one by the author, but which

essentially agrees with the reasoning of Boltzmann in the above

mentioned § 6 on the "Mathematische Bedeutung der Grosse H",
though the outward form is quite different. It is true that an impor-

tant improvement has been made, Avhich for the first time renders

it in reality a derivation of the law ; it is viz. not onl}' demonstrated

there, that the most probable state of a gas is that, for which the

distribution of velocities in question occurs, but also that the chance

is very great that a state will make its appearance, differing but

very little from the most probable : for w^hen it is onl^- known that

a state is the most probable, its probability may yet be so very small,

that it does not say anything as to whether that state will occur or not.

Accordingly Jeans calls this most probable state the "normal state",

in W'hich he is now perfectly justified.

1) "The dynamical Theory of Gases" by J. H. Jeans; Cambridge, 1904,
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The "normal" state is now the same as the "stationary" state.

However, the same objection applies to this derivation as to tiiat

of BOLTZMANN.

Jeans calls his method "The method of General Dynamics" in

opposition to the usual one, Avith the aid of collisions, which he

calls "The statistical Method". This name, however, does not seem

very appropriate to me ; the considerations here are just as much

statistical as in the usual method. Dynamics do not play any part

in it but this, that the state of a gas witli aY molecules, so deter-

mined by 6 iV-coordinates and components of velocity, is represented

by a point in a 6 ^-dimensional space, and that now the change

of state of the gas runs parallel with the motion of this point in the

generalized space.

A great number of possible states gives therefore a great number

of points, and their changes a great number of orbits, the general

course of which is to be studied. Instead of with these mathematical

points we may also imagine the generalized space to be tilled with

an homogeneous liquid, the motion of which we must examine,

which then according to the author is a "steady-motion" in hydro-

dynamic sense, the stream-lines of which are determined by (he

property that their energy is constant.

This, however, brings us about to the end of tlie dynamic conside-

rations. They form an illustration, but nothing is proved by them.

The author now examines, what part of the generalized space is

taken up by points representing systems of a certain state. But this

is the same as what Boltzmann calls the probability ofa system of a

certain state. Both represent the proportion of the number of systems

of equal possibility possessing a certain property, to the total number

of systems. The objections to be made to the expression for the

)»robability iiold a,lso for tiiat of the part of the space.

Jk.ans treats successively two problems :

1. What part of the generalized space is occupied by the systems

Avith a certain distribution of the coordinates of the molecules (or

what chance is there of a certain distribution of density of the gas)

and in connection with this : how are the S3'stems distributed in

that space with regard to the distribution of the coordinates.

2. What part of the generalized space is occupied by the systems

with a certain distribution of velocities of the molecules (or what

chance is there of such a distribution) and how are the systems

distributed in that space with regard to the distribution of velocities ?

Only the first problem is fully treated by Jeans; lor the second,

the most important, we are I'eferred to the first.
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It is then assumed that flie gas is inclosed in a vessel with

capacity Si, divided into n elements co, so that 7iu>=zil. We imagine

now a certain distribution of density, at which a^ molecules are

placed in the first element of volume, a, in the second etc. The

number of ways, in which N^ molecules may be distributed over the

n elements, so that every lime tiiis distribution of density exists is

N!—;
. For each of these ways every molecule must be

a^ / rt, / . . . a„!

placed in a certain element of volume from the n and so the

1th
representnti\e point" is restricted to the — part of the whole

generalized space, in the same way with the following, so "the repre-

sentiitive points will occupy the fraction 71—^ of the whole of the

generalised space". This is in somewhat diffei-ent words nothing but

"the chance of each of the combinations is n~'^", and the reasoning

rests evidently on the assumption that eacli molecule lins every time

an equal chance to any place in the vessel.

The representative points of the systems with this distribution of

velocities occupj^ therefore together a part of the generalized space

N!=—;
; .n—"^ (which therefore represents the total chance; an

rtj 1 a^ ! . . . a„ .'

expression agreeing perfectly with the ciiance of a certain distribution of

denoities in § 1). After a similar reduction as in IjOt.tzmann Ibllows

from tins : the part ot the generalized space (chance) =r _^—A'A'^^

1 ^^ / 1 \ )i(U

where ^^a^ -r^y^yh -{- ~ \ log — in tlie above mentioned distri-

s= \

bution {A). Now, neglecting { by the side of a, we may consider

Ka as a special value of the general function:

A'= -- I j I
— loq — dx dii dz.

integrated o\er the vessel, where v represents the molecular density

as function of the coordinates of an arbiti-ary point, and r the

mean density throughout the vessel. A' is a function correspondino-

closely with Boltzmann 's N, specially when we leave out the

constants and write:

A'= i \ h' l^!' J' ''•' '','/ 'I: just as H was I I Iflofifd.v dy dz
;

V is the density function, just as ƒ is the function of ^'elocity.



( 638 )

K is now minimum when a^ ^ a^ = etc. or wlien v = constant.

It is obvious that this also means "the part of the generalized space",

is maximum or tlie chance is maximum. So on the above assump-

tion the most probable distribution is that of uniform density.

Now Jeans proves further, that also by far the greater part of

the generalized space contains systems which ditfer infinitely little

from these with minimum K, so that this state may be called the

normal one. Expressed in the other way this is, that the chance is

infinitely great of a state deviating infinitely little from the most

probable state. Though Jeans' proof does not seem faultless to me
(no sufficient attention is paid, in my opinion, to the order of mag-

nitude of infinitesimals) yet the result seems to me to follow from

Bernoulli's theorem, provided "systems differing infinitely little" is

taken in the proper sense.

So Jeans concludes -. it is clear that the gas-masses with uniform

density will represent (he ordinary case.

The second problem might be treated in the same way. Instead

of the molecules Avhich are to be distributed over the elements of

volume of the vessel, we have now the velocity points of the

molecules which are to be distributed over the elements of volume

of the whole space. We get now in the same way for the part of

the generalized space occupied by systems with a certiiin distribution

'iV.'

of velocities, the expression —;—; n—^, but now iV is infinitely
flj.' ct,.' . . . a„

large. According to the other mode of expression this is again the

chance to that distribution of velocities.

The treatment of the problem is further the same as that of the

first, but now Ave have to do with tlie quantity H. And finally it

may be proved, that by far the greater part of the generalized space

is occupied by systems which differ very little from that with mini-

mum ^ or the normal state is that for which i/ is about minimum,

from which, taking into account the condition that the energy = E,

Maxwell's distribution of velocities follows.

Now it is, however, clear that the same objection may be raised

to this reasoning as to that of Boltzmann.

The above expression for the part of the generalized space (or

the chance) rests on the assumption that the representative points

are distributed uniformly throughout the generalized space also here,

or that for every molecule the chance that the point of velocity

gets into a certain element of volume, is independent of the place

of that element. What now does the condition, that the energy

=: B, mean ? Either that attention has been paid to it in the distri-
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bution of velocities or not. It' no attention has been paid to it, it

is not to be accepted that the energy always becomes tinite (see § 1);

if attention has been paid to it, the chance a priori can no longer

be taken equal for each element of volume, and the above expression

is faulty, and so also the furtlier reasoning.

So it seems to me that also this derivation of Jeaxs must be

considered as incorrect').

Botany. — Some remarks on the work of Mr. A. A. Pulle,

entitled: "Aji enumeration of the vascular plants knownfrom
Surinam, together icith their distribution and synonymy." By

Prof. F. A. F. C. Went.
"

'

.
'

Mr. PcLLE has worked out the botanical material collected by tlie

expeditions of the last years, of one of which he was a member
himself. He has also tried to render our knowledge of the tlora of

Surinam more complete by incorporating into his work the older

collections which are preserved at Leyden, Utrecht, Göttingen, Berlin,

Kew Gardens and in the British Museum.

In this way a total number of 2100 vascular plants appeared to

be known for Surinam and although it may be said with certainty

that this number is far from representing the real number of species,

occurring in our colony, yet we must appreciate that here for the

first time a comprehensive idea is given of the flora of Surinam.

Without entering into further details it must be mentioned that

the author is led to the important result that phytogeographically

Surinam belongs to the Hylaea, the region of the Amazon river,

with the exception perhaps of the still unknown territory west of

the Wilhelmina range. The Hylaea would then extend from the

mouth of the Amazon river over French Guyana and Surinam and

gradually form a narrow littoral strip in British Guyana, finally

passing into the Orinoco district. As a consequence of this the

conception must be given up that across Surinam there is found a

continuous savanah district, such as occurs in Demerara and more to

the west; where savanahs are found in our colony their presence

must be entirely attributed to local intluence of the soil.

1) Jeans' derivation occurs for the first time in the Philos. Magazine VI, 5, 1903,

under the title of "The Kinetic Theory of Gases developed from a New Standpoint"

p. 597. That also the 'molecular ungeordnef hypothesis is implied, which Jeans

denies, is proved by Burbcry in the same magazine VI, 6, 1903 in an article

on "Mr. J. H. Jeans' Theory of Gases" p. 529.
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Mathematics. — "The quotient of two successive Bessel Functions"

.

(2°"i paper). By Prof. W. Kapteyn.

In our preceding paper we gave tlie value of the general coefficient

of the expansion

liz)
^y;^+./;^" +./>' +

Now we wish to draw the attention to a couple of relations which

exist between these coefficients. The first is obtained from a particular

integral of the following ditferential equation of Riccati

du
«" + 2 r « + ^^ = (1)

ch

Puttina:

2 (V + 1) + M,

this ditferential equation I'educes to

dz
+ «,^ + 2 (r + 1) u, + z^ = 0.

Repeating this process, it is evident that the equation (1) is satisfied

by the continued fraction

2(i>+ 2)-
2(i>-|-3)— etc.

2(i'+l)-

which represents tlie value of —
Introducing therefore

u = - /, z' - ./; z' - ./; c» - etc.

in the equation (1) we have

acr-fi)/, = 1

2 (1. + n + 1 ) f„ + , = ƒ, ƒ„ 4- /, ƒ„- + ...+/„/,. . . (/)

where n = 1, 2, 3 . . . .

The second relation may be deduced from oui' former equation

a,»+i rt," . . . a„' rt„+i fu+\ — (— If

A, X, t, e,..



(641)

where

ap=2{v -\r p),

(2n-p-l) ...(2«-i»

p!

(2/1 — p — 2) . . . (2n — 2p — 1)

pi

(n_;, + 1). .(„-2/, + 2)

p/
<V + 1 . . . «n — /J + 1

71 'i 1

and h stands for 1 when n is even or for —^— wlien » is odd.

Putting a^, = Ibj, this equation may be written

22n+iè^«+i V---Vi'«+i/;.+i = -i>« .... (2)

and it is found that the determinant Z)„ satisfies the condition

n—\—n—2
Dn = nb^ . . b„ Dn-\ ~j b^ . .b„ . b, . . bn^\ -Dn-2 +

n—2 .n— 3 . ?*—

4

4
^7

b^ . .b„ .b^. . bn-[ ./',.. bn-2 Dn-3 — etc.

tlie last term being

(- 1)'2 " 'C'^ + 1V, . b„ .b,.. b„-i ...b,..b„_.b„_B„ .

+ 2 -+i

when 11 is an even number, and
n—

1

(_ l)^~ b,..bn.b,.. bn-l ...b^..b,^ D„-^
2 2

when n is odd.

Substituting in this equation Di, hy their values from (2) we get

this second relation between the coefHicients fp

= 2

/„+. _ 2^ (- 1)P
(^r+T)7— 22..+n,^...,^+,6„_^,+, ...,„+,

(^^)

Finally we will show that from tbe recurrent relation between

the determinants Dp the value of

Lim I / z=. a
Ï1= 00

may be deduced. For the series

is converging when
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'!= «
I

/n
I

01' when

\.\<Lim \y/~.
Now

Lim I / 1= Ltm 2 I /
l^ ./;,+! y Dn

therefore

//,... ^,4-1 D„-\ ( u
Lim = —

Dn \1
b^ . . . 6„+i .b^...h„ D„-o

Lim = — etc.

Dn

and finally

1 =:. -^^ ^^ 1-
^ ^ etc.

è, 2 .' ;>,6,
^ 3 .' b,b,b.

Hence it is evident that « is a root of the equation I' (c) =: as

might be expected.

Astronomy. — "Researches on the orbit of the periodic comet

Holmes and on the perturbations of its elliptic motion." By

Dr. H. J. ZwiERS. (Communicated by Prof. H. G. van de

Sande Bakhuijzen.)

In 1902, after the reappearance of the comet Holmes in 1899

—

1900 I published in full the i-esults which I had derived from the

investigation of the observations after its return. ') With the most

accurate elements which I had been able to deduce from its appearance

in 1892 —93 I had calculated in advance the perturbations arising

from the action of Jupiter and of Saturnus and at first also of

the earth and thence I have derived a system of elements for 1899

September 9.0 mean time Greenwich, which served as a basis for

an ephemeris published in No. 3553 of the Astron. Nachrichten.

By means of this ephemeris the comet has been rediscovered at

the Lick Observatory and the relatively small ditference between the

observed and the computed place proved that the elements of the

') Recherches sur I'oibite de la comète péiiodique de Holmes et sur les perturbations

de son mouvement elliptique, par Dr. H. J. Zwiers. Deuxième mémoire. Leyde,

E. J. Brill, 1902.
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orbit found for 1892 and the computation of the perturbations Avhich

had been based on them were \ery nearly correct.

The observations in 1899 and 1900 furnished me with sufiicient

material to apply to the elements such small corrections as brought

the remaining diflerences between the predicted and the observed

positions within the limits of ordinary errors of observation. The

system of elements obtained thus, which satisfied both the appearance

of 1892—93 and that of 1899—1900 and which in my "Deuxième

Mémoire" p. 78 has been recorded as "Système VU", must naturally

furnish the basis for further investigations. Therefore I shall give

it here in its general features.

System VII.

Epoch 1899 June 11.0 mean time of Greenw.

Osculation 1899 September 9.0 „ „ „

M, =z 22661" 3264

11= 516" 188791

log a= 0.558 1320.0

<pz= 24° 17' 23"54

e= 0.4113532

t= 20° 48' 9"84

jt = Wo 48 38.06 1899.0

ta = 331 43 18.24

iz= 20 48 10.29
j

.-r = 345 49 28.27 1900.0

^ = 331 44 8.95 )

Although the corrections which had to be applied to the elements

in consequence of the new observations were small, I immediately

after the publication of those researches resolved to repeat the compu-

tation of the perturbations between 1892 and 1900 with the new-

elements and to extend it to all the planets of which the disturbing

effect could not a priori be neglected as being insensible. This

elaborate investigation, which necessarily required a new discussion

of the two appearances of the comet, was however only partly

finished when in 1905 the preparation for the third appearance had

to be taken in hand.

I have then started from system VII, which though not perfect, yet

satisfied all practical demands. I did not venture, however, to use

those elements without more for the computation of the places at

the return of the comet in 1906. It is true that the disturbing planets,

especially .lupitev, whose influence is by far the greatest, remained

at a considerable distance during the entire revolution of the comet,

yet the feeble light of the comet in 1899—1900 and the difficulty



( 644 )

experienced l\y most observers to properly identify the comet in the

midst of numerous faint nebulae near the apparent orbit, made me
fear that such a rough ephemeris of the apparent places for 1906

might prove insuflicient for rediscovering it and observing it.

In the autumn of 1905, I therefore resolved to derive the pertur-

bations which the comet would suffer on its path between the perihelion

passages of 1899 and 1906. The original plan of also computing the

perturbations arising from the action of Saturnus had to be given

up through lack of time. And so Jupiter remained the only disturbing

planet. The method I chose was that of the variation of the elliptic

constants ; I also chose an interval of 80 days, because former

investigations had shown that the accuracy, attainable by it was

more than sufficient for my purpose. In former researches we have

always adopted the rule that for each new epoch the small varia-

tions which the elements had undergone during the course of the

last interval were to be applied to them. The computations required

for this implied, however, an amount of labour not to be nnderrated,

and as in this case the computations could have only a preliminarj-

character I could leave aside these small corrections by which in this

case only small quantities of the second order were neglected. Thus

the above mentioned system VII was used as a basis for the com-

putation of perturbations for the entire revolution. The places of

the disturbing planet are taken from the Nautical Almanac; the

longitudes only were reduced to the equinox of 1900.0 by applying

the precession. The neglection of the small corrections for nutation

and for the variation in the obliquity of the ecliptic cannot have

any perceptible influence on (he perturbations caused by the planet.

Instead of the elaborate tables of perturbations 1 shall for shortness

communicate only the summed series, namely the quantities ^^f for

the mean daily motion and the quantities {/' for the other elements.

By working out each table the reader will be able to form a judgment

on the accuracy reached. The initial constants printed in big figures,

which in the construction of the tables were derived from the first

dE
values of — ,

{E representing one of the 6 elements) and from their
dt

differences up to f^^' are chosen so that the integi'als disappear for

1899 September 9 as lower limit. Up to 1900 February 16 the

derivatives could be borrowed from the tables which I have commu-

nicated in my Deuxième Mémoire ps. 26—32 ;
with regai-d, however

to the interval chosen now I had to multiply — by 4, and the
dt

other derivatives of the elements by 2.



TABLES OF THE JUPITER PERTURBx\TIONS.

Dates SI

1899

1900

1901

1902

1903

1904

i905

1906

Jan. 12

April 2

June 21

Sept. 9

Nov. 28

Febr. 16

May 7

July 26

Oct. 14

Jan. 2

Mrch 23

June 11

Aug. .30

Nov. 18

Febr. 6

April 27

July 16

Oct. 4

Dec. 23

Mrch 13

June 1

Aug. 20

Nov. 8

Jan. 27

April 16

July 5

Sept. 23

Dec. 12

Mrch 2

May 21

Aug. 9

Oct. 28

Jan. 16

April 6

June 25

+ 4 536+ 7.382

1

4- 2.690+ 6.991
1

+ 0.760;+ 3.297
1

— 0.625,— 3.826

— 1.018— 13.652

— 0.203— 25.174

+ 1.867— 37.406

+ 5 118,- 49.494

+ 9.397j— 60.732

+ 14 489— 70.570

+ 20.135— 78.624

1+ 26.049— 84.681

+ 31.931— 88.702

+ 37.487— 90.817

+ 42.443— 91.315

+ 46.560— 90.624

+ 49.651 — 89.287

+ 51.593— 87.924

+ 52.337— 87.192

+ 51.916— 87.735

+ 50.444'— 90.131

+ 48.115- 94.838
t

+ 45.193— 102.143

+ 41.996!- 112 115

+ 38 875— 124.566
i

+ 36.183— 139.032

I

+ 34.243,— 154.764

+ 33.309— 170.745

+ 33.518— 185.739

+ 34.834— 198.384

+ 36.981— 207.384

+

+ 39.372

+ 41.116

+ 41.312

— 211.929

— 212.537

— 212.305

1

— 1

— 4

— 7

— 10

— 11

— 11

— 9

— 5

+ 0.

+ 8

+ 18

+ 31

+ 47

+ 66

+ 88

+ 113

+ 142

+ 175

+ 212

+ 253

+ 299

+ 350

+ 406

+ 469

+ 537

+ 612

+ 695

+ 785

+ 883

+ 986

+1090

5730

4814!

53281

2737

2125

2367

5053

1533

6218

5478

6867

8601

0784

2654

8422

9635

8025:

5527;

4279'

6611

5014

2122

0688

3579

3790'

4492I

9127^

I

1545

6167

8073

2691

4184

0549

3401

7414

+ 0.176

+ 4.983

+ 2.505

— 2.530

— 5.973

— 6.752

— 5.822

— 4.954

— 6.051

— 10.874

— 20.923

— 37.388

— 61.130

— 92.674

— 132.210

— 179.598

— 234.380

— 295.802

— 362.841

— 434.253

— 508.61

— 584.-410

— 660.082

— 734.136

— 805.216

— 872.176

— 934.123

— 990.396

—1040.430

-1083.432

—1117.855

—1141.214

—1152.415

—1158.665

5.67713.

6.957— 16.151

.601

.150

- 4.611

+ 4.197— 3.

— 13.460+ 11.287

334

29.200

+ 18.278

+ 26.379

+ 36.268

+ 48.205

+ 62.168

+ 77.946

+ 95.199

+ 113.505

+ 132.387

+ 151.341

+ 109.854

+ 187.427

+ 203.590

+ 217.927

+ 230.081

+ 239.783

+ 246,855

+ 251.221

+ 252.903

+ 252.011

+ 248.718

+ 243.224

479+ 235.703

444+ 226.250

129+ 214.885

580+ 201.767

756+ 187.961

526+ 176.821

036+ 173.909

45
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By means of these tables it is not dil'tionlt to inlei^rate the pertur-

bations for an arbitrary epoch according to the known expressions

of the mechanical quadrature. As a new osculation epoch I have

chosen

1906 January 16.0 mean time Greenwich

and I have found:

A i = -f 40"34 hSl = - 3' 32"48

A ft = + 1"258874 jM^ = + 883"5368

A,M=: - 1147"7070 A jr = + 8' 2"08

A y r= + 3' 2"01

hence the new elements become

:

epoch and osculation 1906 January 16.0 mean time Greenwich

M^z= 1266412"143

H= 517"447665

%a = 0.557 4267.74

y = 24°20'25"55

6 = 0.412 1574

1= 20°48'50"63 l

jr = 345 57 30.35 1900.0

SI = 331 40 36.47 |

From these disturbed elements we derive for the time of perihelion

passage

1906 March 14.1804 mean time Greenwich

while the original system VII, without regard to the perturbations

during the period since 1899 June woidd give

1906 March 13.8083.

If we take into account that the small retardation of not yet 9

hours is compensated by an increased longitude of the perihelion of

8', we find a posteriori confirmed, what could have been foreseen,

that the perturbations during the second revolution liave only slightly

affected the places of the comet in space.

By reducing the elements i, Jt and Sh (o the mean equinox of

1906.0 I find

i=z 20^48'53"80
1

rtz=z 346 2 31.63 1906.0.

SI = 331 45 40.75 1

In order to compute from these elements an ephenieris I have

derived the following expressions for the heliocentric coordinates of

the comet referred to the equator

:
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X = [9.993 7731.9] sin {v + 77° 37' 24"85)

y = [9.876 2012.2] sin {v — 20 58 31.25)

z = [9.832 7001.5] sin {v — 1 47 16.19)

The coefficients in square brackets are logarithms; the quantity v

denotes the true anomaly of the comet.

By means of the expressions above given the heliocentric coordi-

nates have been derived from 4 to 4 days for mean noon at

Greenwich ; the coordinates of the sun were taken from the Nautical

Almanac after having been reduced to the mean equinox of the

beginning of the year. In the reduction of the mean places to

apparent ones the aberration terms are omitted, because, as it is

known, the influence of the aberration for the bodies of our solar

system can be more simply accounted for by subtracting from the

times of observation the equation of light. In the- two following

tables which contain the apparent places of the comet in « and

Ó I have therefoi'e added in column iy for each date the equation

of liglit expressed in mean solar days. The 4"> column gives the

logarithms of the geocentric distance. As first date I have chosen

May 1=' because I had derived from a preliminary computation that

before that time there would be no chance to discover the comet

owing to its small apparent distance from tlie sun and its large

distance from the earth. The possibility did not seem excluded,

however, that by means of powerful telescopes or sensitive photo-

graphic plates the comet might be discovered in January 1906.

Therefore I have derived positions for that month and sent a short

ephemeris to Prof. Kkkutz, wlio in a circular has communicated

it to astronomers. To give a clear idea of the apparent orbit of the

comet and also because the published places wei'e not perfectly

correct owing to a small reduction error, I here shall give the

correct results from 4 to 4 days. Up to now (February 14) no tidings

about the discovery have arrived, at which we need not wonder
if we consider the cloudiness and especially the southern and

generally unfavourable position.

The next table gives the apparent positions of the comet for the last

8 months of the year. The direct computations have been made from

4 to 4 days; between them one date has been interpolated taking

into account the fourth differences.

As a measure for the probable brightness we generally calculate

the quantity H =^ ——. Although on account of the irregular varia-

tion of the comet's light it is not certain that the brightness will be

45*
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PLACES OF THE COMET BEFORE THE CONJUNCTION.

1906
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APPARENT PLACES OF THE COMET FROM MAY J TO
DECEMBER 31, 1906,

FOR 0'' MEAN TIME AT GREENWICH.

1906 log f E

May 1
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1906
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1906
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1S06
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V.^RIATIONS OF «, Ó AND /()(/ Q FOR THE ALTERED TIME OF PA3S.\GP.

THROUCH THE PERIHELION.

•1900



( 654
)

of ice by a force perpendicular to its axis. The [)henomenon is

the same in each normal section. I suppose round the wire a

layer of water whose thickness is small in comparison with the

diameter of the wire. At the bounding surface of water and ice

there is a pressure, which decreases from the lower to the upper

side of the boundary. This pi-essure depends on the force by which

the wire is acted on pro unit of length. As the motion is very

slow the temperature in each point may be supposed to be the

meltingpoint corresponding to the pressure existing in the point.

The flow of heat, determined by the distribution of temperature

is the same as if the wire were at rest. At the upperside of the

bounding surface of ice and water heat flows away and water is

frozen, at the lo\ver side the ice is melted by the heat that is carried

towards the surface. If we can determine the quantity that is melted

we shall be able to determine the velocity acquired by the wire.

Let M be tlie centre of the circular section of the wire and R
the radius, the boundary between ice and water being a circle of

radius R -\- d.

The pressure at the

circle A B' C' in any point

E' may be represented by

the formula

P — P„ + ^ cos y)

,

<p being the angle between

the radius ME' and the line

MA which has been taken

for axis of ordinates. The

corresponding temperatui-e

is

cos if)

—
I
being the change of

the meltingpoint per unit increase of pressure near 0° C.

Let ^1, be the coefficient of conductivity within the circle ABC,
h^ that of the layer of water, and ^, that of the ice without ABC.

The differential equation for the temperature is in every one of

these fields

¥x

The conditions at the limits of the fields are:

bH

+ ¥• = '
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2. a,i A'B'C' t^ — t,^t,-\-hi^\cos(p,

3. at infinite distance t, r=t^.

The nornaal at ABC coinciding with the radius.

The formiUae :

t^ =:t„ -\- ByV COS tp in the wire,

C
«3 = i„ -f- B^ r cos<p -] ^ cos ip in the laver of water,

r

C,
.

,
•

<3 = «„ -| COS (p 111 the surrounding ice
r

satisfy the equations r being the distance from tlie point M. For

the coefficients I find the relations

B A — = — =b\ — ]
.'^ {R-irdy {R^dy \dpJ,R^d

Neglecting powers of dIR I find

i?« 2(it:+ci)i^-,+rf//j(A-,-)t,)!'

^' 2[R^d)%+dlj^(k^_k>,\

For an element E'F' of A' B' C' the flow of heat into the ice

towards (he surfaces amounts to:

— k, cos <p dw ,

' R-\-cP ^

if we write d(p for the angle E'MF' . Hence the total quantity of

heat conducted through the ice towards the surface A'B' per unit

of time

:

In the layer of water the flow of heat per unit of time is for jB'i^'
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— {R -\- d) (l(p cos

and for A'B' totally

- k, {R + d) (b, -

^^^(^^-(ïèr)

C„ = -hb dt\ k,-{k~k,)d/E

Of course as much heat is lost at the surface 5' C" as is conducted

towards A'B' ; and the melted and frozen quantities of ice and water

will therefore be equal. W being the quantity of heat that is required

for the melting of a gramme of ice, the melted quantity is

K-''/r{K—K)

_ KdpJo

w.

If 8^ is the specific gravity of ice, the volume of tliis quantity is

:

-^K

On the other hand, if the cylinder moves with a uniform velocity

V a volume

2Rv.

is melted. So we find for the value of v

^ k-d/j,(k,-k,)
^

_ 'k,+d/ji(k^-ky
'

ydpJo

RWSy
To express b in the force P acting per unit of length of the

cylinder we have only to notice that an element EF^ Rd<p is

acted on by a force per unit of surface^ co.'jy := (^;„ -|" ^ '^'^*" 9*) '^<'*'
V-

Hence

:

P= 2
J (p„ cos <p -{- b cos'' if) Rd(p ^= TibR

The velocity C in case P= 1 is found to be

C = Ujo ^K
71 R' WS.

(/)•

We can find another expression for '^/n if we pay attention to the

motion of the water. If we concei\e the wire to be at rest but

the ice moving along it, we shall see at the limit A'B' water con-

tinually streaming into the channel ABA'B' while it streams out of
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it and freezes at tlie part B'C of the surface. The \elooity of tlie

ice being v we tind for the quantity of water entering through E'
F'

{R -\- cl) I' cos <f d<f.

This is also the difference between the quantities flowing across

FF' and EE' upwards.

This quantity can also be determined by means of the hydro-

dynamical equations. Take for axis of ^ a circle with radius R -\- kd

and for a.xis of rj a radius of the circle. The forces acting on an

element KLOP are in equilibrium. Writing n: for the velocity

parallel to the axis of |, fi for the coefficient of viscosity, neglecting

the velocity Ur, and taking the intersection of the 5 circle, with

EE' for origin of coordinates we have:

d' u: b sin
(f'

At the circle AB, i(i = 0, at A'B', ?/.- = v sin tf, therefore :

b sin <p Vj^ V sin <p sin tp f b d^in tp f b d^\

ƒ"

and the quantity streaming across EE' is

1 I bd' i-d)

uc dr, rzr— —— -I [ sin w,
'

' H (12ft ^ 2
i

^

the difference between the quantities of water flowing ai-ross FF'

and EE' will therefore be

1 I 6 (f vd\

12 R^ 2 j
* ^

and we have, neglecting powers of '^;r:

bd'
V = •

. (//")
12 ft ft'

In the experiments the wires become curved. I suppose the wire

to be perfectly flexible and the sti-ess to have the same value .S in

all its parts; the force per unit of length perpendicular to the wire

is given in each point by

dui being the angle between two consecutive tangents to the curve.

The curvature being not large we can nse the coefficient given by

(/) to find the normal velocity arising from this force. This \'elocity is

du}
C S—.
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In a time dt the element ds of the wire describes a surface

dio
C S— dsdt.

ds

If the wire at the ends is \ertical tlie whole wire will therefore

describe an area

"ƒ'
1 dia

dt I C S— ds — nCSdt.
ds

Now if the velocity of the wire is v, and the distance between

the vertical ends d^, the same area will be vd^ so that we have

. = ^-. (///)

or if the angle between the ends is 2«, and P the weight at each end,

. = 1^^ i'li.)
flj sin a

We shall next consider the form taken by the wire if it descends

as a whole with uniform velocity. It is determined by the condition

dio dx
C S r= V—

,

ds ds

or
du> 71 dx

{is dj ds

As Q do>=:ds, Q being the radius of curvature, this equation becomes

d'y

dx^ n

-dj
Taking the axis of x horizontal at the highest point of the line,

the axis of y vertical downwards we have for x = 0,

dx

therefore

dy TV
-^ z=tg — X

,

dx fZj

-:ry
cos — X := e

d.

The normal pressure at the highest point is

On —
d.
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In order to tind the formula {11") for curved wii-es we can put,

approximately, for b its value at the point x =: y ^0.
So that we may put for

Sn S

By this the formula fll") gives

S /d
(lib)

12iid\R^

S being equal to the weight hanging at each end.

If the angle between the tangents at the ends is 2o, we have

other formulae. The equation of the curve becomes

2« -t^
cos — ,v =z e ,

d,

and the velocity, if F is again the weight at each end

2aCF
(III")

d^sinct

By the hydrodynamical method the same velocity is found to be

2aP . .

(lie)
P fd\'
l^sitia V.-K/\2nndy

Dr. J. H. Meerburg has made a series of experiments, of which

he will communicate the results at a later opportunity. The agree-

ment with the theory is not very satisfactory. It must be noticed

however that d is very small. The roughness of the surface of the

wire will therefore greatly increase the resistance to the motion of

the water, so that the result of the hydrodynamical method can no

longer be considered as correct.

Zoology. — "On the Polyandry of Scalpellum Stearnsi" by P. P.

C. HOEK.

One of the largest forms of the genus Scalpellum which is so

rich in species is Scalpellum Stearnsi, Pilsbry from shallow water

near the coast of Japan.

This species is represented by two varieties or sub-species in the

collection of Cirripedes made by the Siboga Expedition in the waters

of the Dutch East Indies and handed o\Qr to me for description. Both

forms agree in the main with Pilsbry's species — they differ, however,
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in some regards from one anotlier as well as from tlie .lapaii species.

I made the acqnaintance of the latter by studying a few samples

which were kindlj' lent me from the Berlin museum by the Director

(Prof. K. MoEBius) and by tlie curator of the Crustacea Department

(Prof. W. Weltner).

Apart from Pilsbry '), the Japan species has also been named

and described by Fischer ") ; one of the two varieties from the

Malay Archipelago has of late again met with the same fate from

Annandale '), who ti-ied to introduce it into the literature of the

Cirripedia as a new species.

Yet, though we dispose at present of three names and three

fairly extensi\e descriptions for this species, a very curious plieno-

menon in the life-history of the reproductive period of this (ScaZ/JcZ/z//»

has hitherto escaped the attention of its describers ; for I can hardly

believe that they could have discovered this peculiarity and yet

not mentioned it in their papers.

Pilsbry says- of this species (and Fischer in this regard quite agrees

with him) that it was found in shallow water in Japan. The speci-

mens of the Berlin Museum were from Nagasaki and apparently also

from coastal waters. Those of the Siboga Expedition are from four

different stations the depths of which range from 204 to 450 m.

Annandai.e had a single specimen at his disposal, caught in Bali

Straits at a depth of 160 fathoms, about 290 m.

Scalpellwn Stearnsi belongs to the unisexual species of the genus

:

the large specimens with fully developed capitulum of a length of

about 5 cm. and with (for a species of Scalpellum) \'ery long pedun-

cles (of 5—9 cm. length) are the females. The males (which should

not be called "complemental" males in this case) are looked for in

vain at the place they ordinarily occupy, viz., at the inner side of

the scutum, near the occludent margin, a little in front of or above

the adductor muscle, in a duplicature of the sac or mantle which

covers the valves of the capitulum on their inner surface. They are

not to be found there — and I think this explains why they escaped the

attention of the earlier describers. Darwin discovered that the little

males in one of the species (in Sc. rostratuin., Darwin) were attached

as three little parasites to the body of the hermaphrodite, close

under the labrum, between it and the adductor muscle almost in

the median line of the body — but even at that place they are not

1) Proceed. Acad. Nat. Sci. Philadelphia. 1890. p. 441—443.

») Bullet. Soc. Zool. d. France. XVI. ^1891. p. 116—118.

3) Memoirs Asiatic Soc. of Bengal. I. N». 5. 1905. p. 74—77.
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to be found in Sc. Sk'arn.ti. I noted, liowever, that tliat part of the

sac or mantle, which unites the two scuta behind or beneatii the

adductor muscle and which can be better seen by moving the two

scuta slightly from one another, in the largest and oldest specimen

of the collection, showed a crusty and grainy surface — just as if

a Flustra or other Bryozoon were attached to it. Investigating a part

of that crusty covering I easily found that each grain represented

a male and that over a hundred of these were attached to the same

female. Each male is inclosed in a kind of capsule (a thickening of

the mantle) and that part of the mantle-surface which is opposite

the head-end with the prehensile antennae forms a little elevation

over the surface of the capsule. They are in parts so closely

placed as to flatten one another mutually. Their dimensions are

0.7 X 0.5 mm. — they are even small for males of ScalpeUum.

Their structure agrees with that of the males of several other species

of this genus : round about the opening of the mantle, at the extremity

of the little elevation over the surface of the chitinous capsule, four

rudimentary valves are observed. What I think, so far as my experience

goes, is characteristic for this species, is that short rudimentary

tentacles are attached to the surface of the mantle between (alternating

with) the small valves, little appendages — -which of course have

nothing in common with the articulated antennae or other limbs of

the Cirripedes. Should any doubt remain, as to whether these little

parasites really represented the males of this species, these tentacles

might be used to dissipate it. A few small, quite young females, in

which the capitulum however was already furnished with calcareous

valves and the whole appearance of which corresponded with an

early condition of fullgrown females, were found attached to the

surface of the capitulum of one of the large specimens. Now, these

little females are furnished with the same tentacles. They are

embryological organs, which of course may have importance from a

morphological or phylogenetic point of view^ but Avhich have dis-

appeared in the fullgrown females. In the young females they occupy

the same place as in the males, viz. at the free extremity (the tip)

of the capitulum attached to the chitinous surface between the two

calcareous plates which represent the terga, near the anterior extremity

of the orifice — in the females large, in the males relatively much
smaller — which gives entrance to the cavity in which the animal's

body is lodged.

I do not believe that examples are know^n in animals so highly

developed as Cirripedia of such a pronounced polyandry as in this

species of ScalpeUum. As a rule, the number of males found attached

46
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to tlie oapitnliim of the female or of the hermaphrodite is one at

eaeh side only, in some species it is two or three and the largest

number I have observed was five. How can we explain that there

is a species with such a large number as the case mentioned? I

have tried in vain to find an explanation. We do not know much of

the habits of these animals. It is hardly admissible that tlie great

numlier of males should be connected with the depth at which they

live, for (1) the same species which is found in the Malay Archipe-

lago at a depth of 200—400 m. lives in the Japan sea in shallow

water, and (2) we know species living in coastal waters and others

found in depths of over 1800 m., all of which have two males

only. A connection exists no doubt between the place where the

little males are found attached and their great number - but I

am at a loss to understand what the relation may be. The eggs

of these Cirripedes ai-e fecundated at the moment they are excluded

and form two leaves (the so-called ovigerous lamellae) which remain

in the sack or mantle-cavity of the female until the eggs hatch out.

If the males are attached at the margin of the mantle-cavity, the

chance that the eggs will be impregnated is of course larger than

in the case when they are attached at a greater distance, as in

Sc. Stearmi. So it is easily understood that in the latter case a

greater number of males would be required — but why did they

choose for attachment a place which is less favourable for impregnation?

Because they were so numerous and did not find space enough at

the ordinary place?

Mathematics. — "A group of complexes of rays irhose singular

surfaces consist of a scroll and a numher of planes". By

Prof. Jan de Vries.

1. The generatrices of a rational scroll can be arranged in the

groups of an involution Ip-, to this end we have but to arrange

their traces on an arbitrary plane in the groups of an Ip. If we
consider each pair of lines /,

/' of Ij, as directrices of a linear con-

gruence, it immediately occurs to us to examine the complex of

rays r which is the compound of the go' congruences determined

by it.

Let the scroll (*" be of order n and let it have an {n—J)-fold

directrix d. The generatrices I form a fundamental involution /„_i,

each group of which consists of the (n—Ij right lines, coinciding

in a point of (/. Tliis /„_i has evidently [ii—2) (p—1) pairs in
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eonnnon with the given Ij, ; so on d lie as many points of intersec-

tion H oi pairs 1,1' of the involution /^,. Each ray tiirongh a point /f

belongs to the complex r, likewise each ray in the connecting

plane h of the right lines I, I' ; i. o. w. the complex has (n—2) (p—1)

principal points H and {n— 2) {p—1) principal planes h.

2. On an arbitrary plane a a rational curve c" with [ri—l)-fold

point D is determined by 9". The rays of the complex lying in a

envelop a curve («) of class {n—1) {p—1), the curve of involution

(director curve) of I'p in which the points of C' are arranged by

the given Ip. ')

So the complex is of order {n—1) {p—1).

The line of intersection of n with a principal plane h being a

ray of F, the curve of (he complex («) touches. all principal planes.

If a is made to pass through a right line / of 9", then («) splits

up into the pencils having for vertices the traces L' of the (p—1)

rays conjugate to / and into a curve of order (n—2) {p—1), the

curve of the involution of T'p on the curve c"~' which n has in

common with (>" besides. So a tangent plane of q" is a singular

plane of r.

The singular surface consists of a, scroll and the principal planes.

When a tangent plane contains one -of the principal points it passes

in general through the directrix d, therefore through all princi[)al

points. Then (o) splits up into {n—2) (p—1) pencils {H) and (p

—

i)

pencils (L').

()f the n—1 generatrices / through a point H, two, lo and /'«,

form a pair of Ip. If we bring « through one of the remaining

right lines 4 (^'=1 to n—3), then («) consists of [p
—1) pencils with

vertices L'k, the pencil [H) and a curve of class {71— 2) (p—1)—1.

In an arbitrary plane through H the curve of the complex (o)

consists of the pencil (//) and a curve of order {n—1) (p—1)—1.

3. The rays of the complex through an arbitrary point A
envelop a cone {A) of order {n—1) (p—1) passing through the

principal points.

If A lies on q" cone (A) consists of (p—1) concentric pencils and

a cone of order (n—2) {j}- 1).

If we assume A in a principal plane /( then only one pencil

separates itself from the cone of the complex.

1) I'/, lias {n— 1) (p— 1) paii-s in coinniou ".villi the involution In which an

arbitrary pencil determines on C".
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If A is taken on the line of intersection of two planes h, two

pencils are separated from the cone. Three pencils are obtained

when A is point of intersection of three principal planes.

If we take A on the curve c" -- which a plane h has in common
with Q" then (A) consists of p concentric pencils and a cone of

order (?i—2) (p-'J)—1.

If yl is a point of intersection of q" with two principal planes

the number of pencils evidently becomes (/)+ l).

4. The curve of the complex («) is of order (p
—1) (2n-|-2'—6) ').

It possesses ^ {p — 1 ) {p — 2) (m — 2) threefold tangents ") which are

transversals of as many triplets of right lines belonging to a group

of Ip. The cone of the complex (^4) jiossessing evidently as many
threefold edges, the scrolls eacli having three conjugate right lines /

as directrices form together a congruence y of order and class

k{p— l){p — 1){n-2).
Each principal point H is for this congruence a singular point oi

order [p — 2); the singular cone is broken up into [p— 2) pencils.

Each principal plane /* is a singular plane of order {p — 2) and

contains (p — 2) pencils of rays of congruence.

5. The right lines resting on four lines / belonging to a group

of ƒ/, form a scroll enclosed in r, of which the order is going to

be determined.

Each transversal t of three conjugate right lines 1^,1,, Ig and the

arbitrary right line a intersects still (n — 3) generatrices m of 9".

To each of these right lines m can be made to correspond the (2> — 3)

right lines /' forming with l^, 4, 4 a group of I^j.

To each ray /' belong {p — 1), triplets /,, 4, 4, so 2{p— l)^ trans-

versals t and therefore 2 (« — 3)(2>--l)3 rays m.

Tiie congruence (1 , 1) of the i-ight lines resting on m and a has

with the congruence y in common (/i— 2) (2^ — Ij [p — 2) rays t,

so that to ni are conjugate (n— 2) yp — 1) (p — 2) {p — 3) right

lines r.

Now each transversal of four lines / belonging to a group of If,

evidently gives four coincidences of the correspondence (/'
, m).

1) The characteristic numbers of the curve of involution of an Ip on a rational

c" are found in the dissertation of Joh. A. Vreeswijk Jr. (Involulies op rationale

krommen, Utrecht 1905, page 38).

2) See also my paper "Complexes of rays in relation to a rational skew curve"

(These Proceedings, VI, page 12).
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Consequcnth/ the scroll of the trnnsversnh of quadniplet^ of tin

involution is of order — (/) — 1) {p — 2) {p — 3) (4 n — 9).

Each ])i'ineipal point and each principal plane of r bears

1
- (p

—

2)(2>—3) right lines of this scroll.

6. If p" possesses also a single directrix e all principal planes of

r pass through e and the complex is in itself dual.

1
If p" has a nodal curve rf of order - {n — 2) (?z — 1) each gene-

ratrix / i-ests in {n— 2) points on 6, and is thus cut by {n — 2)

right lines /'. By this the generatrices are arranged in a symmetric

correspondence of order (n— 2), having with 1,, given on q" in

common (n — 2) [p — 1) points H. So the complex has again

(71— 2 j {p— 1) principal points and as many principal planes.

In like manner the order of P remains the same. But now the

curve of the complex can break up on account of its plane contain-

ing two or three principal points by which two or three pencils

are separated. Besides « can contain still a right line /. So here

the degenerations of («) are dually opposed to those of the cone (^).

(February 21, 1906).
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vibration". (Communicated by Prof. H. A. Lorentz), p. 728.

K. Martin; "On brackish and freshwater deposits of the river Silat in Western-Borneo", p. 742.

Physics. — "A neio metliod for determinimj the rate of decrease

of the radiating poioer from the center toward the limb of

the solar disk". By Prof. W. H. Julius.

(Communicated in the Meeting of January 27, 1906)

The brightness of the .solar disk is known to diminish considerably

from the center toward the limb. Although this prominent feature

of the solar phenomenon should be among the first accounted for in

every theorj' of the Sun, it leads to problems presenting so many
difliculties, that a satisfactoi'y explanation is, until now, altogether

wanting. And even the empirical study of the law according to

which the radiating power varies across the disk, is not very advanced.

What we know about the tjuestion is founded on researches in

47
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( 668
)

Avlüch either a photometer, or a thermopile, a bolometer or a radio-

micrometer was used for exploring an image of the Sun. The results

obtained by ditferent observers are rather discordant '). This may be

partij' due to instrumental or accidental errors, but there is also a

systematical error which must have influenced similarly all of the

results thus obtained, and wliich proceeds from the scattering of the

rays by the terrestrial atmosphere. In any point of an image of the

Sun is not only to be found the radiation coming from the corre-

sponding point of the disk, but, besides, some diffused radiation

proceeding from other parts of the disk. This disturbing eflect will,

of course, vary in magnitude with the condition of our atmosphere,

but it will always act in a levelling way, parts of the image lying

near the edge receiving more diffused radiation from the middle

parts of the disk, than receive the central parts of the image fi-om

the marginal parts of the disk.

We may completely avoid this source of error by using a method

in which the radiating power of the different parts of the disk is

calculated from observations made on the occasion of a total eclipse

of the Sun.

Let us suppose the curve, representing the intensity of tiie solar

radiation from the first until the fourth contact as a function of time,

to be exactly known'). The curve will show us by how much the

total radiation has increased or decreased between any two epochs.

Every (positive or negative) increment is exclusively due to rays

coming from that strip of the solar disk through which the Moon's

limb has appeared to move between those very epochs.

Suppose the time after third contact to he divided into equal

intervals of, say, 2 minutes, and the position of the Moon's limb

at the end of each interval delineated on the solar disk, then the

latter will be divided into 39 narrow strips, successively contributing

the knoion quantities a, b, c, d , . . to the total radiation.

Now, let us distinguish n concentric zones on the solar disk and

denote by .t^, x^ , . . x-, the nxdiation coming from these zones per

1) Cf. J. ScHREiNER, Slrahluiig und Teniperatur der Sonne, p. 43—49 (1899).

-) It is well known that, at Burgos, the observation of the eclipse of August 30,

1905, has not been favoured with a clear sky (Gf. the Preliminary Report in the

Proceedings of the Meeting of November 25, 1905). Nevertheless, the measurements

of total radiation have yielded some results of sufficient accuracy to justify that,

in our present investigation, we make use of the radiation curve then secured.

Further particulars regarding the observations will soon be published in the

complete report on our expedition.
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unit surface. (According to results obtained by Laxgley and by Frost

we shall suppose the radiating power to vary only with the distance

from the center, not with the position angle). One of the strips will

contribute to the radiation :

(J = (fj .)'y -j- rf, .f.5 -f . . . . (f„ .t'v,

if it cuts out of the first zone an area (f,, out of the second zone

an area d, etc. Tiie next strip contributes :

e = f 1 Xy_ + f , ,r^ -f . . . . a„ .«„,

and so on. We get 39 equations from which a\, x^, ... x., may be

resolved.

Determination of the coefficient.'^ of the n unknown quantities.

I have found the coefficients ffj, rf, . . . f,, 5^ . . . by weighing.

On a piece of excellent homogeneous paper the solar disk was drawn

and divided into a suitable number of concentric zones, which were

intersected by arcs representing the Moon's limb in itS' successive

positions. The following astronomical data, necessary for making the

drawing, have been kindly procured to me by prof. A. A. Nijland.

contact I II III IV

position angle 293=,4 104°,5 304°,9 114°,9

local time 23'>33"^10^ 0'' ol-" 58^ O'' 55™ 39^ 2M2™I4^
Moon's radius : Sun's radius = 132,8 : 126,8.

Now the strips were carefully separated from each other and

weighed (for subsequent control). Then each strip was cut along

the zone circles, and the pieces were weighed separately. In order

to make the pieces recognizable, the zones had all been differently

painted, each with a narrow line of water-colour. The weighings,

which were accurate to half a milligram, ga^'e the coefficients of

the unkno\A n quantities ji-^, a',3 ï'v So the unit of area, adopted

for measuring the surface of the solar disk, corresponds to a piece

of our drawtiig paper weighing 1 milligram.

The breadth of each of the outer five concentric zones was '/jo

of the Sun's radius; then came seven zones with breadth YioOfthe

radius each, leaving round the center a circle with radius Y^j. The

average distances of (he zones from the center, expressed in thou-

sandth parts of the radius, will now be used as indices «,(?.... of

our 13 unknown quantities ; so these will be written :

47^
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Oh p. 670 the equations ave written out. We have confined our-

selves to 13 equations ; increasing this number would not have led

to greater accuracy, as tlie values of n, />,(... had to be found from

the radiation curve, that is bv graphical interpolation, in which pro-

cess it is understood that all of the observations have already been

taken into consideration.

Determination of the constant terms of the equations.

Table I contains the results of the observations made at Burgos

with our actinometer. The second column gives the galvanometer

deflections, from which the numbers of the third column, representing

the intensity of the radiation, are calculated ').

Owing to the clouds there are large gaps in the series of obser-

vations ; but nevertheless, after the results had been plotted down,

we saw that there was only little room left for fancy when drawing

the radiation curve in such a way, that closest agreement with the

observational data was obtained. As a matter of course the curve

has not been drawn between the se7nes of points, but so as to join

the highest points, for the observed values could only be too small.

Only one exception is made to this rule, the value found at 0'' 17™ 3'

being very probably too high by some error or instrumental dis-

turbance.

The middle part of the radiation curve has been reproduced on

the annexed plate. For determining a, b, c, . . . we have used the

part included between 0'' 55™ and I'' 37™
, which was very carefully

constructed on a lai-ger scale. It deserves notice that the relative

accuracy of the small ordinates (corresponding to few minutes after

totality) is nearly as great as that of the larger ones, because

the galvanometer deflections from which they were calculated are

all lying between 118 and 347 scale divisions. Table II refers to

this part of the radiation curve. In the second column are given

the ordinates of the curve at the epochs 0'- 55"' 40^ and every

two minutes later ; the unit corresponds to 'an intensity = 1000.

1) Particulars concerning the connection between the numbers of these two

columns will be found in the forthcoming report on the Dutch expedition. The
method and the instruments used al Burgos were the same that are described in :

'Total Eclipse of the Sun, May 18, 1901. Reports on the Dutch Expedition to

Karang Sago, Sumatra, N'. 4: Heat Radiation of the Sun during the Eclipse", by

W. H. Julius. The numbers of the third column are proportional to the total

radiation coming from a circular patch of the sky, 3° in diameter, with the Sun

in its center.
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But tliis observational curve has to l)e corrected, owing to the

circumstance that in the lapse of time considered the Sun's altitude

has diminished. We may proceed as follows. Apart from a possible

influence of sun-spots or taeniae there is no reason why the eclipse

curve would not be symmetrical if the Sun's altitude (and the con-

dition of our atmosphere) remained constant. Between 23'> and 1''

the variation of altitude is very small. Xow taking 0'' 53"^ 50^ as

TABLE II. TABLE III.

Time
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the epocli of mid-ei-lipse, we dnuv ;i liorizoiilal line tlirough a i)oint

m corresponding to that epoch. The line cnts the descending branch

of the curve in /; we make mn^^vil and thus find a point n of

the hypothetical radiation curve for constant altitude of the Sun.

Acting in a similar Avay for a few more points, we get an idea of

the magnitude of the smoothly increasing correction which is to bè

applied to the ordinates of the ascending branch. K. Angstrom's

measures of the intensity of the radiation for different altitudes of

the Sun ') have also been considered in determining the correction.

The third column of Table II contains the ordinates of the corrected

curve; in the fourth column are given their successive increments

which, of course, are the values to be assigned to the absolute terms

of our equations. I

'

-
: 1

\

Results.

i
Tlie solution of the equations leads to the numbers of Table III;

the results-are plotted down in tig. 2 on the plate. Through these

points we have drawn a curve satisfying the condition that its

urvature should gradually diminish; it shows us the law of variation

f the radiating power from the edge toward the center of the solar

disk. Putting the ordinate at the center equal to 100 and expressing

the other ordinates in the same unit, we get numbers comparable

with the results obtained bv other investigators.

I

The comparison with the spectro-photometric observations by

H. C. Vogel ") and with the measurements of total radiation made

jvith a radio-micrometer by Wilson ') and with a thermopile b}'

Frost *), is given in Table IV. We add in Table V the results of a

èpectro-bolometric investigation by Very '), as these numbers have

been used by Very and by Schuster "} in testing their explanations

of the phenomenon.

:
According to Frost's measurements the total radiation appears to

diminish from the center toward the limb in about the same pro-

portion as the radiation of wave-length 650,ufi, whereas my numbers

èhow a decrease very similar to that exhibited by rays of wave-

1) K. Angstrom, Intensité de la radiation solaire a diflerentes altitudes. RecliercheS

faites a Ténérifïe 1895 et 1896.

2) H. C. Vogel, Ber. d. Berl. Akad. 1877, p. 104.

8) W. E. Wilson, Proc. Roy. Irish Acad. [3], Vol. 2, p. 299, (1892).

*) E. B. Frost, Astron. Nachr. 130 (1892), p. 129.

6) F. W. Very, Astropli. Journ. 16 (1902), p. 73. ;

6j A. Schuster, Astropli. Journ. 16 (1902), p. 320; 21 (1905), p. 258.
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TABLE IV.

Distance
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limh would doubtless have been found quicker for all wave-lengths,

and, very probably, the distribution for the region 650;j,u would have

proved to agree better witli my results than with the uncorrected

values of Frost.

Wn,soN's measurements seem to iiave been influenced by other

causes of error still, liesides atmospheric scattering, as his numb.ers

are greater than those obtained by Frost, and harmonize not as well

as the latter with the spectro-photometric series.

The observations of Very have given considerably greater ratios

in the marginal regions than those of Vogel. Mr. Very himself points

out the dilference, and remarks that the bolometer has an advantage

over the eye in the red where the heat is great ; but I may suggest,

on the other hand, that instrumental errors (reflection or scattering

of light by prisms, lenses, tubes, etc.^ are easier discovered and

corrected in spectro-photometric than in spectro-bolometric work.

It seems to me that observing an eclipse-cur\e by means of a

ver^' simple but sensitive actinometer, without lenses or mirrors,

must yield results concerning the radiation of different pai'ts of the

solar disk Avhich deserve more confidence than the values hitherto

obtained in other ways. I wish to lay stress upon the advantages of

our method, rather than on the reliability of the numbers secured

at Burgos under not very favourable circumstances. In a clear sky

the shape of the eclipse curve will easily be found with very great

accuracy.

The same method will also be applicable with radiations covering

limited parts of the spectrum, if we only put suitable ray-filters

before the opening of one of the diaphragms in the actinometer. It

may even be possible, in a future eclipse, to use an arrangement

which brings several ray-filters by turns before the opening ; thus,

when disposing of a quick galvanometer, one would be able to

simultaneously determine, with one actinometer, the eclipse curves

for rays belonging to five or more regions of the spectrum, and the

results would be independent of selective atmospheric scattering.

Remarks on the hypotJieses used for explaining the distribution of

the radiating power on the solar disk.

The diminution of the intensity of radiatioji toward the limb is

almost generally ascribed to absorption of the rays by the solar

atmosphere '), and it is supposed that, in absence of that atmosphere,

Ï) J. ScHEiNER goes as far as to say: "Eine andere Doutung des Lichtabfalls ist

-niclit zulassig." (Slralilung und Temperatur dor Sonne, p. 40).



(
<^^-

)

the photospliere would show itself as an equally luminous disk. Hut

then it appears to be impossible to find such values for the thick-

ness of that atmosphere and for its coefficient of absorption, as to

give a law for the rate of diminution of brightness, consistent with

observation. Very ') e.g. when attributing the effect to absorption

only, arrives at the absurd result that we should have to assume

that the absorptive power toward the limb is smaller than tliat nearer

the center. He, therefore, suggests the existence of other influences

which, combining with the absorbent process, would reconcile theory

to observed facts. Diffraction by fine particles, columnar structure

of the solar atmosphere, irregularity of the photospheric surface, are

thus introduced.

ScHCSTER '), on the other hand, is of opinion that the difHiculty

which bas been felt in explaining the law of variation of intensity

across the solar disk is easily removed by placing the absorbing

layer sufBciently near the photosphere and taking account of the

radiation which this layer, owing to its high temperature, must itself

emit. He tiien really finds \alues for the absorption and the emission

of that layer, harmonizing with the results of Vf.ry's and Wilson's ')

measurements, and also with the properties of the energy curve of

the spectrum of a black body at different temf)eratures. But, for all

that, serious doubts as to the correctness of the premise and the

conclusions must subsist.

' Indeed, the calculations of Schuster as well as those of Very,

Wilson, Langley, Pickering and others, concerning the same subject,

are based on the assumption that the light travels along straight

lines through the solar gases, whereas everybody who has duly

noticed A. Schmidt's "Strahlenbrechung auf der Sonne" will at the

least have to give in that rays coming from the outer zones of the

disk must have followed curved paths through the solar atmosphere.

By this circumstance the said calculations lose their convincing power.

And besides, the fundamental idea that a considerable portion of

the photospheric radiation should be absorbed by a thin atmosphere,

encounters a difTiculty of greater importance still This point, I

think, has also first been moved by A. Schmidt. What becomes of

the absorbed energy accumulating in the atmosphere ? According to

Schuster e.g. (I.e. p. 322) the atmosphere transmits largely Vs of

1) F. W. Very. The absorptive power of the solar atmosphere. Astroph. Journ,

16, p. 73-91, (1902).

«) A. Schuster. Astroph. Journ. 16, p.320—327, (1902); 21, p. 258— 261, (1905).

3) W. E. Wilson and A. A. Rambaut. Proc. Roy. Irish Acad. [3], 2, p. 299—
334, (1892).
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tlic ratliation emitted bv tlie pliotospliere ; so it stojjs almost V.i) ^'i*^'

only a small IVaction oF tiiis absorbed energy leaves the ïSun in the

tbi'm of radiation, emitted b\' the atmosphere itself. After all, more

tiian half of the radiation coming from the photosphere is retained

by the absorbing layer, and we cannot snppose it to go back to

the interior without violating the second law of thermodynamics.

As long as it has not been shown how the solar atmosphere may

get rid of that immense quantity of energy continually supplied and

never radiated, similar considerations will remain very unsatisfactory.

Our problem appears to be inuch less intricate when viewed from

the stand-point taken by Schmidt ^), though the mathematical treat-

ment will not be easy. A uniformly luminous sphere surrounded

by a concentric, perfectly transparent refracting envelope, will offer

the aspect of a disk the brightness of which diminishes towards the

limb. This has been established approximately by Schmidt for the case

of a homogeneous, sharply limited envelope. It is easily understood

that a similar result must be obtained when assuming a transparent

atmosphere of gradually decreasing density and refractive power

;

but then, of course, the rate at which the luminosity varies on the

disk will depend on the law of density variation. We may proceed

a little farther, and accept Schmidt's hypothesis that the incandescent

core of the Sun is not a sphere with a sharp boundary, but a gaseous

body the density and radiating power of which are smoothly dimi-

nishing along the radius. In this way, I think, we dispose of pre-

mises from which it seems possible to derive an explanation of the

general aspect of the solar disk without involving into such serious

difficulties as were hithei-to encountered.

Chemistry. — "On the nitration of ortho- and metadibromohenzene.''

By Prof. A. F. Holleman.

(Communicated in tlie meeting of January 27, 1906).

After the disturbing influence which the halogen atoms exercise

on each other's directing influence in regard to the nitro-group, had

been noticed in the nitration of the dichlorobenzenes, it was necessary

to extend this research to the nitration of the dibromobenzenes so

as to be able to find the connection between the results with the

dichloro- and dibromocompounds and to compare the same with the

result of the nitration of the corresponding monohalogen benzenes.

1) A. Schmidt, Pliysik. Zeitsclir. 4, 282, 341, 453, 470
; 5, 07, 528. (1903 and 1904).
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Middle part of the radiation curve obtained during the solar eclipse

of August 39. 1905.
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The necessary experiments lia\e been considerably delayed, because
it appeared that tlie ortho- and meta-dibromobenzenes iiad not as

yet been obtained in a perfectly pure condition, and the search for

a good method absorbed much time. We have at last succeeded in

preparing /;i-dibromobenzene from perfectly pure »i-bromoaniIine by
diazotation in a dilute hydrobromic acid solution, according to a
direction given by Ekdmann for another purpose. J/^^/frt-dibromobenzene

has a sp. gr. of 1.960 at 3 8.5°, and solidifies at — 7°. It is true

that F. ScHiFF incidentally mentions (M. 11, 335) 'that he has met
with /)«-dibromobenzene solidifying at -|- 1°, without saying how he
has obtained the same, but there is good reason for doubting the

correctness of this statement. In this case, the product obtained by

me and my coadjutors (Sirks, Sluiter) with its 8° lower solidifying

point should contain about 167„ of impurities. In the nitration of

our Hz-dibromobenzene, however, a product is obtained having a

sp. gr. such as was to be expected from a mixture of the isomers

(Br' : Br' : NO/) and (Br' : Br' : NO./) brought together in the propor-

tion indicated by the solidifying point, so that a contamination of

our preparation with such a large quantity of another substance is

altogether out of the question ; moreover, on distillation our preparation

yielded two fractions within one degree which both possessed

practically the same sp. gr. and solidifying point.

d^-dibromobcuzene which was obtained in an analogous manner

from o-bromoaniline, had a sp. gr. of 1.996 at Ji° and solidified

at + 6°.

The preparation of the six dibronionitrobenzenes was carried out

in a manner analogous to tiiat of the six dichloronitrobenzenes,

described by me in the "Recueil" 23, 357.

The composition of the products of nitration of the dibromobenzenes

was determined from their solidifying point and their sp. gr. and

led to the results united in the subjoined table with the composition

of the products of nitration of the dichlorobenzenes. The temperature

of the nitration was 0°. (See p. 680).

In ortho-dibromobenzene the disturbance of the directing power of

the one halogen atom owing to the presence of the other one is,

therefore, much less than in tiie case of orthodichlorobenzene because

in the first one 18.3 and in the second only 7.27o of b^^-product

is formed, whilst monobromo- and monochlorobenzene yield, respec-

tively, 29.8 and 37.6"/(i of by-product. On the other hand, the

disturbance caused by the entr^ of the nitro-group between the two

halogen atoms in ///-dibromobenzene is very nearly o((ual to that in

Hi-dichlorobeiizene, therefore much larger in regard to tiie ortho-
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So when I obtained 5-chloro-4-6-dibromo-2-amido-m-xylene as b}--

product in the reduction of 4-6-dibromo-2-nitro-Hi-xylene, I tried to

CII3 CHs

Br ,/ \ XO; Bi- ./ \ XHj

'x J CHj
~*

CI I J CHs

Br Br

introduce halogen atoms into the core, taking the simplest case,

namely, the reduction of nitrobenzene with tin and hjdrochlorid acid.

As is well-known, \arious intermediate products ai"e formed in

the reduction of nitrobenzene to auiline. The formation of chloro-

aniline from nitrobenzene may be explained in the following manner: ')

C,H,XO, + 4 H = C,H,NHOH + H,0

C.H^XHOH + HCl = C,H,NHC1 + H,0

C,H,XHC1 -^ C1C,H,NH, {0. + ^j.)-

The fact that, in the reduction of niti'obenzene, phenylhydroxylamine

occurs as an intermediate compound, has been demonstrated by

Bamberger, who has also proved that, on boiling phenylhydroxylamine

with hydrochloric acid, 0- and ^^-chloroaniline are formed '). It has

also been proved by Lob that 0- and ^j-chloroanilines are formed in

the electrolytic reduction of nitrobenzene in alcoholic hydrochloric

acid solution '). The object of the experiments to be described was

to try and conduct the reduction of nitrobenzene with tin and hydro-

chloric acid in such a manner that instetid of aniline, as much as

possible chloroaniline was formed.

The experiment had, therefore, to be carried out in sucli a way,

that the phenylhydroxylamine formed was not at once further reduced

to aniline, but to give this substance an opportunity to be converted

into chloroaniline, under the influence of hydrochloric acid. The

conditions were also to be such that the phenylchloroamine CsH^NHCl,

which is formed intermediary, could be readily converted into chloro-

aniline.

The intramolecular conversion of phenylchloroamine into 0- and

^-chloroaniline is, however, but little known, as the first substance

is very unstable but the conditions under which acetylchloroanilide

is converted into />chloroacetanilide have been closeh' investigated.

It has been shown that this reaction is very much accelerated by

increase of the temperature and also by addition of iiydrochlorid acid*).

1) LÖB, Die Electrochemie der OrganischenVerbindungenp. ](56, oeAuflage(1905).

-) Ber. 28, 451. B.^mberger and Lagutt, Rer. 31, 1503.

s) Ber. 29, 1S96.

*) BE.NDER, Bar. 19, 2273. Bl.\nksma, RecueU 21, 3ÜG, 22, 290.
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If, on account of the analogy between phenjl-chloroamine and

acetylchloi'ophenylamine, we assume that in the case of tiie first sub-

stance the velocity of the conversion into o- and ^>-chloroaniline is

also strongly accelerated by elevation of temperature and addition

of hydrochloric acid, the conditions for obtaining chloroaniline instead

of aniline, in the reduction of nitrobenzene with tin and hydrochloric

acid, are as follows

:

1. Slow reduction, or addition of tin in small quantities at the

time, in order not to at once reduce the phenylhydroxylamine to

aniline.

2. Excess of hydrochloric acid so as to rapidly convert the phenyl-

chloroamine formed into chloroaniline.

3. The reaction should take place at the boiling temperature, as

elevation of temperature also promotes this conversion.

The experiment was now conducted as follows:

10 cc. of nitrobenzene were dissolved in 100 cc. of alcohol and

200 cc. of 25 V„ hydrochloric acid were added. This solution was

boiled over the naked tlame, whilst 15 grams of tin were added

through the retlux condenser in small portions. Each time, after

adding a small amount of tin, the boiling was continued until every-

thing had dissolved before adding a fresh portion. The experiment

lasted six hours. The unaltered nitrobenzene was now removed by

steam, the residue was rendered alkaline and the aniline and chloro-

aniline recovered by distillation in steam.

In this way, 6.5 gram of oil were obtained. The greater portion

of this oil was distilled between 182° and 225°, the residue solidified

in the distilling tlask, and proved to be jj-ohloroaniline (m. p. 70").

The oil consisted of aniline and o- and />chloroaniline.

From a chlorine determination according to Carius, it appeared

that the mixture consisted of 55% of chloroaniline and 457„ of aniline.

If the reduction experiment was made with SnCl, and HCl {o-\-p)

chloroaniline (537J were formed together with aniline. In this case,

the stannous chloride was also added in small portions, so as to

give the intermediary formed phenylhydroxylamine an opportunity

of being converted into o- and ^^chloroaniline. Nitroso-benzene gives

the same result ').

In the same manner, the reduction of nitrobenzene with tin and

hydrobromic gave a mixture of aniline and {o- and ^j)-bromoaniline.

At present it is still ditTicult to predict which aromatic nitro-

') Cf. GoLDsciiMiDT, Zfitschfiri liii- I'liys. Clliem: 48, 435.



( 683 )

compounds will yield a large quantity of halogenised by-products on

reduction with tin and hydrochloric acid. It would be necessary to

know something more about the reduction velocity of the nitrocom-

pounds ') (and of the intermediaiy formed hydroxylaminederivatives),

and about the intramolecular conversion velocities of the halogen-

phenylaniines.

It is known, for instance, that o-nitrotoluene gives a large amount

of chlorinated by-product on reduction with tin and hydrochloric

acid ^). The o-tolylhydroxylamine formed as intermediate product is,

therefore converted here into 5-chlorotoluidine, and the reduction ex-

periments of GoLDSCHMiDT ') on 0-nitrotoluene are in agreement with

this. GoLDSCHMiDT has shown that, with increase of the temperature

the reduction velocity also increases, whilst an elevation of temperature

also increases the conversion velocity of the halogenphenylamines.

It now appears that this last reaction is the most strongly accelerated,

for the amount of halogenised by-products increases with elevation of

the temperature *).

Resume'. It has been shown that the reduction of nitrobenzene with

tin (or Sn CI,) and hydrochloric acid may be carried out in such a

manner that ^^-chloroaniline occurs as the main product. The cause

of this must be explained by the fact that, in the reduction of

nitrobenzene, phenylhydroxylamine occurs as an intermediate product.

As on reduction of all aromatic nitrocompounds, hydroxylamine

derivatives are formed as intermediate compounds, we shall generally

notice on reduction of such nitrocompounds with tin and hydrochloric

acid, besides amidocompounds, also halogenised amidocompounds
(with halogen atoms o- or p- in regard to the NH, group), whilst

the quantity of these two last substances will be dependent on the

conditions under which the reduction is carried out. In some cases

no halogen atoms are introduced, but they are even eliminated from

the benzene core ').

I hope to record more fully further experiments in the Recueil

later on.

Amsterdam, January 1906.

1) See the note on the preceeding page.

2) Beilstein and Kühlberg, Ann, 156, 81. Holleman and Jungius, Chemisdi Week-
blad II. 553.

3) 1. c.

*) PiNNOW, 1. C.

6) Recueil 24, 320.
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Botany. — "On a case of apogamy observed untJi Dasylirion

acrotrichum Zucc." By Prof. F. A. F. C. Went and A. H.

Blaauw.

In the summer of 1904 a specimen of Dasylirion aerotrichiim Zucc.

was in bloom in the Utrecht Botanical Garden. Tiie home of this

tree-like Liliacea is in Mexico ; on a short stem it bears a bundle

of flat leaves with thorny margins. Although the plant is pretty

often cultivated in European botanical gardens it is Aery seldom seen

in bloom. Hence constant attention was paid to the here mentioned

specimen. The inflorescence was two metres long ; the principal axis

was ramified and had a great number of steeply erected lateral axes

in the axils of bracts ; each of these carried some 50 to 150

unstalked female flowers. Dasylirion is dioecious so that male flowers

were entirely absent.

Each flower had a perianth consisting of six green leaflets and a

pistil ; this latter consisted of a triangular ovary with a short style

and three stigmas. The ovary was unilocular and had on its bottom

three ovules.

After the flowers liad finished blooming it seemed as if some

ovaries began to swell. As there could be no question of fertilisation

in the absence of male sexual organs, it was thought that perhaps

a new case of apogamy or parthenogenesis was present here. The

ovaries were now regularly examined ; they more and more assumed

the appearance of little fruits, looked like small nuts provided with

three wings and strongly reminded one of the fruitlets of Rheum.

It appeared that many ovules swelled, but never more than one in

each ovary. Not nearly in all flowers this phenomenon was observed,

in no more than 10 to 40 percent it was at all visible.

For a detailed investigation these ovules were now fixed in

FijEmming's fixing solution (the weak solution) and then washed in

the usual manner and gradually placed in strong alcohol. This was

done for the first lime on August 15 ; from 158 ovaries 49 ovules

were obtained, i.e. 31 percent. This was a maximum, however, for

when later material was collected in the same way on August 22,

September 3, 10, 13, 19 and 25, October 8 and 22, November 12,

December 15 and 24 and on January 19, 1905, each time more and

moi"e ovules appeared to be unfit for use, as they began to wrinkle.

Such as looked more or less swollen were fixed ; among these some

had grown thicker and finally the impression was that some seeds

had ripened. But ultimately not a single germinable seed appeared

to be on the plant and after January 19 no material fit for investi-
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gatioi) could he got. Nothwithstanding this the preserved material was

examined, since it was possible that only the unfavourable conditions

under which Dasylirion lived in the Botanical Garden at Utrecht,

were the reason why no ripe seed was formed.

On microscopical examination phenomena were indeed observed

which seemed to point to apogamy or parthenogenesis, but the mate-

rial proved insufficient to obtain a consistent result. Leaving apart

even the already mentioned fact that not a single ripe seed was

produced, the number of ovules in which ultimately anything parti-

cidar could be observed, was extremely small. For microscopic

examination revealed that most ovules which outwardly showed

nothing abnormal, were yet already in all stages of disorganisation.

Although we are unable to offer a finished investigation, yet it

seemed desirable to us to publish what we have seen. For Dasylirion

blooms so seldom in Europe that for us the chance of finishing our

investigation is practically nihil, while now at least attention has

been drawn to it, so that perhaps in the mother country of the plant

some one may feel inclined to re-examine it.

Moreover the number of known cases of apogamy or partheno-

genesis is so small that (here is every reason to publish each new

case. And finally the material examined by us presents some points

which deserve attention for special reasons.

The fixed material was embedded in paraffin, cut with the micro-

tome and then stained, as a rule with saffranine only, sometimes

with saffranine, gentian violet and orange G.

The ovules of Dasylirion are anatropous and furnished with two

integuments ; the outer one consists, besides of an exterior and inte-

rior epiderm, of cells, situated rather irregularly in 2 to 4 rows
;

towards the chalaza it is much more strongly developed. The inner

integument consists of two layers of closely adjacent cells. The

micropyle is formed by the inner integument only, the edges of

which are strongly swollen — the cells are larger and the thickness

is here about four cells — and are closely adjacent, so that they

only leave a narrow slit between them.

The tissue of the nucellus is small-celled near the chalaza, but for

the rest it consists of large cells with very little protoplasm and

apparently very much cell-sap. The more peripheral cells are smaller,

their cell-walls are perpendicular to the integument, especially near

the micropyle, but the others are greatly lengthened in the direction

of the chalaza so that they have become tube-shaped. These tubes

are often more or less bent, so that longitudinal sections present an

appearance which is rather difficult to disentangle. The swelling of

48*
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the ovules was in many cases to be ascribed to tlie strong tui-ges-

cence of these nucellus-cells only ; in older stages also the cells oi

the outer integuaient began to increase their volume, evidently also

by the increase of the cell-sap only.

These strongly lengthened nucellus cells at first caused us to believe

that more than one embryosac is formed, but an accurate examination

of the preparations finally gave us the conviction tiiat only one

embryosac is found. Certainty on this point will be obtained only by

investigating the development and for this purpose the collected

material was unsuitable, for also in the youngest ovules the embryosac

was already completely formed. It is long-drawn, somewhat in the

shape of a dumb-bell, at the base extending near the chalaza, at the

top near the micropyle surrounded by a single layer of nucellus cells.

Now it appeared that in the great majority of these embryosacs

nothing particular could be observed ; sometimes a little protoplasm

or more or less disorganised and swollen masses, but no egg-appa-

ratus, no polar nuclei and no antipodal cells, so that presumably in

nearly all the ovules a disorganisation had already taken place before

they were fixed.

Only a few ovules presented more particularities and these we
shall describe here, in the first place those where a young embryo

was found.

In an ovule, collected on August 22, there is found at the top of

the embryosac and filling this part of the latter entirely, a cellular

body with eight normal looking nuclei, making the impression of an

embryo. The rest of the embryosac is empty and only some disor-

ganised masses lie in it; of an endosperm nothing can be seen, no

more than of antipodals or embryosac-nucleus ; concerning this latter,

however, the possibility must be granted that it has fallen from the

preparation during the staining, although we do not think tins probable.

In an ovule, collected on September 10, the top of the embryosac

is filled by a cell-mass of some 20 to 30 cells, the ^valls of which

are strongly swollen ; the nuclei are small and are in a state of

disorganisation as well as the rest of the protoplast. The whole makes

the impression of a more or less disorganised embryo. Further there

is in the embrosac a pretty large quantity' of protoplasm in which

we could find no nuclei.

Finally we found in an ovule, collected on August 22, a still

larger cellular body, reminding us of an embryo. It consists of about 40

cells, the contents of which are still more disorganised, with swollen

cell-walls which strongly absorb staining substances. Having regard

to the former two preparations we are of opinion that this also
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must be looked upon as an embiyo, the development of which has

already for some time been stopped and which is now in progress

of disorganisation. Also here nothing peculiar was further found

in the embrjosac.

Of course we looked also for the presence of an egg-apparatus,

especially in the younger stages, but there is only one preparation

in which anything of this kind can be detected. It is an ovule,

collected on August 22, where in the top of the embryosac three

cells are found, two shorter ones with distinct nuclei and a third

which is larger with disorganised cell-contents in which the nucleus

can still be discovered, however. We believe this to he the egg,

the others synergids. Here also nothing else is found in the embiyosac

except protoplasm, which stains strongly.

In 10 other ovules an endosperm was observed in various stages

of development. It must be stated at once that in none of these

anything of the nature of an embryo is seen. Although it may be

objected that for some ovules the series of sections is not complete,

yet this is certainly not the case with the majority. Especially where

the micropyle is seen in the section, the embryo would be sure to

be observed if it were there, but also in this case no trace of it

can be found. So we arrive at the conclusion that here an endosperm

has been formed without the embryo having developed.

An ovule, collected on August 15, shows the smallest quantity

of endosperm. The upper part ('/, to 74) of the embryosac is füled

up with it. The shape of the embryosac has been changed ; it is

swollen, has become cylindrical or somewhat broader towards the

bottom, has a thickness of 0,4 mm., while the nucellus has a

maximum diameter of 1,0 mm. The lower part of the embryosac in

which no endosperm is found, has entirely collapsed and has evidently

been squeezed by the surrounding cells. This same shape of the

embryosac was met with only once without an endosperm having

been formed in it, namely in an ovule, collected on the same day.
" In the lining protoplasmatic layer no nuclei could be seen, but still

we believe that this was a first beginning of the formation of an

endosperm. Now the endosperm of the just-mentioned ovule consists

of thin-walled cells of varying size; normal nuclear divisions occur

but also nuclei of abnormal size with a number of nucleoli, indicating

fragmentation. At one of the sides of the embryosac the formation

of the endosperm has not yet been completed.

Curiously enough the next stage in the development of the endos-

perm was observed with an ovule, fixed on December 15. Here the

greater part of the tissue of the nucellus has been displaced, so that
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it forms only a narrow layer round the endosperm, somewhat

thicker near the chalaza (greatest thickness of the embrjosac 1,2 mm.,

of the nucellns 1,5 mm.). Here also the lower part of the embryosac

is not filled, but is entirely abortive. The endosperm-cells are of

rather unequal size, most nuclei do not look normal, but still divisional

stages occur; in the more peripheral cells small grains which strongly

absorb staining substances appear outside the nucleus. As in some

other cases, the impression is got here that the formation of the

endosperm takes place rather irregularly, as if in various spots within

the embryosac pieces of endosperm-tissue would form which grow

towards each other so that seemingly moi'e than one endosperm lies

in the embryosac. At any rate this seems to be so when one limits

his attention to one preparation ; by comparing, however, the different

successive sections of one ovule there finally appears to be only one

mass of endosperm. The formation of tiie endosperm begins in the

lining of the wall of the embryosac and from there proceeds inwardly;

in this process the cavity is gradually filled up, the endosperm now
meets itself from various sides and it is tiiese divisional lines that

remain visible.

That the formation of an endosperm starts indeed at the periphery

of the embryosac, appears e.g. from an ovule, collected on Septem-

ber 19. Here tlie size of the whole endosperm is greater than in

the already mentioned ovules (diameter 1,35 mm.), so that only a

very narrow layer of nucellus-tissue is visible all round, mostly at

the chalaza (greatest diameter of the nucellus 1,4 mm.); but the

whole endosperm is hollow and in this cavity remnants of the proto-

plasm of the embryosac are visible. The endosperm-cells are here

of very different sizes and so also the nuclei vary much. Some of

them look normal, show karyokinesis, others are enlarged, have

assumed all sorts of capricious shapes, the number of nucleoli has

greatly increased and a number of fragmentation stages can be observed.

Two ovules, collected on September 10, show a still further

developed endosperm. The nucellus tissue has been more displaced,

the shape of the endosperm-cells is pretty regular, their cell-wall

is somewhat thickened, the nuclei are almost normal; in any case

there is much less indication of fragmentation than with the just

mentioned ovule.

In an ovule, collected on September 19, the endosperm is so

strongly developed that of the nucellus tissue hardly anything remains

visible. This also applies to the cases which will be described

pi'esently. The endosperm-cells have strongly thickened but still

fairly gelatinous walls; the contents of the cells consist of a number
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of small grains which stained very strongly and which somehow

make the impression of nucleoli ; of a nucleus nothing is found any

longer, unless we apply the name to some thick, coloured masses.

Three ovules, fixed on December 15, all showed the same picture.

A strongly developed endosperm is present with very thick cell-

walls, absorbing saflVanine more or less, and protoplasts which are

entirely foamy and in which nothing of a finer structure is found.

Tills endosperm must evidently be reckoned among the horny ones;

it was extremely di/Ticult to cut. Sections of the ovules could only

be made after treatment with hydrofluoric acid. It is not impossible,

of course, that the foamy appearance of the protoplasts must be

ascribed to this treatment, although we do not think this probable

on account of other experience with this method. In the endosperm

some fissures are visible, the last remnants of the cavity of the

embryosac

Finally an ovule with an endosperm was found among the material

collected on January 19. Here also cutting was only possible after

treatment with hydrofluoric acid. The endosperm is entirely dis-

organised, borders of cells can scarcely be recognised. No more than

in the preceding cases we think this must be ascribed to the ratinner

of treatment.

We have now described all cases of formation of an endosperm,

observed by us. It will have been noticed that the order is not

chronological, the ari;angement was such that we gradually proceeded

from the least developed to the complete endosperm. From this it

follows already that the formation of an endosperm takes place very

irregularly with these ovules, sets in now sooner, then later, and

that the endosperm may pass into disorganisation at various stages

of development.

Summarising, it appears that with Dasylirion acrotrichum an endo-

sperm is formed without fertilisation. This endosperm finally disorga-

nises ; it may do so already at a pretty early stage of development,

but it may also first attain its complete development. But an embryo

could never be found together with such an endosperm. From this

it does not follow, however, that it could never be formed together

with an endosperm, especially since in three ovules — in which,

to be sure, no endosperm was formed — in the top of the embryosac

a cell-body was found which we take to be an embryo, which how-

ever very soon passes into a state of disorganisation.

One may now ask to wliat cause this disorganisation must be

ascribed. It might be suspected that the circumstances of this Dasylirion

were abnormal. Although we grant that these were diiferent from
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the conditions in the mother country of the plant, yet we must

remark that the plant was in the open air for a long time before and

after it had bloomed during the very hot summer of 1904 and that there

was no question of this specimen being sickly. We venture another

supposition : to us it seems that this plant makes, so to say, an

attempt to apogamous development, but that these endeavours do not

succeed. For this would plead that the endosperm develops here

independently of an eventual formation of an embryo and that the

embryo is sometimes planned, but never grows to any considerable

size. If this be the case, in the mother country of the plant similar

phenomena should be observed, but at the same time normal ferti-

lisation and seed- formation. We ought to know the development of

the embryosac, in order to know why the apogamy is unsuccessful

here, even though the plant makes an attempt in this direction. If

in the embryosac mother-cell a reduction division has taken place,

this would be very easy to understand and it would also explain

the greater facility with which tiie endosperm is formed. For, after

fusion of the two polar nuclei the normal number of chromosomes

of the 2.i'-generation (not, of course, of the endosperm) would be

re-established again ; we have tried to determine this number and it

seemed to us to be 20 to 24. But as long as we do not know how
the endosperm is formed this determination is of little value ; for

we owe to Treub ') the knowledge of a case of endosperm formation,

with Balanophora elongata, where the endosperm nuclei are formed

by division of one of the two polar nuclei. It is, to be sure, the

only case on record where an embryosac fdls with endosperm,

without a ' normal embryo being formed. In this respect the ovules

of Dasylirion, described by us, could be compared with Balanophora.

On the other hand there is this great difference, that with Balanophora

an embryo is later formed from part of the endosperm and of this

there is no question with Dasylirion.

We put the word apogamy at the head of this communication

because it leaves unsettled whether here phenomena of partiienogenesis

were indeed observed. It is an open question to what extent the

development of an endosperm without previous fusion of the polar

nuclei with one of the generative nuclei of the pollen tube can be

brought under one of tiiese conceptions. Those who will not use

the word fertilisation in the case of endosperm formation, like

Strasbdrger, will object to it; those who embrace the opposite view,

M. Treub. L'organe femelle et I'Apogamie du Balanophora elongata Bl. Ann.

du Jardin botan. de Buitenzorg XV. 1898 p. 1. See also J. P. Lotsv, Balanophora

globosa Jungh. Ann. du Jardin bot.m. de Buitenzorg 2me Série I. 1899, p. 174.
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like GuiGNARD and Boxxier, will think the use of these terms

admissible. Although we incline towards this latter opinion, we shall

not dwell on this point here.

But we think it desirable to point out that a closer study of

unfertilised ovules, especially of dioecious plants will perhaps yield

surprising results. Since we know through Loeb that chemical stimuli

may cause the development of an egg, the possibility must be granted

tliat this may also be the case with higher plants. When a normal

fertilisation does not take place, such chemical stimuli would at any

rate render a beginning of de\elopment possible. Looked at from

this point of \iew the case of Dasylirion is perhaps important, but,

as we stated already at the beginning of this communication, only

an investigation in the natural place of occurrence of the plant can

give an answer to this and allied questions.

Astronomy. — "On the parallax of the nebulae". By Prof. J. C.

Kapteyn.

Up to the present time we know hardly anything about the distance

of the nebulae. On the whole they do not allow of the most accurate

measurement, and as a consequence direct determination of parallax

is generally to be considered as hopeless. A few endeavours made
for particularly regular nebulae have not led to any positive result.

The proper motions (p. m.) seem more promising, at least for the

purpose of getting general notions about the distances of these objects.

Spectroscopic measurements of radial motion show tliat the real

velocities of the nebulae are quite of the order of those of the stars.

Therefore, as soon as we tind the astronomical proper motion of

any nebula, we conclude, witli some degree of probability, that its

distance is of the order of that of the stars with equal p. m.

Meanwiiile it may be considered to be a fact, most clearly brought

out just by the observations presently to be discussed, that as yet

p.m. of a nebula has not been proved with certainty in a single case.

It does not follow that these p. m. are necessarily very small. The
time during which the position of these bodies has been determined

with precision, is still short, the errors of the observations are large.

The effect of these errors on the annual p. m. may easily amount
to 0"2 or 0"3.

We might endeavour to lessen the influence of the errors of

observation by determining not the individual motions but the mean
p. ra. of a considerable number of nebulae.
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If this succeeded we miglit then compare this mean p. m. with

the mean p. ni. of different classes of stars, the mean distance of

which is known with some approximation or, better perhaps, with

the mean radial velocity of the nebulae determined by the spectro-

scope. The comparison would lead at 0)ice to ideas about the real

distances.

Unfortunately the mean of a great number of observed p. m. will

not be materially more correct than the individual values, if the total

proper motion is small. The cause of this lies in the fact that in such

a case the effect of a determined error of observation is not at all

cancelled by an ecpial but opposite error of obser\'ation. Suppose for

instance two nebulae both having in reality a p. m. of 0"01. For

the first let the error of observation be 0"10 in the direction of the

p. m. For the second assume an equal error in a direction opposed

to the p. m. The observed p. m. of the first nebula will be 0"11,

that of the second 0"09. Taking the mean of the two we are not

brought nearer to the real value.

For this reason we shall not be led to any valuable result in

this way, even if our material consists of very numerous objects, as

long as the errors of observation exceed the real p. m.

The difficulty here considered would vanish if, instead of the total

p. m., we could avail ourselves of some component of the p. m.,

which in different direction would have different sign. In this case,

if systematic errors can be avoided or determined, the accuracy would

increase as the square root of the number of objects included.

Such a component of the p. m. is that in the direction towards

the Antapex. From this component we may derive the mean paral-

lactic p. m. which is a measure of the mean parallax.

I will not here stop to consider the hypothesis involved. It must

be sufficient to state that it assumes that the sum of the projections

on some determined direction of the peculiar p. m. vanishes in the

case of very numerous nebulae or, which comes much to the same

that the peculiar p. m. may be treated as errors of observations.

Let

h be the linear annual motion of the solar system

;

Q the distance of a nebula from that system

;

A the angular distance of this nebula from the Apex of the solar

motion

;

V, T the components of the observed p. m. in the direction towards

the Antapex and at right angles to that direction
;

p the component of the peculiar p. m. in the direction towards

the Antapex.
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The parallactic p. m. shall then be :

— sin A = I' — p

.

Q

If this equation is written out for each individual nebula and if,

after that, we take the mean of all the equations, the quantities p will

h
disappear and we obtain the mean value of -

, which is the secular
Q

parallax.

Or rather :

As we may treat the quantities p as if they were errors of obser-

vation, which mix up with the i-eal errors of the observed quantities

1', we may write out for each nebula an equation of the form

A
- sin X = v (

1

)

Q

If then we assume that the distance q is the same for all the

nebulae, we may solve the whole of the equations (J) by the method

of least squares.

I have long wished to apply this method in order to get some

more certainty about the position of the nebulae in space, but I have

been restrained by the extent of the work connected with such an

enterprise.

The difficulty has disap{)eared since the i^ublication, a few years

ago, of a paper by Dr. Mönnichmeyer assistant at the Observatory of

Bonn {Veröff. der Kón. Stermv. zu Bonn. N°. 1). In this paper all

the materials available at the time of its appearance have been

brought together in a way which, for my purpose, leaves little to

be desired.

This paper contains the observations of Dr. Mönnichmeyer himself.

Tliey bear on no less than 208 objects, mostly chosen among such

nebulae as can be measured with considerable or at least moderate

precision. Dr. Mönnichmeyer has collected besides, all previous obser-

vations of these objects. I have confined myself to the observations

of those nebulae for which all the observers have used the same

star or stars of comparison. I have further rejected the observations

of those objects for which Mönnichmeyer did not succeed in deter-

mining the personal errors. The observations which thus have served

for the investigation are those of Mönnichmeyer's paper pages 59—70,

from which have been excluded, in the first place, those objects

which in the list of pages 15—17, second column, have been denoted

by the letter M ; further the planetary nebulae, the clusters and the

ring-nebula h 2023.
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There remain 168 nebulae.

A good judgment about the accurac.v of the observations may be

obtained by the probable error derived by Mönnichmeyer for his

own observations on page 9. For the other observers I ha\e availed

myself of the data contained on pages 18—25.

The accuracy was found little ditferent for the several observers

with the exception of Rümker.

I therefore simply assumed the weights to be proportional to the

number of observations. For Rümker only the weiglit was reduced

in the proportion of three to one. For Schmidt the number of obser-

vations is not gi\'en. For reasons given by Mönnichmeyer they are

"immerhin etwas fraglich" (1. c. page 14). The results of Schmidt

got the weight of only a single observation for that reason.

An overwhelming majority of the observations has been made

between 1861—1869 and 1883—1893. It was possible therefore in

nearly every case to contract all the observations in tioo normal

ditferences from which the proper motion and its weight could be

derived at once without any serious loss of accuracy.

From these p.m. I then derived the components t and v, assuming

for the position of the Apex, the coordinates

yl75 = 273°, As = + 29°5.

The whole of the materials was divided into the three classes of

Mönnichmeyer. They are described by him on page 9 of his paper

in the following way:

Class I. Nebulae with starlike nucleus not fainter than 11''^ mag-

nitude ;

Class II. Nebulae with moderately condensed nucleus not fainter

than ll'i^ magnitude;

Class III. Difficult objects, in the first place irregular nebulae

without any sharply marked point ; furthermore all very faint objects

and the very oblong nebulae.

Most of the objects have been classified by Mönnichmeyer himself

on page 9 of his paper. The nebulae wanting in this list have been

classified by myself, in accordance with the descriptions on p.p. 27—54,

as follows: h 693, 1088, 1225 in Class I; A 421, 1017, 1212, 1221,

1251, 3683 in Class II; h 316, 1461 in Class III.

The p. m. as derived are relative p. m. ; they are the motions

relative to the comparison stars. Mönnichmeyer has investigated the

p.m. of the comparison stars themselves ; he has found a sensible

p.m. for only 7 of the objects used for my investigation. The

following table contains his results for these 7 stars.
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This filial result may therefore he assumed to represent the residual

influence of the personal errors on the p.m.

For the value n^ of this mean T find

7, = — O.-'OOO 4

In deriving this result the hours with many nebulae did not get

any greater w^eight than the hours with only a few objects. Owing
to this cause the final weight is found to be only 0.4 of what it

would have been had the distribution been uniform.

We shall get a result of appreciably greater weight if in the first

place we combine by twos the hours lying symmetrically in respect

to the apex. In these mean values the parallactic motion is already

eliminated ; we may therefore further combine the twelve partial

results having regard to their individual weights.

In this way I find

Ja = -\- O.-^OOOG.

It thus appears that Mönnichmeyer has succeeded remarkably well

in getting rid of the influence of the personal errors.

As mentioned just now these errors appear still further diminished

in the result for the parallactic motion.

There thus seems to be ample reason for neglecting any further

consideration of them. In order to enable the reader to get at once

a pretty good insight in the accuracy really obtained, I have divided

the whole of the material not only into the three classes [of

Mönnichmeyer, but I have subdivided each of them into a certain

number of sections, each of about the same weight.

I thus got the following summary. (See p. 697).

The values of t have been included in the table merely in order

to show that in them too no traces of any personal error are visible.

In order to get the yearly parallaxes tt, 1 have divided the secular

parallaxes - by 4.20 ; this number being, according to Campbei,l's

Q

determination, the number of solar distances covered by the solar

system in a year in its motion through space.

The probable errors were derived in the hypothesis that the com-

ponent V is wholly due to errors of observation.

If we compute the probable error of one of our 13 results from

their internal agreement we get 0."023. This number ditfers very

little from the values directly found. Here again we have an indication

that systematic errors must be small.

The last row of numbers contains the simple aA-erages of the 13

individual results.
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Class I

numb
;of neb.

p.e.
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1^'
. Because, since the publication of tlie paper mentioned, our

lyiowledge about the sun's velocity has made considerable progress;

2"<^. Because in its derivation a slight mistake was discovered.

I shall not apply any correction, however, because the two cor-

rections nearly compensate each other for the magnitude 8.75. There

is a fair prospect of the possibility of materially improving the values

given in Publication 8 before long. It seems advisable to wait for

such improvements before we alter these determinations.

If for this reason we provisionally adopt the value (5) we get

:

Mean absolute parallax of the 168 nebulae

0"0046 ± '0012 (p. e.) (6)

This result is somewhat less reliable, however, than (5) because

of the additional uncertainty in the absolute parallax of the stars of

comparison.

The value (6) agrees nearly with the mean parallax of the stars

of the tenth magnitude.

I shall not insist on the exact amount brought out for the parallax.

I shall only direct the attention to the fact that from observations

covering only a period of somewhat over thirty years, we get a

probable error of hardly over 0".001. If this is the case with visual

observations we may look for really excellent results by photography.

The best measurable nebulae must be generally the smaller ones.

The number of these which can be photographed is enormous.

With his Bruce-telescope (opening 40 centim., foe. di.st. 202 centim.)

Max Wolff obtained in 150 minutes a single photograph of the

region near 31 Comae, containing 1528 measurable nebulae (Publ.

Königstuhl I p. 127).

This richness of matei-ial will enable us to confine ourselves provi-

sionally to those nebulae which allow of a very accurate measurement.

Personal errors must disappear because we shall certainly succeed

in nearly every case in making our pointings on the same point for

the several epochs. The peculiar p. m. will be the more thoroughly

eliminated the more extensive our material; especially if this material

is distributed over the whole of the sky. Errors in the precession

have no influence at least on the value of the relative parallax.

I am convinced that by photography we may obtain, even within

ten years, results which will far surpass in accuracy those of the

present paper. Thus we may hope, in the near future, to reach

a fairly satisfactory solution of the vexed question respecting the

position of the nebulae in space.

The same treatment to which we have" here subjected the nebulae

may of course also be applied to other objects. We have already
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undertaken that of tlie Helium-stars and miglit perhaps afterwards

try the same method for the stars of Pickering's 5''» Type.

In concluding it is only just to say that, whatever be the merit

of the present investigation, it belongs mainly to Dr MöiNnichmeyer.

As compared with his careful and elaborate labour, that spent on

the derivation of the present result is quite insignificant.

Chemistry. — "On the course of melting-point curves for compounds

ic/iicli are pariialli/ dissociated in the liquid phase, the proportion

of the jyroclucts of di'^sociation being arbitrary" , by J. J. van

Laar. (Communicated by Prof. H. W. Bakhuis Roozeboom").

1. It is well known, that a liquid mi.xture of e. g. two comiio-

nents \A and B, which can form a compound J,, Bj.^, reaches its

maximum point of solidification, when the ratio of the molecular

quantities of the two components is as r, : r,, in other words when
there is no excess of one of the products of dissociation of the com-

pound A-j^ B,„.

Expressed differently: when we determine the points of solidification

of a series of liquid mixtures of A, B and the compound with

increasing excess x of one of the products of dissociation of the

compound under consideration, then — =0 for tlie curve of soli-
ya-^' y Ü

dification or melting-point line thus formed.

Hence the melting-point curve of a compound, with increasing

addition x of one of the products of dissociation, will have an

horizontal direction at x = 0, as soon as there is but the

slightest dissociation of the compound in the liquid phase. If there

is no dissociation at all, the admixture may be considered as an

alien, indiflerent substance, and the initial direction of the melting-

point curve will show all at once the no)'mal descending course at

x = 0.

As will also appear from the following computation, the initial

horizontal course \^i\\ of course pass the sooner into a descending

course, the slighter the dissociation of the compound is.

/dT\
The peculiaritv mentioned of -— becoming zero with the slight-

\dx Jo

est trace of dissociatioji of the compound, was already proved by

Prof. LoRENTZ in 1892, on the occasion of an investigation of

Stortenbeker on chlorine-iodides '). Pi'of. van der Waals too i:as

1) Z. f. Ph. Gh. 10, bl. J 94 et seq.

49
Proceedings Royal Acad. Amsterdam. Vol. VIII.
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proved tliis property, induced by a statement made by Le Chatki.iek ').

The proof given does not directly bear, however, on the case that

in the liquid phase also the compound (van der Waals' so-called

complex molecule of salt and water) is found by the side of the

products of dissociation.

2. Here follows another simple and quite general proof of the

property in question, in which specially the condition in the liquid

phase is taken into consideration, in which by the side of the com-

pound the products of dissociation occur in varying quantities.

Let us suppose there three kinds of molecules

:

those of the compound A;^ B,^ ;' number ?ï„ ^ 1 — «

those of ^ ; ,, ?ï, =^ v^a

those 0Ï B
; ,, n^ = i\a -\- x.

So « is the degree of dissociation of the compound, and x the

excess of B e.g.

Now from the property, that the molecular potentials of these three

substances, viz. ft„, ft; and jt^, are homogeneous functions of the 0'''

degree with respect to the numbers of molecules, follows immediately :

dn„ (In, da,

ax ax <lx

Here the differentiations with respect to x are to be taken total,

so that e.g.:

d^o _ ófJQ öft„ da

dx d>r d« dx

i.e. at constant temperature.

[The above property is proved (loc. cit.) as follows. We have viz.

in consequence of the mentioned peculiarity of the functions (/„, (i,

and fij :

OWd 0«j o«2

0«„ OWj OWj

So also ^;— being equal to v". etc. for n = r— and fj
=; -— h

') Verslagen Kon. Akad. van Wetenscliappen (4) V, p. 385 (1897).

-) These and the following properties were already proved by me in 1894. See

Z. f. Ph. Ch. 15, p. 459 et seq. ("Ueber die genauen I'^ormeln, etc.").
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0»o ""o ""o

on, OH, Ox,

So if we pass from the variables n„, «, and n, (of which there

are only two intlependently variable) to the variables « and ,r, we
have also

:

of. ,
d,u, dn, ; ')

0« 0« 0«

Ox Ox oji
J

The first equation multiplied bv -— and added to the second,

gives immediately (1).]

Now follows from the equilibrium of dissociation :

— Mo + I'lf', + I'sft, = Ö

1) We can easily test the truth of these simple properties by supposing the

functions j«'o (l/'i and ft'o constant in:

1—

«

i'i«

f — f '0 + ^2'% —^. f 1
= f '1 + -^ï" W -;^>

f*, = f 5 + -^'2'%—
^y
—

•

d
Then we have immediately (having divided by BT) after ditlerenliation p.-

,

takmg into consideration that

.V= 1 + (r, + r, - 1)> ^- .« = 1 + aa + ..,

for the first member:

I 1 (9 ) 1 1 <9
) I

V, <9

= (- 1 + r, + rj - 1^(1 - « + i\« + t',« + .r) = Ö - - X iV = 0.

Ö
After differentiation ^r— we find for the first member:

o.v

I 1| ( 1 I ( 1 )

( ^] { ^] {i\a-{-.v N\

= 1 - - (1 - « 4- »'.« + v,a + .f) = 1 -- X A^= 0.

And according to what has been proved, this will continue to l)e true, also

when ^'0, fi'i and f*'» are still functions of 2 and x.

49*



( '<»2 )

'immediately, after total diiferentiation with respect to .i' (7' constant)

:

du„ da, du.-
-J-"

+ r, -^' + r, ^^ = . . • . . . (2)
d.r d.v dx

And from (1) and (2) follows, that when n,^-n^z^^\:v^{\.Q. ,r= 0),

we ha^e necessarily

§^" = (3)
dx

So the becoming zero of -f-^ is the priinary moment, on account of

fdT\
which also — I will have to be in the presence of a solid phase:

\dx y„

with change of x (with Avhich also « changes) tJie mol. jiotential

of the unsplit compound does, namely, not change when x:^0. [This

property will evidently also continue to hold for an arbitrary number

of splitting products].

fdT\ . . .,. .

That now also | — \^0,io\\o\\&ivom.i\iQ condition of equilibrium:

— fX + f*o = 0,

when fi is the mol. potential of the solid phase. Total differentiation

with respect to T yields viz.

:

d d dx
T;7, {— F + f^o) + -J-

(— l^ + f^o) 777,= 0,
dl dx dl

d / d è da\ d / d Ö du\
in which -T-, IS agam Utt, + ^ 777-, , and —=— + —----.

dl \dl Oadljj. dx \ax dadxjT

But -;;;(— f^ + Mo) =^ — 777. when Q is the total heat of melting,
dT J

hence also

:

T '^
dx dT~ '

because n (in the solid phase) is independent of x. Hence

:

y d[i,

dT dx
(4)

dx Q

dn^ dT
So if — = 0, also -— = 0, and in tiiis way the proposition is

dx d'V

proved. When in the liquid phase there is no excess of one of the

products of dissociation, but instead an indiiferent substance, then

there are four kinds of molecules, with molecular quantities resp.

:

1 — a , v,a , v„K , X.
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Instead of (1) we get now

dn, dn, di,^ dij,
no-r-^n,-—-\-n,-—-\-ti,-~ = 0'). . . . (1«)

ax ax ax ax

dug dfx^ , .

And as n, —— = x —— remains fmite at .v = 0, viz. RT, from (1")
dx dx

(/(<„

and (2) will now /u>/ follow —— = 0, when ,v = 0. (n, : n, = v. -. i',

dx

dT
is always satisfied in this case). And consequently — will not be 0.

dx

tThat X—^ continues to have a finite value at ,r^0, follows from this,
dx

m, '-• du, dti\ RT RTdN
that fi, =r ft ,

4- Sr hf] — yields -^ = —--i 1^ 'T ' •^®"'^^
iV rf.B d.« X N dx

d^i.
I

dfi', 22T (iiV 1

.t; ^ iïr + A- —r —~ , in which the expression betweei
dx [ dx N dx

I

always remains finite. At x = we have therefore x ^ RT
•' dx

3. We now proceed to derive an expression for the course of the

melting-point curve in the case of increasing excess of one of the

products of dissociation in the liquid phase.

Let us for this purpose suppose, that in this phase there are present

(in Gr. mol.) 1 — ,) AB and x B, while the 1 — x A 13 is disso-

ciated to an amount a. We have then :

AB A B
(1 — «) (1 — x) « (1 — ,r) « (1 — x) + X,

together 1 -)- « (1 — x) molecules.

We suppose then, that the compound consists of 1 raol. A and

1 mol. B, which simplifies the calculations.

The equilibrium between the solid phase and the non-dissociated

molecules in the liquid ]ihase yields:

ft = (i„
,

or (the terms with Tlog T on either side cancel each other)

(1 - «) (1 - X)
s — cTz=s, — c„7'-f RTlog

1 -f « (1 — x)
'

1) This too is easy to test, when /u',,
, i^\, etc. are considered as constant, i

that e. g. in

1 — « oft
(

1 Ö )

f'o = Mo + J'^T log—-—
,
-— becomes = RT \~ _ etc.

A' ou 1 _ n jV



( '04 )

— le„-{-kT— j-\=zq (&o that q is the pure latent heat of melting

of the compound, without the heat of dissociation, which is still to

be added), and with c,, — c = y

:

(1 — «)(1 — .v)q^vT — RT log .

^ ^ ^'
1 + « (1 _ .,)

For the determination of y may serve, tiiat at a,' ^ and T= T^,

a becomes «„, hence:

1 — «„
9 = r^o — -^^0 log -— .

1 + «0

Hence we finallj get

:

q{T,-T)^-RTTJocj ^ " '

I - a, 1 + « (1 — .r)

or

_ 1+«„(1-«)(1—f) ^g /I 1\

In this derivation it has also been supposed, that the liquid mixture

is a so-called ideai mixture, i. e. that terms, referring to the influence

of the components inter se, have been left out. It is known that

these terms are of the second degree with respect to x. Equation (5)

represents therefore the course of the "ideal" melting-point curve in

our case.

Further the degree of dissociation « occurring there is given bj'

the equation (here too the above mentioned terms are left out, so

that the simple law of mass-action is supposed to hold):

a(\-.v) u{\-.v)-^,v (1_«)(1_^.)
X Tt = ^ = ^^N N N

a (a (1 —x) + x)

(i-«)(i+«(i—^0)

K. (6)

In this K is now no longer a function of x according to the above

supposition, but it is one of 7'.

Even if we would solve n from this quadratic equation, and sub-

stitute it in (5), we should have gained but little, because A' contains

T in a rather intricate way. Therefore the only thing we can do, is

to try a,nd find an approximate expression, which only holds for

small values of ,r.
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To 5*

After that a general expression foi' --- will be given.

In order to find the approximate ex-

pression in question for the course of

tlie curve 1\A, we suppose for the

present, that « does vary with x, but

not with T. In the result we have then

simply to replace q by the total heat

of melting at ,r = Q^=iq-\- «„i (A is

the heat of dissociation), in order to

introduce the variability of « with T.

(see appendix).

From (6) follows now immediately

tlie quadratic equation

K
a' (1 -,r) + a.v — ^—T--= 0.

JC=0

l+K
K

According toBy putting .t^O, we see that , , ^^ is then = «„'

the above provisional assumption it is now supposed, that also for

values of T, lower than 1\, the value of «„ holding for .t' ^ and

7'r= 1\, remains unchanged. Therefore in the equation

o^(l— .») + a.v — «„' =
«„ is no longer a function of 7\ So we find for «:

1—.V

and hence

l-«
l-'A.r-l/V,.r'+ «/(l-.r)

1— .r

In consequence of this we get

:

(1 _ a) (1 - ..) = 1 - '/, ^- - 1/
I

1 + « (1 _ .^.) =z 1 - V, .« + 1/ i

'

so that we find for the quotient occurring under the sign log in (5)

:

1 - V, ^' + ^/

or also after multiplication of numerator and denominator by

1- V,.r— I/:

. (1 + «/) (1 - -r) + 'A -'»' - 2 (1 - V, .X) V
(1 - «/) (1 - X)
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Let us now approximate l/a„' U — •'') + V

for small values of x.

We shall find :

:ï'=...|/l-,r4-
V.

'^•'

n^ /l9 2 /l2S 4
^

«0 l/, multiplied by 2 — .r, yields then

:

2 (1 - ..) + V, -^^ let

1 -«„

This, subtracted from (1 + «„'') (1 — x) + V, x\ gives:

(1 — «„)'
, (1 — «oT ,

«0 «0

If now finally this formula is divided by (i — «„^) (1 — .i'), we get:

,
.r' (1 + a„y

]

Equation (5) changes now into

:

1 — r[t t.

Notice, that the term ^vith x does not occur, in consequence of

which (
—

I
satisfies the condition of becoming 0.

\dx y„

If higher powers than .c' are neglected, the above becomes:

4«„ R\T 1\

or also, if we now replace q by Q„ (see above) and TT„ by Ta\

which does not bring about a change in the coefilicient of a.'', as

T= T, {l—0x')

:

1\
Qo 4«„

(5°)

which approximate expression holds for not too small values of

a (e.g. (( = Vs) at least u[) to values of .r = 0,l. We see, that

J\ — r is not proportional to x, for small values of x, but pro-

portional to x\ Hence instead of tiie usual straight downward course
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of the melting-point curve at the bejrinning, it presents now an

almost horizontal course.

Observation.

Equation (5) enables us also to compute the melting-point tem-

perature Tab of the unsplit compound (i. e. nnsplit in tlic liquid

phase), (of. fig. 1).

Then we have namely « = 0, ,v = 0, and we get, supposing

Ctab = «0 :

from which follows:

1 1 /i , 1 + «„

T-^1^ %/r^^ (7)

4. We shall now derive the general expression for — all over

the line 2\ A, in which it is only supposed that we have to do

with ideal mixtures in the liquid phase, so that ihe terms, referring

to the influence inter se of the different components, are again left

out. But besides on x, a will now also depend on T.

In two different ways we can arrive at the correct expression

dT
for —

.

ax

First of all by total diflerentiation of the equation (5) with rcsjject

to T. We get then, calling the fraction -^ — = c-.
1 + « (1 - *•)

"

f
d log c„\ /d log cA cLv^ _ jj^

\ dT J^y dx )Tdï'~RT''
hence

d log Cj

dT d.v

da; q d log c,,

Rf^ dT

d log Cj d log c„ d log c da
Now ~ =—

\

— —
ax Ox Oct dx

1 «_ ^ C 1 \ — x \dn
l-x \-\-a{\—x)J \ l-« \j^a{l—x)Jdx

1 2-.r da

(l-.i')(l + «(l-.i-)) (l-a)(l + «(l-a'))c/*'
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da
Hence we must calculate r-^. From (6) follows:

d.c

1 da 1 i da) I da
\

l_„_^(l_,r)_ -\

« dx .« -|- o ( 1— ,v)
I

dx I 1—« dx

da)— « + (1—.r)— =0.
1+«(1— A')

(
dx

After reduction we tind from this

:

da « ( 1 — a)

dx .r -|- 2 «(1 — x)

Substitution yields now:

dlogc,^ 1 a{2—x)

(a)

,/.. (l_.,)(l-f «(!_,,)) ' (i+«(i_,.))(.,.|_2«(l_.r))

(l—x)(xi-2a{l—x))

dloa Cf, /. , .

For —;—- we find m tiie same way

:

dl

d log c„ Ö io^^ C(| Ö Zo^ f„ c?a ö Zo_9 c„ c^a

because c„ is not directly dependent on T. This gives further (see

above)

:

dloge^ 2

—

x da

~dT~ "" ~
(1—«)(!+« (l—.r)) dl''

da
So we calculate — . From (6) follows:

dT ^ ^

1 da 1

—

x) da 1 da 1— .r da ).

adl''^ .r+ «(l-,r) rfY'
"^ 1—« ^' ~ l-f«(l— .r) dT" ^RT"'

'

ö^ogiT ;i ,
, , , ,. . .

as ^ =
'nri'

^'^sn P. represents the heat ot dissociation.

By solution and reduction we find:

da _ ;. « (1— «) (1 +« (\— x)
) (.«+« (1— .r)

)

df ~ B/T x^2a{\—x)

In consequence of this we get:

dlogc,_ X «(2-.r)(.r+«{l— *•))

dT ~ "" Kn x^2a{l— x)
'

d log c„ d log c„

If we now substitute the values found for —;— and —:^—— in
dx dl

(h)
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the last equation for -—, we get finally

:

d.v



(
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dn da d.e m
Now -—=---. And trom 1

—

.r = ii, r ^= m follow? .v ^ ,

«H ax du m-\-}i

dx in da da
hence — = — =: — x. So -— = — *' t~ •

dji {in-\-n) dx dx

Dividing by dn, we find therefore for the total quantity of heat,

absorbed per Gr. mol.:

da
Q = q + a).-x{\-x)—X.

dx

da
Substitution of —- from {a) yields then after a slight transformation (9).

dx

Let us now put x = 0, then we find from (8) on account of the

factor x:

fdT\

If a is very small, this horizontal course does not continue long.

For with small x we may write:

dT _ RT"" X

lb;~~ Q~ 'x^ia
'

As soon therefore as x becomes so large thet 2rt is small with

X X
respect to x, the fraction approaches — = 1, and the normal^ x-\-2a X V

course is restored. The greater therefore «, the longer the almost

horizontal course will maintain itself in the neighbourhood of T„.

If a absolute ^0, then —
,

'

,^
may be replaced by — =J

X'\-2a(\— X) X

from the beginning, and we have immediately the normal course,

given by

dT _ 1 RT-"

dx 1

—

X q

yielding :

/dT\ ^ _ rt;-

\dx), q

Also To and 7),/, tlien coincide.

5. In fig. 1 also the line T^B has been drawn. This would be the

melting-point line, when instead of an excess of one of the products

of dissociation, an excess of an indifferent substance 6' was added.

The equation (5) remains then the same. But now (6) becomes

different. We have now namely :



( 711 )

AB A BC
(1—«)(1— .'•) «(1— .1-) «(1— .s) .r,

together again l-{-ct{l—,r) molecules.

Hence the dissociation isotherm becomes

:

ail-,v) a{l-.v) (l_«)(l-,r)

N ^ N N
or

«' 1— .c

1— « 1+«(1— .r)

K (10)

Now « does not decrease witii ,v, but increase. Tlie added indilTerent

substance C may viz. be considered as "diluent", whereas in the

preceding question the addition of one of the products of dissociation

depresses the degree of dissociation «.

If we solve from (10) again a, we llnd in this case :

K K
o? (1— ,1') H «.)• = 0.

By putting ,i' z= 0, it appears again that j=:«/, so that we
l +A

must solve « from

«'(1

—

x\ 4- «/«.v — «„' = 0,

in which «„ is again provisionally assumed to be independent of T.

(Cf. k 3).

Now we find

:

« = «0 [- '1^^ + »/",«„'-f' + (!-.«]: (1- .^•).

so

(i-«) (!-') = (1—') - «0 L- ',V'o''^ ^v\ \

1 + a (1-.C) = 1 + «„ [- \;«„.i' 4- I/'] i

Tlie quantity occurring in (5) under the sign log becomes then :

(l-.t-)+ 'Uii^x-ay

Now l/V,«„'.c' + (1^ = l_» '^.t--7^(l— «/).c= so that the

above fraction passes into

1 - «„
-

',; (1 - «„) (2 + a,y + v,«„(i - «/)..^ .

1 + «0 - V,«o(i + «o)-'^ - Vs«o(i - «o')-^' • • • •

i. e. into

(1 - jQV 1 - /,(2 + «J.. + '/,»„( I + a^-^ . .] ^

(1 + «„)[1 - 7,«,,. - V3«„(l - «„).«^ . . .
]

or into
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1— «„

Owing to this we get

:

loff [I — X — ^1i^o'V^ • • •]

G-^3'
(7? 7' \

1 -—a;
I

.« + V,{2 + «„),.^

or

for TT,

T.-T = + V.(i + V.«o-^).^]. (5&)

which approximate expression will now at least hold for values of

X < 0,26.

dT
6. A general expression for — in the case in question may be

dx

most conveniently calculated from (4). (cf. §4). Then we get:

d loq c„

dT da;

where

dtV

d log C(, Ö log c„ Ö log c„ da

dx dx da dx

1 2— .'6- da

(1— A-)(l+«(l- *•)) {l—a){\-ia(l—x))dx

da
But now — is different. Prom (6") we find viz.:

dx

2 da 1 da 1 11 da)
1 — « + (l-.r)— =0,

a dx 1

—

adx 1

—

x l+ a(l— .c)
(

tiicj

yielding

:

da «(1— «)

dx (1—A')(2— «A-)'

so no longer negative, but positive as it should be (see above). After

substitution we get

:

dlogc, 1 a(2—x) _
dx (1_^)(1-^«(1_.^:)) (l-x){2-ax){l+a{l-x))

(l-A-)(2-««)'
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so that we find :

dT RT' 1 2

T-
=

TT-. 7,
(11)

da
In tliis Q is again = 7 + « /. — ,f (1 — x) — A. After substitution of

dx

da
the just found value for — , tliis becomes:

•* dx

2—.V
Q^qJrct- X • . . (12)

For .1' =: (11) becomes now:

('I)=_ëll = -JE,- „H
\(l'V Jo Qo ? + «0 ^

So the melting-point curve has now also at 7'^ T» a perfectly

normal course.

For practical purposes we can determine more or less accurately

the value of «„ from the approximate equation (Sa) (for small values

of sr), which according to (7j renders also an estimation of Tab possible.

The value of Qp must then of course be known. It can, however,

also be calculated from the accurate determination of the initial course

of T^B (with indifferent admixture), according to equation (11a).

dT
If we then determine -— once more for that same line for x = 0,1

d,v

or 0,2 e. g., we can lind Q by means of (11), i. e.

(l-a).v
q 4- « X — « X

,

2— « X

supposing that we may put a = «„ by fii'st approximation. We find

then by subtraction of the above found value of 9 + "0^^ ths value

<5f "o''- ~i)

"'— ) so that of X separately'. Also q is then separatel}-
2— «„ X

known.

Appendu. The approximate equations (5") and (5') might also

have been derived from

:

rr. ., A^ï'A A'''ï^ A^'ï'A

With (5") we fmd tlieii casih from the value (8) for — , that
dx
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'!Di =Q. ('IT\ =(^1 , IVl!.'^ ^ 1
(dT\ luy 1

.

/(^'7'\ 3 fdT\
and —— = — — . In this it is noteworthy, tliat on account of

\dx' J„ ,r„ \dxj^

Q = q +
da

a - x{\—.r) —
dx

/ also 1^—1^0.
dx

/'dT\ RT^" /d-'T\
With (Si) we shall find from (ll): — h= TT" 5 VT =

/ 2in\\fdT\ fdQ\

Chemistry. — ''On ocimene and myrcene, a contrihution to the

knoivh'dye of the aliphatic terpenes." By Dr. C. J. Enklaar.

(Communicated by Prof. P. van Romburgh).

(Communicated in the meeting of Januari 27, 1906).

The aliphatic terpeiie group, discovered in 1890 by Semmler '), is

characterised by the absence of closed rings ; the terpenes of this

group possess, therefore, three double links in an open chain. The

first aliphatic terpene described was anhydro-geraniol, which Semmler

prepared ") from the aliphatic terpene alcohol geraniol by heating

the same with potassium hydrosulphate. This terpene has not yet

been obtained pure, and has been but little investigated. A naturally

occurring tei'pene of this group was found by Power and Kleber ')

in oil of Bay (the ethereal oil of Myrcia acris D. C); it was called

by them myrcene. The sp. gr. (0,801 at 15°) was much lower than

that of the cyclic terpenes (0,840—0,860), the molecular refraction

and the addition of bromine pointed to the presence of three double

links. With permanganate myrcene yielded some succinic acid, on

treatment with mixed sulphuric and glacial acetic acid an alcohol

was obtained, having the odour of oil of bergamotte, Avhich was

taken for linaloöl on account of its oxidation to citral. Myrcene oxi-

dised in contact with the air, and polymerised even at the ordinary

temperature. In his studies on caoutchouc Harries *) has for some

time considered these polymerisation products as closely allied or iden-

1) Ber. 23, 2965 (1890), and 24, 201 and 682 (1891).

') Bar. 24, 682 (1891).

3) Pharm. Rundschau (New-York) 1895, no. 18.

*) Ber. 35, 3256 (1902).
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tieal with eaontchoiic, on account of similar nitrites being formed

from them.

On treatment with sodium and alcoliol, Semmler ') obtained from

rayrcene a dihydronijrcene, whicli induced him to suppose the presence

in mjrcene of a conjugate system of double links. In connection

with the formation of succinic acid from myrcene, and of laevulinic

acid from dihydromyrcene, he constructed the following formulae :

for myrcene: for dihydromyrcene:

C C—

C

C C—

C

\ /' '\ '\ /' '\
C = C C = C C=:C C—

c

/^ ' /' /' ' //'

C C=C C C—

c

8 7 «7
For a long time, myrcene remained the only known naturally

occurring alliphatic terpene. Chapman ') also found it in the oil of hops,

Power and Kleber ') rendered its presence probable in the ethereal

oil from the leaves of the Sassafras tree, Barbier ^) in the ethereal

oil of Lippia citriodora. At Buitenzorg, however, van Rombürgh ')

found that the leaves of a variety (sub-vai-iety) of Ocimum Basili-

cum L. contained an ethereal oil, in which occurred a still unknown
aliphatic terpene which he called ocimene. Apart from its odour it

was distinguished from myrcene by a greater index of refraction, a

more powerful absorption of oxygen, and by the peculiarity of passing

into an isomer at its boiling point at the ordinary pressure. The
molecular refraction of ocimene gave a considerably higher value

than tiie calculated value for CuHi, so that the proof of the aliphatic

character of ocimene was, as yet, wanting.

The further investigation of ocimene was yielded to me by Prof.

van Romburgh; the ocimene formed the subject of my dissertation').

My research, which at first concerned only" ocimene, had soon to

be extended to the aliphatic terpenes in general, particularly to

rayrcene and the isomer formed from ocimene.

1) Ber. 34, 3122 (1901).

2) Journ. of the Ghem. Soc. Trans. 67, 54 (1895) and 83, 505 (1903).

3) Pharm. Review 1896, Ghem. Gentr. Bl. 1897, II, 42.

*) Bull. Soc. Ghim. [3], 25, 691 (1901).

') Verslagen van 's Lands Plantentuin te Buitenzorg, 1899, p. 48, and These

Proc. III. p. 454.

^) C. J. Enklaar, ,Over ocimeen en myrceen, eene bijdrage tot de kennis van

de alipliatische terpenen". Acad, proefschrift, Utrecht, Dec. 1905. A more extended

communication will appear in the Rec. des Trav. d. chim. des Pays-Bas.

50
Proceedings Royal Acad. Amsterdam. Vol. Vlll.
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The three aliphatic terpenes investigated by nie (the isomer of

ocimene proved later on to be also an aliphatic terpene) form together

a closely related, natural group which, according to my struc-

tural formulae, embraces the dehydratation products of the terpene

alcohol, linaloöl, which occurs so widely in the vegetable kingdom.

The ocimene obtained by distillation in vacuo over metallic sodium

is an optically inactive liquid of an agreeable ester-like odour, which

possesses the following constants :

sp- gi'-is "d.jg b.p. at 30 mM. b.p. at ordinary pressure.

0,8031 1,4857 81° 172°,5.

Whilst it boils constantly at diminished pressure, the boiling point

at the ordinary pressure does not remain constant for a minute, and

after 25 minutes the original product is found to be nearly wholly

converted into an isomer, which boils 17° higher than ocimene. By

fractionation in vacuo it may be obtained pure, and it then possesses

the following constants ')

:

sp. gr.,s nd. b.p. at 12 niM. b.p. at 750 mM.
0,8182 1,5296 81° 188^

The myrcene was partly prepared by myself from the oil of Bay,

for another part I used a myrcene, most willingly held at my
disposal by the firm of Schimmel and Co. In accordance with others,

I found for the myrcene the following constants

:

sp. gr.i5 nd.ij b.p. at 760 mM.
0,8013 1,4700 166°

At the ordinary temperatui-e these terpenes are stable, except

myrcene, which then undergoes a slow polymerisation; the isomer

of ocimene is pretty soon altered in strong daylight. The chemical

i-eagents which can be absorbed by unsaturated compounds are

readily taken up by these terpenes. Up to the present, however it

has not been possible to isolate Avell-defmed additive products, with

the exception of the compound formed from myrcene and hydrogen.

Crystallised derivatives of these terpenes are as j^et quite unknown,

which very much impedes their detection in ethereal oils and their

investigation. If the chemistry of the aliphatic terpenes is not to

experience the same fate as that of the cyclic terpenes before Wallace's

researches, it now becomes all important, to devise a further charac-

teristic, based, if possible, on crystallised derivatives. The following

1) This change of ocimene into an isomer has been noticed and already communi-

cated by VAN RoMBURGH (l.c). The constants I found agree with those previonsyl

observed by im. I followed his directions for the preparation of ocimene from

the ethereal oil.
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contains a description of some derivatives obtained from the terpenes

oeimene and mjrcene ; from ocimene and myrcene a crystallised

dilijdrotetrabromide (m. p. 88°), from ocimene a ''plienylurethane

(m. p. 72°) from the new terpene alcohol ocimenol, obtained from

ocimene, from mjrcene a phenyl urethane (m. p. 68°) from the corre-

sponding terpene alcohol, myrcenol, which had not yet been recognised

as a new product.

As will be shown, the preparation of these crystallised derivatives

enabled me to confirm with certainty certain facts already surmised

and to fmd a few new ones of great importance for the further research.

As regards the additive experiments, it may be mentioned, that in

the bromination the final point is difficult to observe on account of

colorations ; in the case of both ocimene and its isomer the quantity

absorbed seemed to point to the presence of three double links.

Of some more importance is the behaviour of these substances

towards oxygen. With some other unsaturated hydrocarbons they

share the property of absorbing oxygen. The isomer of ocimene does

this in a very striking manner. When a glass plate is moistened

with this liquid, it is found to be changed after half an hour into

a film or resinous crust. Ocimene does this also very strongly,

myrcene a little less. The final point of the absorption seems to be

reached after the fixation of two atoms of oxygen ').

I have specially investigated the behaviour of ocimene towards

permanganate. There is no question here of the isolation of glycols

such as Wagner has obtained from many unsaturated substances.

Even should a glj'col be formed with a same number of carbon

atoms as ocimene, this is very rapidly oxidised by the permanganate.

As oxidation products are formed in large quantities carbonic acid,

acetic acid, oxalic acid, acetone and a small portion of higher fatty

acids, also traces of some non-volatile acids, among which is perhaps

pyruvic acid. In a very weak solution of acetone, the oxidation

takes place more moderately. After the absorption of 9 atoms of

oxygen the discoloration of the permanganate ceases; according to

my determinations 25 % of the ocimene is then oxidised to carbon

dioxide. The greater part of the oxidation products is, however,

volatile with the acetone; a very small quantity of a sirupy glycol

gave on oxidation with hydrogenperoxide a little carbonic acid,

acetone, acetic acid and in addition a fair amount of a non-volatile

acid, which is probably malonic acid. It is remarkable, however,

1) In connection with the researches of Engler on the oxygen absorption of

the fulvenes and of Wallach on that of phellandrene, I hope to further investigate

this matter.

50*
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that in llio oxidation in acetone solution no acids liiglier tlian acetic,

acid were formed and besides not a trace of oxalic acid Avith hydrogen-

peroxide. I am therefore of opinion that those substances owe their

origin to migration of double links during the oxidation. All

this causes that, I, for one, consider the structural formulae based

on oxidation experiments with such very changeable substances as

very untrustworthy. One should also be very careful in drawing

conclusions from the isolation of small quantities of the more typical

decomposition products, as these may have been yielded by impurities.

Notwithstanding the beautiful researches of Tiemann and Semmler ')

on geranial, citral, etc, the structural formulae of none of the mem-
bers of the aliphatic terpene group seems to have been sufficiently

established as was only recently shown by Harries oxidations with

ozone ").

Meanwhile I had ti-ied, whether ocimene could be hydrogenised

like myrcene by means of sodium and alcohol. This proved to be

the case. Ocimene, therefore, also contains a conjugate system of

double links. The iiydro-product, which I obtained, had the compo-

sition Ci„H,g ') (I will call it in future dihydro-ocimene) ; it is a

very mobile liquid of an agreeable odour. For its constants I found

the following values :

sp. gr.,5 nd.j, b.p. at 761 mm.

0,7792 1,4507 166°—168°

whilst Semmler '') states for dihydromyrcene :

sp. gr. nd. b.p.

0,7802 1,4501 171°,5—172°,5.

The temperature, at which the specific gravity was determined,

and the barometric pressure at the boiling ]ioint are not stated ; at

770 mM., the boiling point of dihydro-ocimene is, however, "but

little higher. Owing to this dilference of 6° in the boiling point of

1) Ber. 28, 2126 (1895).

2) Ber. 36, 1933, 2998, 3001, 3658; and 37, 012, 839, also H.^RRIES und

ScHAüwECKER, Ber. 34, 2987 (1901) and Harries, Lehrbuch der Org. Cham, by

V. Meyer und P. Jacobson, II, 754. The above-standing was written before the

latest publication of Harries on this subject appeared (Lieb. Ann. Jan. 1906).

S) In the combustion of these substances with copper oxide in an open tube

the carbon is often found a good deal too low, but in the closed tube Nvith lead

chromate the exact values are always obtained. On the strength of his analyses,

Chapman also concluded at first to the presence in oil of hops of a hydrocarbon

G10H18 which by further investigation proved to be myrcene.

*) I. c.
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the said liydrocarbons, these were not considered as identical in the

provisional communication. A second point of difference was the

obtainment of a crystalline bromide from dihydro-ocimene. When,

afterwards, I repeated Semmler's experiments, I found the boiling

point of dihydromyrcene to be the same as that of dihydro-ocimene,

whilst the other constants (as far as could be ascertained) agreed

with those of Semmler ; I found the following values :

sp. gr.jj nd.,j b.p. at 761 mm.

0,7852 J,45 J 4 166°—168°

Like Semmler, I found that myrcene and its hydro-product have

the same boiling point so that, probably, Semmler's statement is

based on a mistake ; for other investigators also state 166° as being

the boiling point of myrcene.

The now probable identity of the hydro-products became a certainty

by the bromination of dihydromyrcene. As stated, dihydro-ocimene

had given me on bromination a crystalline bromide; from the oil

obtained at iirst, it crystallises to the extent of 12—147» • After

repeated crystallisations from methyl alcohol it forms snow-white

crystals which melt, sharply, at 88°. Analysis and determination of

molecular weight pointed to the composition CioHigBr^. In most of

the organic solvents, this bromide is readily soluble, but in methyl

alcohol only to the extent of 1,2%; on boiling with sodium hydroxide

and also with silver oxide and water an oil smelling of peppermint

is obtained. From diliydromyrcene I now obtained the same bromide.

The oil obtained by Semmler soon solidifies when, after being purified,

it is put away to crystallise in a cool place; by applying a little

artifice I succeeded in instantly inducing the crystallisation. The

identity was proved by the fact that this bromide like all its mixtures

with dihydro-ocimenetetrabromide, melted, sharply, at 88° and also

that the solubility of dihydro-ocimenebromide was practically not

affected by addition of this substance.

This now completely proves

:

1. that both ocimene and myrcene are aliphatic terpenes.

2. that the dihydroproducts of these terpenes are identical.

From this it follows — and this is probably of more importance

still — that we may now deduce the structural formulae of ocimene

and myrcene from the obtained data.

As regards myrcene, owing to its connection with citral and

dipentene '), it was already fairly certain that, like all aliphatic

1) Power and Kleber, 1. c.
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terpenederivatives as yet known, it is a derivative of dimethyl-

2-6 octane

:

CH,

On account of the proved identity of tlic bromides, ociniene should

also possess this carbon skeleton. Now when we accept the correct-

ness of the hydrogenation principle of conjugate systems'):

\ / \ /
C = C — C==C +2H^H — C — C = C — C — H

/ I I \ / I
I \

it is, in the carbon branch formation of dimethyl 2— 6-octane, only

then possible for difTerent triënes to give identical diënes, when these

triënes possess the following conjugate systems :

H,
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C C —

C

c = c c —

c

y > // >

c c —

c

8 7

which has already been agreed to by Semmler on other grounds.

Which of the abov'e formulae, however, belongs to ocimene and

which to myrcene? A choice is only possible on the strength of other

data. As has been stated, Semmler had assigned to myrcene for-

mula II on account of the formation of succinic acid in the oxida-

tion. Independently of him and these considerations, I had constructed

for ocimene formula I as the result of my oxidation experiments,

but without attaching any value to this. A closer consideration of

the above formulae, coupled with the peculiar behaviour of ocimene

on heating, as observed by va.n Romburgh, led me to the discovery

of a fact, which rendered a choice possible with great certainty.

In one respect formula I differs characteristically from formula II

namely by the presence of the double link 5, which forms an

asymmetric system with the carbon atoms combined thereby and the

groups attached thereto, and so gives an opportunity for the existence

of a geometric isomerism. The transformation of ocimene into its

isomer led me to think that these two substances might be geome-

trically (stereo-) isomeric. Geometrical isomers are often readily con-

verted into each other on warming ; for instance, Wislicenls noticed the

transformation of the one bromobutylene into the other on distillation.

The hypothesis ad\anced by me was easy to verify for on hydro-

genation the same dihydro-ocimene ought to be formed from the

isomer as from the ocimene itself. This proved indeed to be the case.

The physical constants of these niaterials^were indeed identical as

is shown from I he following table :

sp. gr.15 nd.jj b.p. at 761 mM.
dihydro-ocimene 0,7792 1,4507 166°—168°

dihydro-isomere 0,7793 1,4516 167°—168°

whilst the original products exhibit strong ditferences as is shown
from the subjoined ')

:

sp. gr.,, nd. b.p. at 760 raM.

ocimene 0,8031 1,4857 172°,5

isomer 0,8133 1,5447 IBS''

') The constants of the isomer have been determined with the aid of a purer

preparation than those previously communicated. On heating ocimene some by-

products seem to be formed.
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With this I consider the identity of these hydro-products and the

geometrical isomerism of the terpenes as proved. The isomer of

ocimene 1 will call in future allo-ocimene. It is remarkable that

allo-ocimene deviates 6,31 from the theory of Brühl; its index of

refraction is also greater than that of the hydrocarbon and it has

also a strong dispersion power. This, as Brühl thinks ^), is perhaps

connected with the presence of a conjugate system of double links.

Provisionally, one should be careful in drawing conclusions as other

substances also exhibit such differences. Allo-ocimene is, however,

in this respect a unicum in organic chemistry. Dihydro-ocimene on

the other hand exhibits the correct refraction. The deduced geo-

metrically isomerism was also veiy much supported by the behaviour

of the isomer towards a mixture of sulphuric and glacial acetic acid.

AVhilst ocimene remains for the greater pai't unchanged and is, to

a small extent, converted into an alcohol, allo-ocimene is for the

greater part converted into a polymerisation product, whilst there

is left a small quantity of terpene, which proved to be nothing else

but ocimene. This typical difference between the two ocimenes is

perhaps connected with the particular tension which the ethylene

link may attain here. Possibly, at the moment this ethylene link

opens, the two connected atoms of three molecules combine to form

a cycle of six atoms; a substituted hexa-hydrobenzene derivative

-would then be formed; the polymerisation product would be this

-triterpene.

The regeneration of ocimene from allo-ocimene under the influence

of dilute acids renders the analogy complete with tiie isomerism of

fumaric and maleïnic acid. After what has been said, it is no longer

doubtful, that ocimene, which possesses the double link 5, is repre-

sented by formula I, whilst myrcene is represented by formula II,

which has now been deduced independently of the results of the

oxidation. But few instances of geometrical isomerism have been

noticed with hydrocarbons and this is the first known in the terpene

series. It seems to me not impossible that the absence of the cyclic

link has given nature the opportunity of forming a labile geometrical

•isomer ; it is remarkable, however, that this has taken place without

any admixture of allo-ocimene. I hesitate to pronounce just now an

opinion as. to the nature of that geometrical isomerism with ocimene

and allo-ocimene ; the following projection formulae seem to me the

most probable.

2) Ber. 38, 761 (1905).
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and investigated by myself '), was treated by me in this way ').

The greater half of the ocimene operated upon was recovered

unaltered while a small portion underwent polymerisation. At the

same time an alcohol was formed, the quantity of which was about

10% of the ocimene used. This alcohol was an agreeably smelling

liquid, which gave the following constants :

sp. gr.„ nd,5 B. p. at 10 mm. Mol. Refraction (M.R.)

0.901 1.1900 97° 49.22

(calculated for Ci„H„01= is: MR = 48.86)

The analysis had given the composition C,„HjgO.

Tills alcohol, probably an aliphatic terpene alcohol is, therefore,

formed by the addition of the elements of water to ocimene. In

properties it does not correspond with any of the already known

aliphatic terpene alcohols, as is shown by the following table:

B.p. at 10 mm.
116°

112°

99°

86°

On account of its formation from ocimene, I call this new alcohol

ocimenol. The investigation of this ocimenol is still of a provisional

character.

The beautifully crystallised phenylurethane, which I could prepare

from it in good yield, renders it possible to characterise and readily

investigate the alcohol. This urethane, when recrystallised from dilute

alcohol, forms white needle shaped crystals, which melt without

decomposition at 72°, whilst according to the analysis, it has the

composition Cj, H^ 0, N. I am still occupied with the regeneration

of ocimenol from its urethane and the closer investigation of these

substances ; however from the fair yield of this urethane, and the

absence of oily by-products, it seems that the product obtained from

ocimene is mainly a simple alcohol.

For me, the study of this alcohol was of particular importance

as I wanted to compare ocimene in this respect with myrcene.

Several investigators have been already occupied with the alcohol,
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which is formed from myrcene in the manner indicated ; tlieir state-

ments, liowever, are often diametrically opposed.

Power and K],eber'), who first prepared it, took it to be linaloöl

on account of its odour and the formation of citral on oxidation

with chromic acid. Barbier'') declared it to be a new alcohol; on

oxidation, he obtained no citral but another as yet unknown aldehyde.

From the results of the oxidations he deduced for this alcohol, which

he named myrcenol, a structural formula, which had been given

already by Tiemann and Semmler to linaloöl. Tn a further research

on linaloöl, he gave as his opinion ') that it was not a simple

alcohol, but a mixture, and also that its main constituent was not

optically active, a reason why he rejected the formula of T. and S.

Semmler''), however, looked upon myrcenol as a mixture already

partly converted into cyclic products, and upheld his linaloöl formula

against Barbier's objections.

I prepared the myrcenol according to the directions of Power and

Kleber. The greater part of the myrcene was recovered unaltered

(67o). a small portion polymerised whilst the alcohol had formed to

the amount of about 20°/„. For this alcohol distinguished from linaloiU

also by its intense, agreeable odour, I obtained the constants attributed

to it by Barbier, who, however, had a much langer quantity of the

alcohol at his disposal :

sp. gr.,5 ml,, Bp. at 10 mM. Mol. Refr.

myrcenol (^): 0,9032 1.4806 97—99° 48,44

(B): 0,9012 1.47787 99° 48,34

MR, calculated for C,„H,, 01== 48,16

My analyses also pointed to the composition Cm Hjj, 0. I do not

consider this alcohol to be perfectly pure as it has not got a quite

constant boiling point ; it seems still to contain a more volatile fraction.

Tiie closer investigation of this substance has, as stated, led to

dilferences of opinion. It seems to me that these have been caused

by the ditferent methods used. The formation of citral in the oxidation

in acid solution is no reliable test for the presence of linaloöl as it

may be yielded also by other alcohols. Barbier showed, however, that

on oxidation of myrcenol with chromic acid an aldehyde was formed,

having the same formula as citral, but not identical with the same.

He regenerated it, for instance, from its oxime, and obtained a

1) 1. c.

2) Bull. Soc. Ghem. [3], 25, 687 (1901).

3) Bull. Soc. Ghem. [3]. 25, 828 (1901).

*) Ber. 34, 3122 (1901).
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semicarbazone meltiner at 197°, whilst citralsemicarbazone melts

at 135°. Here we have a difïerence in the method of research.

Power and Kleber tested for citral by converting it into citrjl-

naphtocinchonic acid ; in tliis way a possibly formed ketone — I

presume myrcenol is a secondary alcohol — must have escaped their

notice, whilst a little citral thus detected may be simply a by-product.

On the other hand, semicarbazone, made use of by Barbier, is

according to others unfit for testing for citral. Barbier may have

obtained the semicarbazone from the eventually formed ketone, the

main product, whilst a little admixed citral may have given the

aldehyde reactions. Moreover Barbier's oxidations with permanganate

in aqueous solutions cannot be taken as decisive for the differen-

tiation of myrcenol and linaloöl ').

Instead of investigating the oxidation products of myrcenol, I have

prepared from the alcohol itself a crystallised derivative, in the form

of a phenyl-urethane, melting at 68°. The analysis again pointed to

the composition Cu H„ OjN. This urethane has been prepared in the

same manner as Walbaum and Hüthig ") prepared the phenyl-urethane

from linaloöl; the latter melts at 65°. By means of the phenyl-urethane

obtained from myrcenol, it could be decided very readily and distinctly,

that the alcohols, myrcenol and linaloöl, were totally different. The

mixture of racemic linaloolurethane and myrcenol-urethane melted

at 60''—62° ; the depression of the melting point sufficiently proves

the non-identity. The alcohol, which is characterised by the phenyl-

urethane melting at 68^, is also the main product of crude myrcenol.

I obtained from this a yield of nearly 60 pCt. of crystallised urethane
;

besides this alcohol, a little linaloöl may possibly be contained in

the myrcenol (the hydration product of myrcene) ; the formation of

some ' oily urethane in presence of the crystallised substance might

even point to this. The facts mentioned render it possible, however,

.

to decide the matter. By regenerating mj'rcenol from its urethane,

the properties of pure myrcenol may be ascertained. I am still engaged

with this. Of this alcohol, myrcenol, it may be stated that it is a

typical derivative of myrcene; its constants differ from those of

ocimenol, in the same manner as those of myrcene do from those

of ocimene; the tendency towards polymerisation of myrcenol is

still larger than that of mVrcene.

For ocimenol and myrcenol I devised provisional structural formulae'),

based on their formation from the terpenes ocimene and myrcene.

M Compare previous communication.

») Journ. f. prakt. Ghem. 67, 323 (1903).

') Dissertation, p. 73.
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I have not been able to obtain the above raceniic urethane of

linaloöl by mixing d- and /-linaloöl and preparing the urethane from

this raeemic linaloöl ; nothing but an oil was formed, which could

not be brought to crystallise. Still, from each oil separately (c/-cori-

androl and /-linaloöl, the latter obtained from Schimmel & Co.) I

obtained the urethanes at once crystalline. In order to obtain raeemic

urethane, I was obliged to mix these urethanes of d- and /-linaloöl

in the proportion of their optical activity. The latter, however, had

not been determined ; in fact it was doubtful whether they were

optically active at all. Wai.baum and HCthig, who desired to prove

in this manner the identity of linaloöl dei-ived from different ethereal

oils, have overlooked the fact, that alcohols of such varying optical

activity as those found with linaloöl (from 1° to 35°) could not yield

the same phenyl-urethane.

Raeemic urethane has generally quite another melting point than

the pure optically active substance. I was, therefore, obliged to fill

this void in their research. I found tliat the yield of crystallised

urethane, which only amounts to 157o, when one works according to

their directions (time of reaction one week), may be increased to

857o increase of the time to three months. The urethanes formed,

which all melt at 65° are optically active in proportion with the

optical activity of the alcohols started from. They consist of mixtures

of raeemic urethane (probably a raeemic compound) with the opti-

cally active component, which in a pure condition shows a rotation

of 23° 27' in a 200 mM. tube and has the m.p. 66°. The rotation

of pure optically active linaloöl under the same conditions may also

be calculated from this ; it then becomes 35° 27', whereas the highest

observed rotation of the natural substance amounts to 35° 14'.

This alcohol appears, thei-efore, to be very strongly subject to race-

misation, even in nature. By the facts stated it has, therefore, been

proved that linaloöl consists of a simple optically active terpene

alcohol ; the incorrectness of Barbier's formula for linaloöl and

myrcenol has been demonstrated, whilst the linaloöl formula of

TiEMANN and Semmler has received support.
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Physics. — "On the propagation of Ihjht in a biaxial crystal around

a centre of vibration." By H. B. A. Bockwinkel. (Commu-

nicated by Prof. H. A. Lokentz).

(Communicated in the Meeting of January 1906).

In the electromagnetic theory of light, it is of interest to determine

the electromagnetic field in a crystal due to an action, taking place

in a certain centre 0. In order to fix the ideas, we shall assume,

that in an element of space t at the point there are certain

periodic electromotive forces {E. M. F.). There will then be a radiation

of energy from in every direction, the amount of which will

depend on this direction with respect to that of the E. M. F.

and to those of the axes of electric symmetry. Our object is to

investigate this dependence, at least for points at a great distance

from 0. We might for this purpose use the results of Grünwald ')

;

this physicist however takes the equations in the form they assume

for a rigid elastic body and does not operate with an E. M. F. as

mentioned above; we shall therefore treat the problem independently.

Our method will consist in reducing the question to one of plane

waves, by using a formula, proved by Prof. Lorentz. In this formula

a continuous function of the coordinates is represented by an integral

over the solid angles of all cones having their vertices in and

filling the whole space. If the E. M. F. is €« then

r 1 d'iö

where dn is the element of a line of arbitrary direction within the

cone doi and 9B a vector given by

i> —
I
e« c^<7, (2)

the integral being taken over the plane, passing through the point

considered, perpendicularly to n. Hence, 5B depends on the coordi-

nates, but in such a way as to be constant in every plane perpen-

dicular to n. By (1) the original E. M. F. has now been decom-

posed into a great number of infinitely small vectors, the effect of

which can efisily be calculated, each of them being constant in

planes of a certain direction. Thus we determine the field, produced

by each of the elements of the integral (1) and then compose all

the fields obtained in this way into one resulting field, which.

1) J. Grünwald. Über die Ausbieitung der Wellenbewegungen in optisch zwei-

achsigen elastischen Median, Boltzmann Festschrift (1904), p. 518.
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according to the principle of superposition, will really be the one

produced bj the whole E. M. F. Each of the separate very small

fields will consist in a propagation of plane waves having the same

direction as the planes in which the corresponding element of the

E. M. F. is constant. The problem will therefore indeed be reduced

to one of plane waves.

§ 2. In order to find the small field, corresponding to a cone of

definite direction, we shall take a system of coordinates OX', OY',

OZ', the axis OZ' coinciding with the axis of the chosen cone and

OX', OY' respectively with the two directions of the dielectric

displacement, belonging to plane waves, normal to OZ'. The wave
that has its dielectric displacement along OX' will be called "the

first wave" ; the other "the second wave".

Again we take a system of coordinates OX, OY, OZ, the axes

of which coincide with the axes of electric symmetry. Denoting the

components of the electric force along the first axes by <£> , <?y ,
<$.,•

2t

and supposing all quantities to contain the factor e we have to

satisfy the following equations

ALf,. -^(jü-.(E-)=-^[a„(irv +e:o+f.,(«/ +(Ey)+euCS.' + el')]
I

A(Ev-^(<ia-.(i-)=-^ ^^(^V + e-^O+fssCS,/ +'^-y)+f3a(e-=' +S'')]

]

It will not give rise to any misunderstanding that we have denoted
' dm d^'B

here bv ^"^ the expression — —— -r-— .

The quantities e, occurring in these formulae, have particular

properties, because they relate to special directions. These properties

will show themselves in the following development. Since, according

to the preceding considerations, (§.' depends only upon z', we shall

find for ^ a solution, likewise containing only z'. By this hypothesis

the equations (3) become

(3)

(g.' + ev)+ e,, ((iy + S^O+^.eS.' + r,')]/ (4)
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§ 3. Tlie last equation of (4) shows, that there is no dielectric

displacement in the ::'-direction. Further it is evident from these

equations, that S"!- has no share in the disturbance of the state of the

aether at a distant point. Indeed, ^l' and S'y being zero, the equations

are satisfied by the solution

At the distant point (T"!' is zero, therefore S-' is so likewise. Electro-

motive forces acting within a layer bounded by two parallel planes

and directed perpendicularly to these planes, do not therefore

produce any disturbance of equilibrium at a distant point.

We eliminate S-- between the first and the third and between the

second and the third equation.

This gives

i>^=-?T- [(:' - t;:)
''" +''''+ 1'" - ^j •'- +

^-')J

Accoi'ding to what has already been said, these equations, if no

E. M. F. are acting, must have one solution in which €v is zero,

and another in which ^,y vanishes. This would follow from the

equations themselves, if we knew the above mentioned properties

of the quantities &, occurring in them. Conversely, we shall be able

to deduce these properties from the knowledge that the two solutions

must satisfy the equations. Indeed these solutions can only hold if

^ = - ^. [(-—)<-'"+ ^''
+ (•-a <*' + ^'>] •

and 2

where Fi» and V,/ are the velocities of the plane waves in the two

cases. By this the equations take the form

-^= (€.' + e), -^= (e,'+ev) . (5)

whereas the ^third equation of (4) gives €-' when 'S^' and (T^- are

known. We see from (5) that S^' depends only on @,f', and (5^' only

on fSy, further that both equations have the same form. We can
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tlierefore confine ourselves to considering only tiie lirst; in dt)ing

so we shall write V instead of I'^,- . We shall have to remember

however that after having found tiie result that is due to the A^'-com-

ponents of the E. M. F. we have still to add to this a second amount

given by the F'-component ; this amount can be written down at

once by analogy with the first.

^ 4. The general solution of the equation

ds" ï'^F'^
a ^ U

is given by

. 2;tj' ;' .2;r:' .2-nz' z' . 2^z'

g;^=— e

J
€v e dz — -^e

J
S^.' e dz . . (6)

The lower limit of these integrals is arbitrary, so that, as could

be expected, two arbitrary constants occur in the solution. It is

easily understood, that in the final result tliere will likewise be a

certain indefiniteness. Indeed botli a propagation towards and one from

will be contained in it. It is sufficient for our present pur[)ose to

consider only the first solution and in order to leave aside tlie second

we have to give completely definite values to the constants, as will

appear in the following manner. We consider the two planes perpen-

dicular to OZ', tangent to the boundary surface of the space r; let

these planes be determined by the equations

z' := — h^ aud z' z= h.^ .

Then, since <S« stands for

1 d'®— ^—- dio
,

8ji' Ös"

it will differ from zero between tiie planes and will be zero in tlie

space outside them. The first integral of (6) must vanish for

z'>K
and the second for

z' <-/>,.

This is only possible, if

9i< — 'h and

.9, > /'.•

For tiie rest g^ and g,^ may have any value satisfying these une-

qualities ; it is evident that the result of the integrations will always

be the same, if we take into account what has been said about the

51

Proceedings Royal Acad. Amsterdam. Vol. VIII.
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values of Q". We shall therefore put
</i
= —A, and tj^ = h,, so that

art:

<i.x'^=x—rrr;e I -^ e dz e I ^: e dzil)

- I'l Ih

§ 5. In etfeeting these integrations we have to distinguish whether

or no the point P, for which we intend to determine the state

of radiation, lies between the two just mentioned tangent planes. First

taking the latter case, the second integral of (7) is zero for positive

values of z', whereas in the first case we may take h, instead of

z' for the upper limit. Integration by parts gives

fö''By 'tv,, /9^ÏP.' "tv/ .2jt rdiS,- 'tv-,

J dz" I ös' / TVJ dz'

—hl —
/ii —Al

Now ö;« can only be represented by (1) if it is a continuous

function of the co-ordinates, but we may imagine nevertheless that

at the boundary of the space t, 5Ö and dB/öa' have arbitrarily

small values. These quantities may therefore be taken zero at the

boundary; as to 2P, this has already been done in the considerations

of the preceding paragraph. Hence the first term, given by the

integration by parts, vanishes; the second may again be integrated

by parts, so that finally

The exponential factor under the sign of integration may be

replaced by 1. Indeed, if a certain length /, of the same order of

magnitude as the linear dimensions of the space t is very small in

comparison with the wavelength >. of light, we may omit terms

T I

containing products of — and quantities of the order —
, Now

fi-

the integral taken over the portion of a plane z' = const, lying

within T. From this we infer

h,

C^^,.. dz' = fs-y dt

-h,

integrated over the volume t. We shall represent this integral by



J y '

-Al
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2'"^ If P lies outside these planes

a. For positive values of z

iit€,'x 'tv,
2 T' F'

b. For negative values of s'

inz'

_
,

i JT iili T ' tT,
ViV = e «to.

9 T' IT''

The Z'-component of the electric force consists of two parts, one

of which corresponds to Sy , the other to S',/. Having already omitted

the }"'-corap0nent, we shall take only the first part, €\'i, of the

2r'-component and add the second part 'S-'2 to the F'-component

afterwards. Then by tiie third equation of (4)

It appears tVoni this that outside the tangent planes @;' and Sj-

are connected with each other in the way they always are in the

case of plane waves. We may therefore represent the electric force

g ,

by if & is the angle between this vector and the corresponding
cos &

dielectric displacement in a system of plane waves. Finally we have

the following equations for the components of the electric force

along the axes of symmetry

g, 1= e ^ dvi,
2T'V'cos»

_ i.^€'r -^'i^ } (8)

^•» r= e aw,

,

2T'F»ro«^ ;

where «, ^ and y are the direction cosines of the electric force with

respect to the axes of symmetry. For negative values of z' the same

formulae will apply, provided that z' be replaced by — z'.

§ 7. In the preceding equations the symbols Sr, (Jy and S'^ were

used for the (small) electric force, produced by a single element of

the integral (1) in a point P, lying at a given distance r from the

origin 0. We have seen that the expression for this small electric

force took a diiferent form according to the point P lying or iiot
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lying between the before mentioned tangent planes. Now the direc-

tions for which P lies inside these j)lanes are those excluded by a

certain cone A', which may be detined as the locus of all normals to

another cone, having its vertex in P and tangent to the boundary

of the element of space t. On the other hand, all directions of wave

normals, for which /'' lies outside the tangent planes are included

by the cone K. It is clear that tliis cone will differ infinitely little

from the plane passing through <) |)erpeiHlicularly to OP.
We may tiierefore tind the total electric force by integrating the

right hand members of the equations (8) wiih respect to all direc-

tions lying within K and tlion adding to the result the quantity

obtained by integrating the expressions relating to the remaining

directions. In effecting the lirst integration we must replace z' by
— z' for negative values of z', according to the remark made at the

end of ^ 6. But we may as well Hunt the integration to half the

cone K multiplying the result by 2. Again, we may extend this

integration to the plane F ; indeed the right hand members of (8)

contain x as a factor, so that it does not matter, whether or no an

infinitely small solid angle is included in this integration.

It remains to consider the expressions

^x' ^= dot dio,
22''F" 2?''F'

^•--'1 = ^v- (l<^ + — -r^ dio ] —— ^y ,

8:x\ dz- ^ e„ dz- J f„ -^

'

which liave to be integrated over all directions outside the cone A'.

Now, from these expressions we get the components along the

axes of symmetry by multiplying them by finite factors. It is easily

seen that terms already containing tlie factor x may therefore be

omitted, so that we may write

£t' =^ dio,
2r'F'

^ 8. We shall resolve this last vector into two other vectors,

the components of the first being

^^=
2 v> v^ '

^'^'1 — ~ 7" ^'^'

'

and those of the second

<^V = 0,

1 /ö'iLv 6,,d-^aö;,.-\
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The first vector lias again the same dii'ection as the electric force

in plane waves whose normal coincides with the direction Ave are

considering; its components along the axes of symmetry are therefore

2 T' V' cos {>
' 2 T'V cos» ' 2 T^ V' cos »

Now 5Sa:' , is of the order P and tiie integration is to be effected

over a solid angle of the order /. Tims, confining onrselves to

directions in a single plane passing through OP, we may regard as

constants the quantities a, V and cos i>, assigning to them the values

they take in the plane F.

We determine an arbitrary direction in the plane passing through

OP by the angle S which it makes with OP and its azimuth /

with respect to a fixed plane also passing through OP. Then

dia = sin S d^ d'f^.

Now we have for the direction considered

S'''

the integral being extended to the portion inside t of a plane G,

passing through P jierpentlicularly to that direction. If q is the

normal drawn from towards G, we have

q =: r cos 5,

\dq\ ^ r sin S d^,

givmg

and

1
dio =: — \dq\ d-/^,

«' = 2^Jt^,-^'''/*''I'''!-

Here for each particular value of /> tbe latter integral is to be

extended to all values that can be given to S or q. Further

Tift,. \dq\ =. f\dq\ fe' da^C C(Sl'da\dq\,

whereas
do \dq\

'

is the element of volume of an infinitely small cylinder whose upper

and lower base are formed respectively by one of the surface

elements of G and of an infinitely' near plane G', the generating

lines of the cylinder being perpendicular to G. It follows from

this that
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(§\:da\d,

is the volume-integral of (S> , taken over tlie whole volume of t.

We have already written for this i)itegral Ql' r, denoting bv ^'y a

certain mean value (§ 5). Hence, the fi)'i>f. part of the components

of the electric force resulting from tiie integration with respect to

tlie directions outside the cone A', becomes

•" 2Th'J V'cos» ^ ' 22'VJ V'cos» ^

2t

= 1
-^-— d-/ (9)

22'Vj V\'os» ^ '

The second part results from a similar integration of the second

vector

Now it will appear further on, that we can onl}' determine the

exact value of those terms, in which tlie denominator contains the

first power of ). We may therefore contine ourselves to such terms

in the whole course of our calculations. The cone over which we
have to integrate being of the order l/r, we may omit terms, which

already contain r in tiie denominator. It will be evident thei;efore

that instead of

and

Ave may take the values of these quantities, corresponding to that

wave-normal, in the meridian plane passing through OP, which lies

at the same time in the plane F. If ch' is a line-element of that

wave-normal, we have to consider the integrals

I
—--— dz and I

——— dz'

J dz'^ J dz'^

which evidently are zero, yr being zei'O at the boundary of t. It

appears in this way that we need not at all consider the second vector.

^ 9. We now proceed to elfect the integration of the right hand

members of the equations (8) so far as is necessary in order to

obtain the terms with -. We shall lake the real parts of all expres-
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sions and represent hencefortli by 6 the whole electric force. Then,

t

if (§.<^ ziz bco«2,T— , we shall have
T

T^w^^-'i^i'-vy"' <""

integrated over all directions on that side of F where 2' has positive

values. We therefore obtain the resultant Inminous vibration in an

arbitrary point P as the sum of small vibrations, belonging to a

great number of systems of plane waves of all possible directions.

These vibrations differ from each other in amplitude and in phase,.

The changes of phase are determined by those of the quantity

TV'

Since TV means the wave-length in the crystal for the direction

considered and z' = r cos ?, the phase will vary very much by small

variations of S, i.e., of the direction of the wave system in question.

There is one direction for which

Jv
takes a maximum value. This is the direction of the wave-normal

OQ to Avhich OP corresponds as first ray. Indeed, z'/TV is

proportional to the time in which the vibrations of a certain wave-

system arrive at P and this time is really a maximum for the

system whose normal is OQ. We shall prove, that the resultant

vibration at P is the same as it would be, if we had only to do

with wave systems of this latter direction and of directions in the

immediate vicinity of it. To this effect we shall fix our attention

on an arbitrary normal ON, making an angle <J> with OQ, writing

i|j for the azimuth of the plane NOQ with respect to a fixed plane,

which passes tlirough OQ, and for which we might take the plane

POQ- We shall not however introduce t)> and $ as variables but tp and

u = — cos s,

V

if F"„ is the velocity of propagation of the plane wave, having OQ
for its normal. Further we put

2nt , 2jr/-
, . ^^^

, ,= h , = a , any = sin <J>
— da d\b ,

T TV, '' du
^

Then
2t/r n-ttbx'T ^ ö<J>

I sin ( qu — k) sin — du d\b , . . . (11)
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if Uo is the value of u for tlie direction OQ. Indeed the dii-ections for

wliich ?< = const, lie on a cone surrounding the line OQ, just because

M is a maximum for that line. We first integrate with respect to ip

and put

sm (p — dxp = J (it) (12)
-I T̂'Vcof» du

The result is

(5j :=
j ƒ (m) sin (gu — h) (Jti (13)

^ 10. An integral such as (13) has already been considered by

KiRCHHOFF. For great values of g it approaches nniformly to zero

and at infinity it may be represented by a development of the form

a, a.-+^+ ...
9 9

It is only the coefficient a, that can be found. Ijitegration by parts

of the integral gives

I / {u) sin (gu — h) du = 1 1- . . (14)
J ' '

9 9"

"0

The first term, taken by itself, gives a sufficiently exact result for

points P, lying at distances r from 0, which are large in comparison

with the wavelength of light ; in the following development we have

in view only such points as satisfy this condition. We put therefore

/("o) COS {gu^—h) —f{o) COS h

ƒf{u) sin (gu— A) du ^

'

9
(14«)

We shall first consider the part

Now

f (0) cosh TV, ^ t rr 7iab,T , d<p= cos l:i-- I ——- sm $ —

-

Ig
2nr TJ |_T» V' cos 9- * du

d(cos$) d{cos^)

u =

bin (p —- = — . r—

,

du o(cos5) ou

du

ö(eo«S) ö(co«S)

so tliat for ?/ = or cos ? =
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sin -

du

'd{cos(py

d{cosi)

We iiiaj fiirlher deduce from the consideration of the spherical

triangle, defined by the directions OJSF, OQ and OP, that for m =
d(cos(p)

so that

and

f(0)cosh

2T
2nt r «b^'T

The real part of the expression (9), added to this result gives

exactly zero, so that, as we could have expected, there remains in

Qj: no term with only cos2ri</T. We need hardly add that this is

equally the case with ^'y and S^.

Finally we have to determine f{Uo)- Let us denote by 52 the

solid angle of a cone, formed by directions for which ti is constant,

then

dii <P^dtp (15)= du
I

sin

Now by (12) we have

and with a view to (15) we may write for this

•'^"^
T'V,'cos{hXduJu= u,

The solid angle dSi^ of an intinitely small cone with axis OQ may

be found in the following manner. We imagine the wave-surface ]V,

passing through P, and the polar surface 7^ of W with respect to

a sphere of radius unity. Then the point corresponding to P will be

the point of intersection Q oi OQ and R, Further we take a point

P' on OP prolonged, close to P and describe from P' the cone

tangent to W. The normals drawn from to this cone will lie on

a second cone and this is the locus of all directions for which u

has the constant value
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OP
cos d-„

OP'

Tlie infinitely small cone of normals will intersect R in a curve

lying in a plane, normal to OP; the plane touching R at the point

Q is also normal to OP. Let these last two planes, which are

therefore parallel, cut OP in S' and S. Then

0SX0P=\ OS' X OP' = 1 ,

and
u= OS' .OP cos &„

du, = — SS' . OP cos d-„ .

Further
cos d'.

d£i, = ——° da ,

if do is the infinitely small surface of the just mentioned plane curve.

But we have also

da =^ 2,T l/pd q'o SS'

if Q^ and q'„ are the two principal radii of curvature of R at the

point Q. Combining the obtained equations we find therefore

,duju = u,~ OQ'OP '

1

or since OP = r and --— = OP cos &^ ^= r cos 9^„

/'d£i\-— = — 2jir 1/ Q, q', cos' », .

so that

g T'V^' cos &„ 2,iir

T\ pj

or by (13) and (14)

fj
J %

if ^j„ is the velocity of propagation of the ray OP, as it is defined

for ^>/ane waves. Thus tlie electric force appears to have the same

direction as it has for plane waves whose corresponding rays coincide

with OP. Its magnitude is given by

u IV, r t/g;:^'' CO. &,
^^^

2a r_^\
1- r„' T V Po J

^11. We must add to this a second vibration which may be

obtained by the composition of all wave systems due to the y'-com-

ponents of the infinitely small vet-tors into which the original

E. M. F. has been divided. It is this action we lia\'e left aside in
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§ 3 ; the total electric force produced by it is given by

if we distinguish by the index J the quantities corresponding to the

second plane wave for which OP is the direction of the ray. The

magnetic force too has in both cases the ordinary direction and may

be derived from the electric force by multiplying respectively by

C C cos &„ C C cos Ö',

so that the flow of energy is given by

or

n" c' b»,/, t' p, p', cos' », 2a f r\
-I

'^ ^^-^ -' cos^ — t
I

.

^ T*F/ 2'V pj
The mean flow of energy per unit time is therefore

71' c'r bV„T'p„p'„ cos' -^^ t>V„ t' p. p>os' J», 1
2T*\_ F„'

"^
F,' J'

The amount of energy travelling outwards in directions lying

within the cone of rays do' , is

r' ® do.

We may finally observe that the cone of corresponding wave-

normals has a solid angle

do =: Q q' cos' & . r" do'

so that the total amount of energy radiating from the centre may

be represented by the integral

2T*J\V^.' ^ F/ J

It is only in the case of uniaxial crystals that this integral can

be further calculated.

Geology. — "On brackish and fresh ïoater deposits of the river Silat

in Western-Borneo." By Prof. K. Martin.

(This communication will not be published in these Proceedings).

(March 22, 1906).
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J. K. Veuschaffklt: "Contiibutions to the kDOwledge of van der Waals' i-suiface. X. On

the possibility of predicting the properties of nii.\tiircs from those of tlie components". (Com-
municated by Prof. H. Kameri.isgii Oxxes), p. "43. (With one plate).

J. E. Versciiaffelt: '-Appendi-x to the communications published in the meetings of June 28,

September 1902 and October 31, 1903", p. 752.

P. II. ScHOfTE: ''A particular series of quadratic surfaces with eight connnon points and
eight common tangential planes", p. 754.

W. UE SiTTEK: "On the orbital planes of Jupiter's satellites". (Communicated by Prof.

J. G. Kaptetn), p. 767.

Physics. — "Contrihution.t to the knomkch/c of van der Waals'

tp-sur/ace. A'. On the ])Ossihility of predicting the properties

of mivtures from those of the components." By Dr. J. E.

Versch.vffelt. Supplement no. 11 to the Coraniunications from

(he Physical Laboratorv at Leiden. (Communicated by Prof.

II. Kamerlingh Onxes).

(Communicated in tlie meeting of .January 27, lOOli).

1. In the following pages I intend to show that the original

equation of van der Waals

RT rt^.

^-.:^-^ (^)

where is put

«X = rt„ (!-.')' + 2 ('„ .r (!-,*) + «,, x

and where also are made the simplified suppositions
')

(2)

') Comp. Kamerlingh O.nnes and Zakrzewski, Suppl. no. 8, Proc. Sept. 24,

1904, p. 227.

52

Proceedings Royal Acad. Amsterdam. Vol. VIII.
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«„ = l/«,,a,, . '->, = U/'u + ^.) .... (3)

represents pretty -well the special pi'operties of mixtures. In cases

where Ave have no oljservations of mixtures of two substances,

the fornnihxe given above will probably enable us to predict the

properties of the mixtures of those two substances by means of the

a's and b's — i.e. the critical elements — of the components; this

circumstance might be of some use in the choice of substances

whenever one wishes to observe detinite iihenomena in mixtures.

From formulae (1) and (3) we derive the formulae:

T,k Toic Til= (1— .r) -| ;

V'p.ik V'pok V'plk

T,:h Tok Txk= (1— .P) H .

Pxh POk 'P\k

(4)

which express how the critical elements Tj-k and />jjt of the mixture

taken as homogeneous depend on the composition ; from these formulae

also follows, as we know, a linear variation of the critical volume

Vxk- That the second of the formulae (4) agrees well with the obser-

vations has been shown by van dek Waals '). As to the course of

Vxk, tlie curve denoting the variation of tiiat quantity with x not

only deviates considerably froui a straight line ") (Verschafkelt

and Keesom derive even ïvrnn liieir experimeuts a inaxiuium for

Vj-k) but also the quadratic formula caimot be lirought to harmonize

with the observations ").

Not too much importance should be attached to this deviation of a

quantity so closely connected with J)*); of higher import it seemed

to me to investigate in how far the formulae (4) accurately represent

the critical temperatures and pressures, as in connection with the

law of corresponding states, of which the approximate validity may

be considered to be established, these quantities entirely determine

the conduct of a mixture. But also here, of course, we should not

strain our expectations too high.

2. First I have computed from formulae (4) the values of the

quantities

:

I) Proceedings Nov. 1897.

-} Comp. Kamerlingh Onnes and Reinc;.\num. Comm. no. 59/^, Proc. Sept. 2y, 190U;

Brinkman, Tliesis for the doctorate, Amsterdam 1904, p. 73.

*) Ibidem; comp. also Verschaffelt, Comm, Suppl. N". 5.

*) For the possible causes of' that deviation comp. Brinkman, loc, cit., p. 75.
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Tok \ d.c J, 7'o/, 1/ r

/>oit V f^*' yo ï'ot Vk pit pit/

\k Tolcplk

(5)

iiaiuelv for tliose mixtures for which tlie a and /? had been already

derived from tiie observations by the application of the law of cor-

responding states. The computed values are given in the following

table; the values in brackets follow from the ojjservations.

CO, with CH3CI « =r 0,363 (0,378) /J=— 0,149 (0,088)

CH3CI with CO, —0,270 (—0,221) 0,068(0,281)

CO, with H, —0,978 (—1,219) — 0,439 (— 1,645)

CO, with 0, — 0,513 (— 0,6563) — 0,242 (— 1,0871)

Of principal importance are here the signs of the « and i?, and

in tills respect there is a good agreement, when we except the jJ for

CO, with CH,C1; I must remark, however, that from the experiments

of Kkixkman a negative /? is derived for this mixture ').

3. With the derived values of u and ^ we now, using the formulae

constructed by Keksom and me, might compute the quantities

fdTy^l\ fdp,pi\
I
—-— I, I

—— 1 and others ; but as our principal concern is the

signs of those quantities, it is supertiuous to perform tliese com-

putations. In fact, we immediately obtain a survey of the pro-

perties of the mi.xtures with a small proportion of one of the

components when we draw the values of « and ji as I have done

before ") ; this time of course in a diagram, based no longer on the

empirical equation of state used then, but on equation (1). It is

still easier, by means of the formulae given in Comm. Suppl. n°. 5

(Proceedings May 30, 1903) to exjiress the « and ^ in Korteweg's ')

X and 7, and then to use his diagram which, as is known, is

based on the original equation of state. Thus we find that the points

(«, f})
— or (x, y) — lie exactly in the fields which correspond to the

properties of the mixtures ; here also, therefore, the investigation has

a favourable result.

4. I shall now communicate some computed values of 7*3:^ and ^j^rit

for the mixtures under consideration, and compare them with the

values derived from the observations. (See following table).

1) Loc. cit., p. 73; comp. also the table on the following page.

S) Comm. Suppl. no. 6, Proc. 30 May 1903.

'^) Proc 3J Jan. 1003.

52*
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very strongly pronounced ; tlicreforo I Inive invcsliu.atr'd wlietlier

perliaps the compulation liad predicted it for mixtures of' N^O and

CjHg, for whicli tiie minimum critical temperature is probably much
lower than that of the components. I really find on the side of ethane,

the component with the lowest critical temperature, « = — (),(>19,

hence a negative \alue, which I'eiidei's (he existence of a minimum
oi'itical temjiei-ature necessary.

5. After having shown by means of these few instances the

usefulness of formulae (4) for our purpose, I shall now closely

examine the course of the critical lines, in order thence lo deduce

•which conditions must be fullilled by the critical elements of the

components, in order that the mixtures may show definite phenomena.

The shapes of these curves in the /y7' diagram have been deduced

by v.\x DER W.\ALS from formulae (1) and (2) ') with the single

simplification f>i, = h i^n -\- ^i,)- What we shall find here will there-

fore be a special case of the more general forms found by van dek

Waals, namely the transition between the two cases a'^,'^ a^^ a,^

and '>\., <C "ii "21' investigated by him.

J xlc Pxk
If we put T rr: —— and jt =— and moreover introduce the new

-' oh. Pok

variable : = V'^jt, we may in our case write the e(piation of the

critical line:

c'r, (1/^,-1 )-.T(.-r,-r,) + r(.T,-T, J/;'r,) = 0. . . (6)

In the :x diagram therefore the critical line is a portion of a

hyperbola (see lig. 1), except when rrj =z r,, for then it is a portion

of a parabola (represented in fig. 1 by OAB; a straight line in the

^^y diagram), and when jTj := 1 or K-t, = t,, for then it is a

straiglit line {CD and OE).

In our drawing (fig. 1) one of the components always lies at the

point ^1, and we see that the form of the critical line is only deter-

mined bv the relations — and — . Besides, when we move the
Tok Pole

second component along one of the critical lines, the shape of that

line remains unchanged. ")

Fig. 1 therefore rejn-esents the forms which the critical line can

adopt in our case. In order to show that the observed forms agree

with these in a satisfactory way, I ha\e drawn in the same figure

'i the critical lines derived from the observations. The lines for

1) Versl. Kon. Akad. Nov, 1897.

-) As VAN DEW Waals; (laci cit,) has renwrkcd in general.
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mixtures of COj with CH, Cl and of H Cl with C, Hj are drawn

twice in it, one time with the one component, the other time with the

other component at A. Of the lines for mixtures of carbon dioxide

with hydrogen or oxygen we could draw only a small portion in

the neighbourhood of carbon dioxide (point A).

These critical lines til into the system of cur\es in a satisfactory

way, except the line CO^—0„. Also the beginning of the line

CO,—Hj fits well into the diagram, but its further portion, if it is

to terminate at the point H^, cannot liut deviate strongly from it.

6. The drawing of fig. 1 enables us also to determine how we
must choose the pure mixtures in order that the mixtures may
jiossess definite properties. ' Van der Waals (loc. cit.) has pointed

out the circumstance that the course of the critical lines (even when

<^'ij '^ ^u ^23 ) excludes the existence of a maximum critical tempe-

rature or of a maximum or minimum critical pressure. Yet mixtures

occur which show ') a minimum critical temperature, and in our

case we find as conditions for its existence ')

:

jr, + T, > 2 Ti 1/:Ti and also > 2 y/:r,.

The area, within which the second component must lie, if the

critical temperature is to reach a minimum for one of tiie mixtures,

is therefore bounded by the two curves

and
2.-—

1

represented in fig. 1 by OAF and GAH respectively. The first

line is one of the critical lines, namely that which has a vertical

tangent at a; the other contains all the points of the critical lines

where the tangent is vertical. It may be easily seen that the second

component must lie between those two curves, i. e. in the fields 2

and 3. On tiie strength of this we may predict that in general a

minimum critical temperature will be observed when tlie critical

') Tiie elements of the mixture for whicli the critical temperature is minimum,

are here determined by :

n-,— T, j/jTi (j/jr,— l)(jr,— T, l/.-T,)

'V,nt = y'^i
{jt, +Tj— 2tj yji,)

^) The general conditions for the existence of a minimum critical temperature

are given in llie Molecular Theory of van per Waals.
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tciiiponitiires of tho roiiipniieiits difrer little and the ciilical pressures

dilfer relatively much. It is known that experience confirms this

conclusion.

7. Now 1 shall try to find how the snhstances must be chosen

in order tliat one of the mixtures near the critical circumstances may

sliow a maximum — or a minimum — vapour pressure. At the critical

l)oint (at the same time plaitpoint) of that mixture we then have,

l\k dpJ I: /op"
alou"- the critical line, -—-= ^-

As we ha\'e based our speculations on the original equation of

state of VAN DF.R Waat.s, we must, strictlv taken, use for (
--

)

VötA
the value which follows from this eipiatiou, i.e. 4. Thus we find')

that the area within which the seconil component must lie, is

i)Ouuded by the curves :

T = A (3.' — ;») and r = -^— , ')

represented by OAl and KAL respectively in fig. J. KAL is again

the critical line which sliows at the point .1 itself the property

mentioned above, while (>A[ combines all the points where :^ 4
n (It

or rz— = '2. The second component must be situated between these
at

two lines, namely in field 3 or 4.

We may repeat that in order to observe the property under con-

sideration, the pure substances must be chosen so that the critical

temperatures differ little, but the values of the critical pressures

differ relatively miu-h ; ho\vevei-, the component with the higher

critical temperature must also have the higher critical pressure').

1) The elements of tlie mixture, uf which tiie vapour pressure is maximum
or minimum, are given by

_ 2jt, t/jTi+ T, t/.T,— 3t,jr^ _ Jr,—T
,
(/jTj

_ 9 (1/.T.-1)K-T. l/^,)

^) The general conditions for the existence of a maximum or a minimum vapour

pressure have been derived by van der Waals (Versl. Kon. Ak. 1895/9G).

My quotation of van Laar in the Dutch edition (same note) resulted from a
misunderstanding.

3) The latter does not always hold good, as for instance with mixtures of

UOj and C^Ho (Kuenen, Zeilschr, f. physik, Ghem., 24, 081, 1897).
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Hence ;v iiiinimum critical temperature and a uiaximnni xapoiir

pressure are two phenomena wliicli as a rule occur together, but

not necessarily ; this is only the case in field 3.

From fig. 1 it appears that, according to our reasoning, only

a maximum vapour pressure is possible
;
yet we know that there

are mixtures which show a minimum \'apour pressure, and it has

been proved by Kuenen ^) that this phenomenon occurs even under

the critical circumstances. Here it seems that there is a fundamental

deviation from the observation. Nevertheless it is remarkable that

the mixtures which show a minimum vapour pressure are always

of such kind that at least one of the components is an anomalous

substance^); so that there is reason to suppose that with mixtures

of normal substances a minimum \ apour pressure never occurs ; and

our speculations, Avhich are based on the law of corresponding states,

are applicable to normal substances only.

8. Starting from the same suppositions as set fortli here, van Laar ')

has found an accurate expression for the projection of the plaitpoint

line on the ni'-plane. I have tried to derive from this the equation

of the plaitpoint line in the pT— hence also in the ct — diagram^;,

but without success. Without therefore occupying myself further with

the general form which the plaitpoint line in our case takes in the zr-

diagram, 1 shall investigate a few points, namely the occurrence of

a maximum or a minimum [)laitpoint temperature, and that of a maxi-

mum or a minimum plaitpoint pressure.

According to Keesom's ') formulae (2^/) and (2/y) we have

1 /(WruA Ti , 1

Pok\ d.v J„ JTj-

d]\j,i (ITj-pi

Hence follows that the boundarv between —--~>0 and —^<'Ois
(Lc ax

formed bv the cur\e

:

1) Arch. Need., (2), 5, .300, 1900 (Livrc jubilairo de H. A. Lorentz).

2) For the bibliography of this cf. Hartman, Thesis for the doctorate, page 84,

Leiden 1899.

') Proceedings April 2:2, 1905. '

*) By eliminating x and V between the equation of the rx projection of the

plaitpoint line, the equation of the spinodal surface (van Laar's formula Ö, loc.

i:it.), and the equation of stale,

''i Uommuuicalion no, 75, Proceedings Dec. 28, 190],
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represented in fig. 2 by the branches 7L1C' and OD, to the left of

it —— <^ 0, to the right > 0. If in consequence we talve .1 as tlie

dx

component with the lower critical temperature, in other words : if

we put Tj ^ 1, there must be a minimum plaitpoint temperature

when the second component lies in the area AGCABDHA ; in

general this will again occur when the critical temperatures dift'er

little, whereas the critical pressures difler much'). This does not

prove, however, that there may not be other circumstances for which

tlie plaitpoint temperature reaches a minimum.

If on the other hand we take ^4 as a component witli the higlier

critical temperature, there must be a maximum plaitpoint tem[)erature

when the second component lies in the area OHK. ') Neither liere

is it proved that the phenomenon is restricted to that area.

9. The boundary between '^^ > and ''''''' < is formed bv the
dx (I.

I'

curve

T^ (3._1^^ _ 2tc' (ör-1) + 4c' = 0,

represented in tig. 2 bv EAF; —-^ is negative wiihiii lluU line and
dx

positive beyond it. Whence follows that a minimum plaitijoiul pres-

sure is impossible, at least iillle prolial)le, while a maximum |plail-

poiut pressure must occur when the second component lies wilhin

the area ALEAFr OMA; this will therefore in general be the

case when the critical temperatures difler much, which is confirmed by

experiment.

10. Finally, in order to show by means of an example that (he

suppositions whence we started in the main represent precisely the

') Cf. also VAN Laar, loc. cit., p. öS5.

-) This is again the same condition as for the existence of a minimum critical

1 CdT^„i\ 1 dl'i
temperature; but as -;— I

'— = a + —; ((3 — 4z)-, —~~ may be positive with
J^ok\ dx yg lb dx

negative x, in other words: a minimum plaitpoint temperature requires a minimum

critical temperature, but not reversely. This may also be seen from fig. ^, where

I have once more drawn the line GAH of fig. 1 (doited line).

*) An instance of this is probably not to be found,
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course of (lie plaitpoinl oleiiicuts, I shall f;ivc here the results of a

coinputatiou uhicii 1 have executed for CO^ and ll,.

.V = (pure COJ T,,,i = 304,1 />,./,/ = 72,9

0,1 295,8 90,8

0,2 287,4 108,7

0,3 274,8 124,8

0,4 2(50,4 140,0

0,5 244,3 153,9

0,6 222,1 162,9

0,7 " 194,0 164,5

0,8 157,0 152,5

0,9 108,8 115,2

,i- = l (pure HJ 38,5 20

The course of the jtlaitpoint line resulting from tiiis agrees with

fig. 9, plate I of Hartman's Thesis for the doctorate ; in reality,

however, the maximum of the plaitpoint pressure will lie much higher.

Physics. — "Appendix to Communication N". 81". (Proceedings

June 28 and September 27, 1902) and Supplement N". 7

(Proceedings Oct. 31, 1903). By Dr. .J. E. Verschaffelt.

Supplement N". 12 to the Communications of the Physical

Laboratory at Leiden. (Communicated by Prof. H. Kameri.ingh

Onnes).

(Communicated in the meeting of January 'il , 1906).

In the expression which 1 have given before (Comm. N". 81 and

also Suppl. N". 7) for the function i|' in the neighbourhood of the

plaitpoint an inaccuracy has remained. I have found that I iiave

neglected therein more than a mere linear function of .c.

If we write:

V

*=ƒ;pdv -\- tpj','

where T' represents a very large volume, then i|'(- is the free energy

in the perfect gaseous state, with the exception of an error which

will bv smaller as V itself becomes larger, and which vanishes

when we put T^oc.
Tlie first term of i|', wiiich depends on v, may be dissolved in the

following way

;



I
p dv =

I
/i dv

-f- I
p di\

V

Tlie first pari I have developed before, and X ^= \ p dv—ET lo(f V

''fk

(
y= co) is the .i'-function wliich has tlien been wrongly left out of

account. Tiiis function cannot be developed in the same manner as

the first integral, because the series used for that is no longer con-

vergent for large volumes; we must therefore turn to Kamerlingh

Onnes' empirical equation of state.

When this equation of state is written in a reduced form, it also

represents the reduced equation of the isothermal of the mixture .c,

at (he reduced temperature t ^— , so that

V

I

pdr = />.,i- i\iA \>dü =
I'rt i-'TIc

Hence the neglected ,r-function is:

\— — RT% vTh + — — + i T7 ~\ 1-

7? VTk ^ V Tk

and this may be developed again:

X :=: X„ -f X, (,. - XTk) + X, {., - .VTkY +
\vhere the co-etllicients A',, X^, A', etc. are still functions of tempe-

rature. Fortunately the neglection of that function X has not influenced

the results in first approximation ; however in the formulae 4, 5,

12 and 13 of suppl. N". 7 we have to add 2 A', to the fiictor

RT
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Mathematics. — "A yitrllculur si-j'ics a f qundnitic .^itrfdces irith

eiijht coiuiHon i>ouits nad c/if/it cunnnoii Imuji'iitidl planes."

By Prof. P. H. ScirouTE.

1. "In our space are given a fixed line and four projeetively

related plane pencils of rays. To ite found the common transversals

of the fixed line and a set of four corresponding rays."

Notation '). We indicate the fixed line by /", the vertices and

planes of fiie pencils of rays by 0^,0^,0^,0^ and «,,«,,«3,0^,

four corresponding rays and their two transversals by ?^, I„ /,, /,

and /, /', the pencils of rays themselves by (/,), (/,), (/,), (/,) and the

pairs of points of intersection of /,
/' with each of the rays /,, /,, /,, /^ by

{S„ S\), iS,, S\), {S„ S\), {S„ S\). Farther the symbols /„„ /,„ .... I,„

may represent the lines of intersection of the pairs of planes

(«1. «,), («1. O3)- («3. «J-

2. The order of the locus of the pair of transversals /,
/' is easy

to deduct from its section with «j, which consists of two parts : the

locus [{Si, aS/)] of the pair of points (<Si, 5/) and some generating

transversals. Each ray /, of the pencil (/j) containing a single pair

of points (5i, jS'j'), the locus [{S^, *?/)] is an hyperelliptic curve the

order of which exceeds the number of times a transversal passes

through (>i by tsvo. Now three transversals pass through (1),. By pro-

jecting the pencils (/,), (/j) out of (>, on «^ we find namely in «^ three

projeetively related pencils (/'J, I\), (/J and now three times three cor-

responding rays /'„ l\, I^ pass through one and the same point, the

conies generated by the pairs [f/'J, (/j] and [(/',), (/j] having besides

O^ three more points in common. So the locus [{S^, S\)] is a curve

c'l' of order five having in 0^ a threefold point ; its genus is three.

Now that three transversals pass through Oi there must be according

to the principle of duality also three generating transversals in «j.

And indeed, the pencils (/j), (/b), (0 tlo describe on the lines Z,,,, /j,,,

/,,,, three projeetively related series of points {A,),{A^),{A^) where

three times three cori'esponding points A^, A^, A^ lie on the same

right line a, the conies generated by the pairs [{A^), {A J] and [(^4,), {A^)]

possessing three more common tangents besides /j.^. So the total section

of (t, with the locus of the pair of transversals /,
/' is a system of

order eight and this locus itself a scroll 0" with a nodal curve of

order eighteen. The order of the nodal curve ensues even from the

fact that the surface C" must correspond in genus to c/ ; moreover

1) For Udtution and reasoning seq a former communicnliüll.
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tlie eighteen points of intersection of tiic curve witli «, are easy to

indicate.

The obtained surface '">" is intersected bv the given Hnc /" in eight

points. So in general tliere are eight lines resting on I" and on four

corresponding rays I^, /,, I^, I,.

3. In the preceding we have assumed that four coi'responding

rays /;, 4, /„, /, always admit of two common transversals, not

taking into account the possibility that four corresponding rays

have an hyperboloidic position. In the general case this singularity

does not occur ; for the condition that four lines are situated hyper-

boloidically is a threefold one and the number of corresponding

quadruplets of rays is only slnyly infinite. However, this does not

prevent a proper selection of the data from leading to projectively related

pencils with a quadruplet of coi'responding rays lying hyperboloidi-

cally ; to this end we have but to assume the points 0^, 0^. (>,, 0^

on four hyperboloidic lines /'j, /%, /'j, /', and the planes «,, «j, «,, «,

through these same lines, and to fix the projective correspondence in

such a wa}' that these four lines correspond.

If the case of four hyperboloidic rays l\, l\, I\, l\ really occurs,

tiie scroll 0"^ of the lines intersecting these four rays belongs to the

locus under consideration; we have thus further to investigate whether

this 0'' joins the surface 0' of the general case or Avhether this

surface breaks up in this special case into the surface (P and a

completing surface 0\ At the outset only the first possibility occurred

to me and I contented myself with developing grounds why this

ele\ation of the order of the locus from eight to ten need not really

clash with the wellkwown principle of the conservation of the number ').

Ajthougli at first sight it seems rather absurd that the infinitesimal

small difference between four nearly and four perfecthj hyperboloidic

rays should rule the locus obtained by means of the remaining

quadruplets so as to let us find in the first case an O" and in the second

an 0\ yet as will be i»roved directly the second of the two sup-

positions mentioned above is the right one, not the tii-st ; so in that

sense this paper has had to be modified.

The surface Ö' of the common trans\'ersals of any hyperboloidic

quadruplet l\, l\, l\, l\ contains these lines and so it must admit

of a transversal through each of the vertices O^, O^, 0^, 0^ and in

each of the planes «„ a^, «,, «,. The deduction of the order of the

locus 0" has shown that through each of the four points three

1) See for this a corresponding case of ajiparent contradiclion in my "Mehrdimen-
slonale Geometrie", vol. I, page 2U3.
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transversals pass and likewise tliere are three in eaci) of the four

planes «. Hence the question, whetlier besides the scroll 0' a surface

0' or a surface 0° presents itself, can be decided by the fact whether

the four generators through the points and the four generators

in the planes « are common to the two parts of the locus or not.

Now, as a matter of fact, those two parts can have but two gene-

rators in common, viz. those two common transversals of /'j, /',,/',, /',

joining the preceding pairs of transversals and the following of tlie

adjacent quadruplets. So the eight indicated transversals oï I\, l\, l\, l\

are not situated on the other part of the locus and consequently the

latter is cut by each of the planes «,- according to a curve c^ with

a node in Oi and two right lines ; so the remaining part is a surface

0' with a nodal curve of order nine. For the scroll 0^ of genus

three appears instead a combination of a regulus 0' and a scroll 0'

of genus one cutting each other in two right lines and a twisted

curve of order ten.

From the preceding follows immediately what will happen when

the singularity of the hyperboloidic quadruplet presents itself more

than once. If two of those particular quadruplets are at hand 0^

breaks up into three parts, two quadratic reguli and a scroll 0*

with a twisted cubic as nodal curve ; so the latter principal com-

ponent part of the locus is of genus zero and has Avith each of the

two quadratic surfaces two generating transversals and a twisted

curve of order six in common. If the projectively related pencils

contain three hyperboloidic quadruplets 0" breaks up into four

quadratic reguli, three of which answer to these quadruplets whilst

the fourth, really the locus, is supplied by all the remaining qua-

druplets ; tlie latter surface is intersected by each of the others

according to the edges of a skew quadi-ilateral, whilst these three

intersect each other in general according to twisted curves of order

four. And if there are four hyperboloidic quadruplets, as will

appear later on, all quadruplets are situated hyperboloidically; then

the case presents itself where the order of the locus, so far always

eight, becomes infinite.

4. The following simple example will show that it is not difficult

to choose the data so as to allow each quadruplet of corresponding

rays to lie hyperboloidically.

We imagine the four pencils (/,), (/,), (/j), (/J situated in the four

sides of a cube (tig. 1), we assume the vertices O^, 0^, 0,, C\ of

the pencils in the centres of these sides and we allow those rays

A' ^i' 4. ^i tx) correspond which form the same angle (f with their
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projections on the plane tlirougli the four vertices wiien one keeps

in the same direction. To each quadruplet of corresponding rays

belongs a hvperholoid of revolution with OZ for axis and circle

OJ\OtO, as minimal circle ("cerclc de gorge"), whilst the hyper-

boloids of revolution belonging to the various values of y, touching

each other according to that circle, form a tangential pencil as well

as an ordinary one. Each of those surfaces presents itself twice as

bearer of two reguli corresponding to two supplementary values

of <f. In this case is a rule what was an exception above ; here

the number to be found is infinite, as two lines satisfying the con-

ditions pass through each point of/°, the two generators of the surface

of this peculiar pencil passing through this point. Indeed, the case

of an infinite number of solutions makes its appearance even as

soon as there is only one hyperboloidic quadruplet and 1° is at the

same time director ray of the regulus determined by this quadruplet

as director rays ; then through each point of I' passes only one

line satisfying the question.

To simplify the representation the preceding particular case has

been talcen on purpose as regularly as possible. Tiie principal thing

is what the figure retains after a projective transformation, that

namely the vertices 0^, 0,, 0„ O^ lie in the same plane, that the

planes «j, «„ «,, «^ pass through the same point and that all quadratic

surfaces touch those planes in the vertices mentioned above ; the

regular situation of the four vertices on the common minimal

circle is of secondary impoi'tance.

This leads us to a new ([uestion, viz. whether it is impossible to find

four pi-ojecti\ely related pencils of rays where each quadruplet of
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corresponding rays luvs li_\ pcrboloidic position, the vertices not lying

in the same plane, the bearing planes not passing through the same

same point and those planes not being touched in tliose vertices by

all quadi-atic surfaces herewith generated. Analytically as well as

geometrically we can convince ourselves in a simple way of the

reverse.

With respect to a rectangular system of coordinates {XYZ) the

four pairs of equations.

y = p-v+
9

1
— y = p-e+ q

j

// = — />•* -\-q) — n — — p-'' -f q
|

represent four lines 1^,1^,1^, It with hyperboloidic position. For the

conditions under Avhich the surface

a,c' + Inf -\- cz^ = 1

contains one of those lines are

^ 4- ?,^;,^ + ,,^ ^ 0, hpq-^a'sz=zO, /y + ,>'=.!,

any of the four lines being taken. Now these lines /,, /,, /,, J^ hang

together in such a way, that by a rotation of 180°

rounil the axis OX ihe liues l^ and /, and likewise tlie lines /j and l^ pass into each olher.

.. „ „ OY ., „ h h - ., V k .. /4 , ,.

„ M :, OZ .,, ,. /, .. h .. ., ., : k .. h : ,. ., „

If now in a plane «, the line /, describes a pencil of rays with

0, as vertex, the lines 1^, 1^, 1^ will describe the pencils obtained by

making the pencil (/J undergo a rotation of 180° I'ound the axes

OX, OY, OZ, where the four vertices O^, 0„ 0„ 0, will not lie

in the same plane, and the bearing i)lanes will not pass through the

same point. And then is also excluded that the planes «j, «,,«,, «^ are

touched in 0^, 0^, 0,, 0^ by the generated quadratic surfaces. For two

quadratic surfaces touching each other in four points not situated in

one and the same plane coincide and the surfaces under consideration

do not.

Let us consider geometrically a more special case connected with

a ]-egular tetrahedron. We start from a cube and take (fig. 2) one

of the two groups of four not adjacent vertices A^A^A^A^ as vertices

of this tetrahedron. Then the faces A^A^A,, A^A^At, A^A,A^,AiA,A,

of this tetrahedron are the bearing planes «j, «,, «3, «,, the centres

of those equilateral triangles are the vertices O^, O^, (),, O^ of those

pencils. And the rays I^, I,, /, corresponding to an arbitrary ray I^

of the first pencil aic found again by a rotation of 180° round

the lines OX, OY, OZ through the centre of the cube parallel

to the edges of the cube, which are at the same time the connecting

lines EE' , FF', GO' of centres of pairs of opposite edges of the
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Fig. 2

tetrahedron. From a simple inspection of the figure appears that

the three points, in which any of the faces of the tetraiiedron is cut

by the corresponding three rays lying in the other faces, are situated

on the second asymptote of the hyperbola passing through the three

vertices of that face and having the fourth corresponding ray lying

in that face as an asymptote. So this ensues inter alia for the face

^'1,^4,J^ from the three relations

:

A,C, = i\A, , A,D,^I),A, , A,B, = B,A,.

So already four lines rest on /j, 4, /,, I,, namely one in each face,

which pro\es that the lines h, /,, l„ /^ have hyperboloidic position.

6. We leave our oi'iginal problem for an other moment in order

to investigate first the series of quadratic surfaces furnished in the

last special case under consideration by the quadruplets of corre-

sponding rays. All these surfaces have eight points in common, the

four vertices 0^, 0^, 0,, 0, of the pencils and the four points 0^,

0^, 0., O3 symmetric to these with respect to the common centre

0; so they belong to the net jV^ of the quadratic surfaces deter-

mined by seven of those eight base-points O,-, forming in their turn

the vertices of a cube. We can likewise point out eight common
53
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tangential planes, the four planes i(,, it.^. <r,,, «, uf" the [tencils of

rays and tlie planes «5, «„, a., «, parallel to the former and sym-

metric to these with respect to ; so those qnadratic surfaces are

a part of the tangential net J^, determined by seven of those eight

base-planes «,, enclosing together a regular octahedron. So our series

of surfaces being formed by the surfaces common to J^^j and ^V(, can

be regarded as the intersection of those nets.

The tetrahedron of which the origin (J and the points AV. , y^.,Z,,

at infinity of the a.xes of coordinates are the vertices is common
polar tetrahedron of all surfaces of the two nets JSfp and Kt. In

connection with this ^\'^, has instead of a single infinite numbei- of

cones six pairs of planes, a pair thruugli each of the edges of the

tetrahedron, and Nt contains instead of a single infinite number of

surfaces reduced to conies six i)airs of points, a pair on each of the

edges of the tetrahedron. So we find the most general projective

transformation of the series common to N^ and JSft^ by starting from,

an arliitrary tetrahedron, an arbiti'ary point and an arbitrary plane

through this point and by then I'epresenting to ourselves the surfaces

having the given tetrahedron as polar tetrahedron, passing through

the given point and touching the given plane.

We prepare the deduction of the three characteristic numbers of

our series of surfaces by determining the locus of the points of contact

with one of the eight base-planes, say «j. By considering the indicated

relation

between the two lines l^ and l\ (fig. 3), in which a^ is cut by the

quadratic surface belonging to l^, we find immediately that 5,, (',, Z),

on A,A„ A,Ai, A^A, describe projective series of points when l^

rotates round 0^ and that /', envelops a conic described in triangle

Fig. 3
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A^A^A,: I\v dcteniiiniii.ü; for cacli of tlie pairs of projective series of

points on each of llie bearers the point corresponding to the point

of intersection of the bearers reckoned to belong to the other series it

becomes evident that this conic tonches the sides in the centres, so that

it is the inscribed circle c". The point of contact being the point of

intersection L^ of /, and /',, the locus of this point is at the same

time the locus of the point of intersection of the corresponding rays

of the pencil (/j) of order one and the pencil {/\Y of order two

formed by the tangents /', of c', tinis a cnrve c^ of order three with

()j as node and the tangents from (J^ to c^ i.e. the isotropic lines

tlirongh 0^ as nodal lines. This curve represented in tig. 4 touches

the sides of the triangle A^A^A^ in the centres and has the points at

Fis. 4

infinity of the sides as inflectional points; tlie inflectional asymptotes

run parallel to the sides at distances of four ninths of the height.

In normal coordinates its equation with respect to triangle .4,^3^1, is

whilst the Pliicker numbers are

n = 3 , d=l , c = ,

7/1 zr: 4 , t =z , i = S .

As is known we mean by the three characterizing numbers of a

simple infinite series of surfaces the numbers n, v, q indicating

successively how many surfaces of the series pass through any given

53*
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puint, toiR'li any given line, touch any given |)lane. From the t'ollowing

will be evident that in our case these numbers are 3, 6, 3.

All the surfaces of the net iV"^ with the eight base-points ()„ passing

moreover througii any ninth point (>.,, form a pencil with () as

common centre and OX, (>Y, (>Z as common axes. ?]acii surface

of that pencil touching one of the eight base-planes «,- touches them

all, so it belongs to the series. A pencil of ipiadratic surfaces con-

taining three surfaces touching a given plane, we lind fi = 3.

All surfaces of the net Nt with eight base-planes «,, touching

moreover an arbitrary ninth plane «,, form a tangential pencil with

as common centre and OX, Y, OZ as common axes. Each

surface of that tangential pencil passing throngh one of the eiglit

base-points Oi, contains all these, so it belongs to the series. So q = 3,

as three surfaces of a given tangential ' pencil pass through a given

point.

The number of surfaces of the series touching an arbitrary line

of the plane A^A^A^ is three, because this line cuts the locus of the

points of contact (fig. 4) in three points. As the line is assumed in

a common tangential plane, each of those three cases counts twice;

so V = 6, as is immediately confirmed analytically.

So the indicated series of quadratic surfaces is a series (3, 6, 3).

Indeed, we also obtain a series with eight common points and

eight common tangential planes possessing the same characteristic

numbers (3, 6, 3) when starting from a common polar tetrahedron,

a point and a tangential plane not passing tlirough this point.

7. We have two more points to consider with respect to our

oi'iginal problem. Firstly, we wish to point out how the case in

which C breaks up into four quadratic reguli is easily realised

;

secondly, we must show that all quadruplets of corresponding rays

have hyperboloidic position as soon as this is the case with four

of those quadruplets.

When the original part of the locus O^ is a regulus W^ the pairs

of transversals of the (iuadru[)lets of corresponding rays are the pairs

of generators of this regulus arrayed in a (piadratic involution. If

such a quadratic involution of pairs of rays is cut by a plane situated

arbitrarily a quadratic involution of jtairs of points is generated on a

conic; this involution is as one knows characterized by the property,

that the connecting lines of the points completing each other to a pair

pass through the same point. To realize the above-mentioned case of

decomposition of the locus (>" we start from an arbiti'ary regulus

()'', whose generators we regard as paii'ed otf in involution in a
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(leliiiitc wav, and IVuni four arliitrary planes a^, «,, <?,, «^. If ilien the

peneils uf ravs in (Ikpsc jdanes lying perspecüvely to the qnadratic

involutions of points of the sections are taken as the projectively

related pencils of rays of I he problem, then the surface O" is evidently

the integrating part of the corres[)onding surface O^, so this must

really also be completeil to a surface of order eight by three other

reguli (>^ To conform this we allow an analytical treatment to

follow this geometrical consideration.

We suppose the locus pro[)er (P to be decomposeil into its genera-

tors by means of ti)e equations

r + ;..-' =
i

and we assume that the generators l)elonging to ). = and to A = oo

represent the double rays of the tpiadratic involution on (P, i.e. that

in this involution the rays with the same absolute value of X correspond

to each other. Here p, q, r, s are general linear forms in x, y, z,

according to the formula

n = u^x 4- u^y -\- »,5 + u^
,

{u z= p, q, r, .s),

whilst the three planes of coordinates .1: = 0, y = 0, j ::= and the plane

at inlinity will do duty for the planes a^, «„, «,, «^ of the pencils of

rays to be found. The tracing of these pencils is simplified by repre-

senting the minors of the determinant

A=:

/': Pa

according to the elements p; , q, , /, , s, by Pi , Qi , /?/ , ,S'/.

If we perform the described calculation with respect to the plane

d- = {), there is occasion to represent the equations

(}\ + ^--h) II + (y. + ^'7») - + lU + ^'7, = <J

(»'. + ^*J // + ('•» + ^^,) = + >;+ ).,^ =
determining together the point belonging to A of the conic of the

section, for shortness'sake by

(p + kq), =
I

Then
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is an arbitrary- line through point ^ and

is the condition expressing tliat this Hne (1) tlirough point ^contains

at the same time the point — X and is thus the ray of the pencil

looked for, corresponding to the parameter\aliie P.. If for shortness'

sake we write here

Pi ^ Xqi + f.Ov + Xs;) I

pi — ^qi
I

~ ^'

I'i — ^ *i

direct calculation affords

P^
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/ • • • Q, P.r + S, r, + k (r, 7, + /?. ..,) ^ o -

^/ • • • Q. /'v 4- '^^ '-/ + /(/',
'/,, 4- /''. ^-/) = 'M

///... Q, /'_- + S, r, + /• {/', 7, + A', x,) =()'

For wliicli \ allies of/: have these four ravs liyperlioloidie |i(isition ?

T(i Ihis eiul it is neccssai'j and siilüicieiil Ihal tlie points at infiiiitT of

I, II, til lie on a v\'^\\i line. So for / wc lind the cnbic eqnation :

So in reality three reguli have separated from the surface ()".

8. Finally we have still to indicate that all quadruplets of corre-

sponding' rays lie hyperI)oioidically if four (|nadra])lels do. This proof

we join on t(i the most general case of four arbitrary planes «,, «.^,

«,, «, and four arbitrary |)oints ()^. (>.., <>.,. <>_, in them. If .l,..],.!^

is the face «^ no lontivr eipulateral, then tiie |)r()iective pencils (/J, (/j^

(/,) describe on the sides .l^J,, J,,,l,, ,1.^J,, the projective series of

points ((',), (Z),), (/j^) possessing for / = 4 loui- tri|)lets of points on

the same right line. In that case the conies enveloped by the connect-

ing lines (\D, and I),B, have live common tangent.s, i.e.A^A^ and

the four lines liearing corresponding triplets of points ; then those

conies coincide. So the supposition of four siu-h triplets leads to the

case that there is an infinite number of such triplets. But then in

each of the four jtlanes «j, a.^, «,, «, lies a common trans\ersal of

each corresponding quadruplet, etc.

We now conclude by showing that in order to deteriuiue four

projectively related pencils of rays \vitli merely hyperboloidic qua-

druplets the four planes ft,, tt^, k^, «, and the four vertices (>j, (J^,

0^,0^ in them can be taken arbitrarily by showing that to a ray /•

drawn arbitrarily in «j through O, only a single triplet of rays

l-i, /j> f, of the remaining pencils corresponds, forming with /, four

lines with hyperboloidic position crossing each other.

If (/, I', Q represent successively the conditions that a quadratic

surface contains a point, touches a line and touches a plane, then

1
_- F„ |2r^' - 3i-^ (ft + <)) + r(:i!i' + 2,,p + 3^)^) - 2(,t" + o")j

indicates according to Hukwitz the number of surfaces through an

arbitrary line, which satisfy the sixfold condition F, {Mntlt. Ann.,

vol, 10, page 354). So the nuntber of (puuiratic stu'faccs through /j
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containing the points 0^, 0^, 0^ and touching the planes «,, «,, «^

is represented by

-fiV \2v' — 3i;' (,« + 9) + r (3ft' + 2fto + So'') — 2 (,i» + 9»)),

which in connection with the law of duality can be deduced to

1 .
,

(X Q Sftr' + 3fiV + }ivQ — 2ii'\ ,

Out of the wellknowri results (H. Schubert, "Kalkül der abzahlendcn

Geometrie", Leipzig, Teubner, J 879)

^i^v'q" = 104, h'v'q' = 68, (i'vQ* = 42, ii'vq' — 34, (.i'q' = 17

we find that there are live quadratic surfaces satisfying the given

conditions.

However it is now easy to see, that only one of those five

solutions furnishes four hyperboloidic lines /„ /,, /j, /, crossing each

other. We find namely four solutions not to be used for our purpose

(fig. 5) if we determine I,, /,, l^ in such a way so as to cut the given

Fig. ti
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line /,, or wlicn liaxing taken one of llioso three lines in that manner

we choose the other two in snch a way that they both cut this

new line. So there is only one solution, in which the four lines

/j, /,, /,, /, cross each other.

From the ahove consideration which can easily be confirmed

analytically ensues (hat the supposition of four planes «, given arbi-

trarily and of four \ertices Oi i;i\en arl)itrarily dominates the case

of four projecti\e pencils of rays with merely hyperboloidic cjua-

druplets to such an extent that the projective cori-espondence is (i.xcd

by the condition of the hyperbohtidic position. This now again includes

that the case of the three quadruplets with hyperboloidic i>osition,

treated above in details, cannot present itself if the planes «, and

the points 0; haxe been taken arbitrarily. For these three quadruplets

must also put in an appearance if we wish all quadruplets to have

hyperboloidic position, and they delerinine the |)rojective relation

uneqiuvocally, i.e. three hyperl)ol(iidic (juadruplets lead here to pure

hyperboloidic quadruplets.

Not to get too redundant, we put aside (he examination of the

less remarkable series of quadratic surfaces, answering to this most

general case of four peneils of rays with merely hyperboloidic

quadruple(s.

Astronomy. — "On the orhiUil plam's of Jupiter a satellites'. By

Dr. W. DK SiTTi'.K. (Communicated by Prof. J. C. K.\pteyx).

The following pages contain a condensed summary of the results

of an investigation, which will soon be published in detail in the

"Annals of the Royal Observatory at the Cape of Good Hope".

The material on which this investigation is based consists entirely

of observations made at the Cape Observatory, viz. :

1. Heliometer-observations made in 1891 by Gii.i, and Finlay,

discussed by me and published in my inaugural dissertation. ')

2. Photographic plates taken at the Cape Observatory in 1891,

measured and discussed by me.

3. Heliometer-observations made in 19(J1 and 1902 by Cookson,

discussed by himself and published in Monthly Notices, June

1904 p. 728—747.

4. Photographic plates taken in 1903 and 1904, measured and

discussed bv me,

^} Discussion of rieliomelei'-Obsci'vations of Jupiter's Satellites, Groningen J. B.

WOLTERS 1901.
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Mv aim wilh lliis imoslijialinn \va« oxclnsivolv llio dotonniiialioii

of' till' iiicliiialioiis aiifl nodes of llic orliital planes of tlie satellites

and of the motions of these nodes. The plates of 1903 and 1904

were taken in order to provide a second epoch from which these

motions could he determined hv a comparison wilh the obser\'ations

of 1891.

Tiie fine series of observations, made by Mr. Hkyan Cookson in

1901 and 1902 increases the weijiht of this determination considerably.

I have already pointed out, in the fourth chapter of iny disserta-

tion, that the determination of the other elements, which must be

derived from the observed (jovicentric) longitudes, is probably sufTi-

ciently provided for by the observations of eclipses. Moreover from

the observations mentioned above sub 1. and 3. all elements were

determined.

Eclipse-observations are however not well adapted for the deter-

mination of the inclinations and nodes, which must be derived

from the observed latitudes, as I have shown, 1. c. page 77. The

jn-incipal interest of the determination of the orbital planes lies in

the comparison with the observations of the large motions of the

nodes, which are demanded by the theory. Since these motions are

produced almost exclusively by the large polar compression of the

planet, the natural fundamental plane to which the latitudes must

be referred is the equator of Jupiter.

If we i-efer the positions of the satellites to a system of co-ordinate

axes, of which the axis of // is the projection on the sphere of a

line perpendicular to this fundamental plane (i. e. of Jupiter's axis

of rotation), and the axis of ,t, is the great circle through the centre

of the planet perpendicular to the axis of y, then for the determina-

tion of the inclinations and nodes the y co-ordinates of the satellites

are alone important. Only these co-ordinates have therefore been

measured. The plate was, by means of the position-circle with which

the Repsold measuring machine of the Astronomical Laboratory at

Gi-oningen is provided, brought approximately in the position-angle

P + 90^, where P is the position-angle of Jupiter's adopted axis

of rotation. The plate then has a motion parallel to a straight line,

which nearly coincides with the axis of ,r, and which is defined by

the axis of the cylinder which guides the plate-holder in its motion.

The co-ordinates perpendicular to this straight line were then measured

by the micrometer screw. These diffei' from the co-ordinates y only

by small corrections (refraction, orientation and scale-value). In this

nietliod the measured quantities never exceed a few revolutions of

lh(< screw. All errors of réseau-lines, division eri'ors of the scales,
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error of projection, etc. are avoidcil. Tlie >traiglitiicss of tlio cvliiider

was repeatedly tested by comparison witli a stretched s[)iderline.

Its errors are certainly smaller than 0.2 micron. The position-angles

were read off by two microscopes, and the orientation of the plate

was determined from a pair of standard stars, which were for this

purpose photographed on each plate, and from trails of the satellites.

Tiie errors of observation of tiie measnres of the satellites are satis-

factory, distortion of the photographic film cannot be detected, and

the discnssion of a dozen plates, which were specially taken for this

purpose, shows that the determination of the orientation from the

trails is always practically free from systematic errors, while the

same can be said of the determination from the standard stars under

certain conditions, which are however not always fuliilled. The

accidental errors of both determinations are very small.

The image of the planet has not been measured. The observed

co-ordinates contain therefore an unknown additive constant (different

for each separate plate), which was eliminated by using in the

subsecpient reductions the co-ordinates referred to the mean of all

the satellites occurring on the plate as origin. The equations of con-

dition and normal equations for these relati\e co-ordinates are very

simi)le and symmetrical. The limited space at my disposal prevents

me however from entering into more details regarding the measures

and reductions. I will at once state the results.

The unknowns which were determined from each opi)osili()ii were

the corrections to the adopted values of the elements ji and <j of

the four satellites which are defined by the formulas

:

p = i sin (— ^)
7 =:icos{— Sh)

Avhere / and ^ are the inclination and ascending node of the orbital

plane of the satellite referred to the fundamental plane. Tlie longitude

of the node is counted from the ascending node of the plane of

Jupiter's orbit on the fundamental plane. The quantities referring to

the four satellites arc distinguished by the suffixed luimerals 1 to 4.

The following table contains the results of tlie different series of

observations with their probable errors.

The values for 1891 {Heliometer) are those derived in my disser-

tation with a few unsignificant corrections in the last decimal places.

The results from the heliometer and those from the plates ha\e been

combined with the relative weights 2 and 1.

The results for 1901 and 1902 are quoted from the communication

by Mr. Cooksqn in the Monthly Notices.

I hflvc howevQr been vompellocl to rcJQCt ^;'< ftiul Lq^ for 190i
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find 1902. All otiier corrections Lp and L<i derived from the obser-

vations are inclnded in tiie following discussion, with weights in-

versely proportional to the squares of their probable errors and

corresponding to a p. e. of weight unity of ± 0.°0050.

Before this discussion can be related the theoretical expressions

for
i>

and q must be developed.

At the time when the analytical theory of the satellites was created

bv L.\(;range and Laplace, the eclipses were pi-actically tlie only

phenomena of the satellites which were observed. For these the

natural fnndamental plane is the plane containing the axis of the

shadow-cone, i. e. the plane of Jupiter's orbit. This was accordingly

used by them. Souillart, in his theory published in 1880, followed

their example.

The first thing \Ahich must be done before the theory can be

compared with modern observations is thus to reduce the expressions

for the latitudes referred to Jupiter's orbit to latitudes referred to the

equator. This has already been done by Marth, who in 1891

published tables for the computation of the co-ordinates of the satel-

lites, based on Souillart's theory (Monthly Notices, June 1891, pages

505—539).

Let / and N be the inclination and node ') of the orbital plane

of one of the satellites with reference to the orbit of Jupiter.

Souillart's theory then gives

/, sin A',- = .5" bij sin 6j -\- \ii to sin 6^ 1

^
^7'

. .
• • • • (^'

/, cos Ni = 2 bij sin 6j -f (i; w sin 6„ \

j=\ )

In these formulae <o and (9„ are the inclination and node of Jupiter's

equator on its orbit. All longitudes are counted from the first point

of Aries. The quantities by are constants, and the angles &i vary

proportionally with the time. Of the constants hij four only are

mutually independent. If we put

:

bii = Yi 1^0= <^ij "!] !

then the y, are constants. The multipliers Oy and m and the coeffi-

cients of the time in the expressions for Ö, are given by the theory

as functions of the masses, the compression of Jupiter and the mean
motions. The constants Oij are small numbers (the largest is a^^ = 0.1944)

with the exception, of course, of those in the diagonal, ff,,- = 1. The
value of m differs little from unity. The angles 7, and 6i are what
Laplace calls the "inclinaisons et noeuds propres" of the satellites.

') With node I mean ascending node, unless ütherwise slated.
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TiCl non' «r)^, aiid if'„ lio tlio iiicliiialioii and tlio lonjjitnde (connted

f!'om the first point of Ai-iey) of tlie descending node of the plane

which I wisii to adopt as the fundamental plane, I'eferred to the

plane of .Inpiter's orbit. Longitudes in the fuuduniental ]ilane are

counted from the node i|'„ as zero.

Then if / and f^ are the inclination and node of the orbit of one

of the satellites referred to the fundamental plane, we have, neglecting

quantities of the third order in i, I and tu„

:

* "'" SI = ^«'« i^^—V\)
i cox Sh — ^f"*" (^— V'o) + «'A.

If furllicr we introduce the notations

l-=^^^-6i x,. = i,,„_é'„ + 180°

Xi=z yiain^ri ,i\^vimii)j \ . . . (2)

;/, z=. Yi cos Fi )/„ = to cos \p — io„

then the expressions for y; and q become:

/

qi= 2 a; J Hj + (1 — ^,) tü„ — Hi !/„

(3)

Marth has adopted

co„ = the value of m
) ^

^ I lo/.o Ironi SoriLLART s theory')
V'o = >, ,. >. (^, + J80°

)

•" '

and has computed the values of p and q by the formulae (3), taking

•^'o = y, = *^-

The unknowns y, , r-,, .v„ and ?/„ must be determined from the

equations (3). This is, of course, onl}' possible if the coefficients

Ojj and Hi are known. I have adopted these coefficients from

Souillart's theory, as being the best available. They are very com-

plicated functions of tl)e masses, the compression of Jupiter, and the

mean motions. As a rough approximation, we can say that the

coeflicients <Ty are proportional to the mass m.j. Since the masses are

very imperfectly known, the same thing is true of the coefficients of

the equations (3). Therefore the results of the present discussion cannot

be consideretl as final, but the discussion will have to be repeated

when better values of the coefficients are available. The results here

derived will however doubtlessly represent a very fair approximation.

It may perhaps be mentioned that the uncertainty of these coeffi-

1) Martii has made one or two mistakes here, which will be duly mentioned

in the detailed publication, but as they have no inthicnce on the result they can

be ignored at present.
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oients is not dno to our ignorance willi respect to tlie masses alone.

The valnes of those coeflicients deri\ed l)_v Soiii.lart from the .s-mne

masses and elements l\v two different methods of integration sliow

diffeiences of such amount, that the consequent differences in the

computed values of p and q are of the order of the errors of

observation. It is hardly to l)e expected that this defect in the theory

will he remedied before the ecpiator is ijitroduced instead of the

orbit as liio fundamental [ilane of the theoiy. The coefïicients adopted

l»y Martii and myself are those derived from the second methoil

of integi-ation, which is also preferred by Souii.t.art himself.

In the following discussions these coefficients are treated as absolute

constants. If we denote the corrections to the adopted values of

Xi and i/i by dt', and dy, , then the unknowns

(f.Vi éiji ;«„ 7/„

must be determined from tlie equations

:Eo,jÖXj — m .v, = Api >

— <^y f^yj — Mi- .'/. = ^ Qi \

The term (1 — M')'"» i" ^''^ second equation (3) must, of course,

be treated as rigorously known.

The solution of the equations (4) is conducted in tlie following

manner. I define the quantities A ,!•,• and h in by the equations

' '
'

\ (5)

^ Oij A t/j = A j; \

These equations are solved once and for all, and the solution is

:

A xi — ^' Oij A pj
-

A yi = 2 Oij A qj

Furtiier, if we put :

Hi' = 2: öijnj

then the equations of condition become:

d xi — Hi
' ,)„ z=. A .»i

'fyi — f^i'i/o = ^ yi

Next, if we denote the originally adopted values of a-, and y, by

.Vi„ and
,!/,o so that ,iv= ,(-,„ -f d.?;,-, ?/,;= (/,„-|- dy,-, then the equations

become:

.r; — Hi .i'„ =: .i',-„ -f hx,

(6)

(7)

,
. , (8)

Vi — lii .V„ = «//„ + A?/,-
)

In these equations .c, and //, are defined by the ecpuxtions (2), where

(I ri
the Yi are constants, and 0= r;-„ + -~-{t—t„). The unknowns, which

at
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must lie (If'teriiiined froui the solution of the equations (8) are

^«0, .'/o. Vm -n-o and —

.

dTi
The values of —— for the four satellites are however nof nnitnally

at

independent. The theory gives these differential coefficients as functions

of the masses of the satellites and the compression of Jupiter. The

masses need not be considered here. I have tried to determine a

correction to m,, hut this determination had too small a weight (o

have any real \alue. The influence of the other masses is even

smaller.

The compression enters into the formulas through the factor Jb',

where J is the well known constant, which is approximately equal

to Q—Va *f (Q = ellii)ticity of the free surface, (p = ratio of centri-

fugal force to gravity at the equator of Jupiter) and 6 is the equatorial

radius ') of the planet.

If we introduce as unknown

:

_dJb'

then the true values of the coefficients- of t arc

dPi /"drf,
-\- "i ^

lit y dt

The coefficients a; depend practically alone on the mean motions,

dFi
and must be treated as absolute constants. They differ little from

dt

itself, and conseqnently the ratios of tiie motions of the nodes must

be considered as approximately constant. The adopted values accor-

ding to Souillart's theory are (daily motions)

:

I

—
i

I
= 0M4109,

I -"I = O°.0O7O19
V dt J, y dt J,

^
) = 0°.033010

I
—i 1 = 0°.001898 •

dt ;„ V dt Jo

The 36 equations (8) thus contain the 11 unknowns

y- -To .p„ «/„ ^

These equations must be solved by successive approximations. The

conditions for the application of the method of least squares are far

from being fulfilled.

These approximations have been conducted in the following maimer.

') In the original Dulcli h was erroneously stated to be the diameter, instead

of tlic radius.
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Let .r„ )/„„ lio apprnxiniato values of .»•„ and ,v„, Ihiis .'„ = ,?•„„ -f rf.v

ttnd //, = //„„ + (^.'/o- We have tlieii :

I'i — Hi' di.„ = ,/(„ -j- L.fi -\- (ti' .i-„„

.'// — It' rf.'/„ = ,'/(„ + ^!ti + f'' .'/o«

If we suppose tliat the approximation .r„„ _?/„„ is aireadv so ^ood
that ff.c„ and rf?/^ can lie neglected, then these equations become:

71 Wl Fi ^= .(•,•„ -|- i^.r,- -f- fi;' ,r

(9)

(10)
y,- im Fi = yi„ -\- Ly

, + f*/ ,'/„„

Next 1 compute the quantities ƒ/,• and (t; from the equations

:

9i «"' ^; = '/o + ^ •'•<• + M.' •'•00

I

ƒ/, co« Gi — y,„ + A yi 4- ft/ y„„ )

The other unknowns are then determined from the equations

:

y: = üi 1

/^o + ^(^-0=gJ (12)
fit

I

dr-
If these equations give constant values for y, and values of —

^

(It

which can by an acceptable value of y. be made consistent wilh

the theory, then the appromation is sulïicient, if not, then a new
approximation must be made. As a first approximation I have assumed:

•'•„„ = .'/,,„ = 0-

The e([uations (12) were then formed and sohed. In this solution

I have determined the values of —-- for the four satellites separately

without iutnuiucing the theoretical ratios ab initio. The equations (12)

then consist of two sets for each satellite and each of these 8 sets

is independent of all others. The residuals which remain after tlie

substitution of the resulting values of the unknowns will be given

below together with those from the other solutions. The probable

error of unit weight was ± ()°.008G.

The motions of the noiles in this solution are (Sol. I);

dr. „ dr.—1 = 0^01213 —' = 0°.005S7
dt dt

dr, dr.—•* = 0°.030266 —* = 0°.00189.
dt dt

If these tire compared with the theoretical values, it appears at

Once that their ratios are very different. Tlie node of satellite I,

which according to the theory has a yearly motion of about 50°, in

this solution shows a motion of about 5^ The ratios of the three

54

Proceedings Royal Acad. Amsterdam. Vol, Vlll.



( -«>

)

other motions also dilTer considerably from their theoretical values^

Moreover the inclinations are far from constant, as Avill be seen at

once from an. inspection of the residuals Ay.
- . . , dr

It must be mentioned that the value of -- agrees ap[)ro.\ima1eIy

«ith the value derived by Cookson from the observations of 1891,

1901 and 1902. This could have been expected since Cookson in

this determination also neglected the corrections to the position of

the equator. The ditference between Cookson's value of — and the
'

dt

value of Sol. I is not due to a bad agreement of the observations of

1903 and 1904 with those of 1901 and 1902 (which on the contrary

agree extremely well), but to the fact that in Sol. I the corrections

to the elements of the other satellites were eliminated by means of

the transformation from Ap and hq to L,n and Ay, while Cookson

did not eliminate these corrections but neglected them.

I have now made a number of further solutions, in \vhich I started

with approximate values .(•„„ and //„„, and introduced the unknowns

7i ri^ (f.v^ (fi/^ X,

thus rigorously subjecting the motions of the nodes to the theoretical

condition. The unknowns rf y„ and x are badly separated. The

weight of the determination of x is considerably diminished by the

introduction as unknowns of the corrections to the position of the

ecpiator. That this must of necessity be so, is easily seen. If we had

observations of only one satellite at two epochs, it Avould be /H;j>(W.s77>/é'

to determiue both the motion of the node and the equator. We
would in that case liave only four data (the values of p and r/ at

each of the epochs) for the determination of the five unknowns
dr

y, r, — , .(•„, and //„. Now x is practically determined from satellite

II alone. The motions of the nodes of III and IV are too slow^,

and the inclination of I is too small, to allow a determination of

the motions of the nodes of these satellites to be made, the accuracy

of which would he even remotely comparable to that of sat. II.

The motions of the nodes of I, III and IV are derived theoretically

from that of II. If therefore the latter is known, each of the three

others provides a determination of the equator. Then the determina-

tion of X from II must be repeated with this new position of the

equator, and so on nntil a satisfactory agreement is reached. ')

') Cookson has in his discussion of thu observations of 1891, 1901 and 1902,

used this method, but he rested content with the first approximation. His corrections

to the equator derived from satellites III and IV are in the same ctirection as the

values found 1)y lae.
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The solution was not actually made in tliis nay, but all equa-

tions were treated simnltaneously. This consideration is only given

here to point out that the position of the equator is ultimately

determined liy die condition that it shall be the same for the four

satellites, i. e. that the inclinations shall be constant, and the motions

of the nodes shall be consistent with the theoretical ratios. Since a

small displacement of (he equator has a large intluence on the

motions of the nodes, in consequence of the small inclinations, it

can be expected that the unknown x and the quantities which

determine the iX)sition of the equator will mutually diminish each

others weights. (That this decrease of weight is actually much more
marked in the case of //„ than for x„, is accidental and depends on

the choice of the zero of longitudes).

By these considerations I have Iieoii led to (ly whether the value

of X could not be determined from a c(im|)arisoii with other obser-

vations. I have used the values of &i for 1750 given by Delambrk.

A value of x was adopted, such that the value of &^ carried back

to 1750 from the modern observations would be nearly equal to

the value given by Dela.mbke. The unknowns .(,„, y„, dy; and öF,-^

were then determined from the modern observations alone.

This gives solution VII. In solution VI on the other hand all

unknowns (inclusive of x) were determined from the modern obser-

vations. I give below the results from these two solutions, which I

consider as the best that can be derived with our present knowledge

of the masses. I do not venture to choose between the two solutions.

Probably an eventual correction of the coeflicienfs <Ty will tend to

reconcile the two solutions.

Instead of r, I give at once &i = il% — F,-. The values are given

for lyOO ,Iaii. Greenwich Mean Noon.

.1*0

^0
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From the values of x we liud the tuUowiiig values oi —-
at

'—
^ — 0°.13664 - 0M3932 — ÜM4105

(It

— — .032105 — .032633 — .032974
dt

1_J^ _ .006814 — 0. 006916 — .006983
dt

-^ — .001839 — .001854 — .001863
dt

From the values of u\ and y„ we lind for the inclination and node

of the equator on Leverrier's orbit of .Jupiter of 19()0-() :

w 3°.1107 ± °-0043 3°-1169 ± °.0022 3°.0680

d 315.727 ± -042 315.735 ± -041 315.410

With the exception of y. all uidoinwns in the two solutions agree

Avithin the sum of their pi'obal)le errors, and with only one excep-

tion (y,) all the corrections to the adopted values are nianj- times

larger than their probable errors.

The residuals of the two solutions VI and Vll are given in the

following table together with those of S(j1. I. The probable errors,

which have been added for comparison are somewhat larger than

those of the observed L p and A q, because by the transformation

from tip and A (^ to A ,t' and Ay, the p.e. must be somewhat

increased, even if we consider the coefficients Oy as absolutely exact.

The p.e. of weight unity, which was ± Ü°.0086 for Sol. I, is

± 0°.0065 for Sol. VI antl ± ()°.()064 for Sol. Vil. But it is chietly

in their consistency with the theoretical conditions, that both solutions

are incomparably better than Sol. I. The inclinations are now constant

within the probable errors. The residuals of the nodes only show a

systematic tendency for Satellite I (in Sol. VII, where the motions

of the nodes were not derived from the observations, also for Sat. II).

Still the agreement with the theoretical motions is much improved.

dT
The value of —^ derived from Sol. VI irrespective of the theoretical

dt

conditions would be 0°.125O, while the value corresponding to the

value of sc in this solution is 0°.1366. This is a great improvement

compared with Sol. I (0°.0121).

The results for Sat. Ill in JilOl an<l 1902, which in all solutions

gave large residuals, have in the sulutions \\ and VII been rejected.

This rejection has no appreciable intluence on the values of the

unknowns, niir on the other residuals, but it reduces the p. e. of
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In roncliisiou T must express inj «leep sense of gralitude townnTs

Sir David Gill, who liberally placed the observations of the Cape

Observatory at my disposal, and was always ready to meet all my
wishes.

(April 24, 1906).
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(Translated from: Verslag van de gewone vergadering der Wis- en Natuurkundige

Afdeeling van Zaterdag 31 Maart 190G, Dl. XIV).

L. Bolk: "On the relation between the teeth - form ulas of the platynhine and eatanhiue

Primates", p. 781.

F. M. Jaeger: "A simple geometrical deduction of the relations existing between known and
unknown quantities, mentioned in the method of Voigt for determining the conductibility of

heat in crystals". (Communicated by Prof. P. Zeemas), p. 793.

W. BfKCK: '-On plants which in the natural state have the character of eversportin}.; varieties

in the sense of the mutation theory". (Communicated by Prof. J. W. Moll), p. 798.

H. Stkaiil: •The uterus of Erinaceus europaeus L. after parturition". (Communicated by
Prof. A. A. W. Ill brecht), p. 812.

P. Zeemax: "Magnetic resolution of spectral lines and magnetic force", (1st partj p. 8U.
(With one plate).

Jax de Vkies: "Some properties of pencils of algebraic curves", p. 817.

H. ZwAAKDEMAiiER: "On the strength of the reflex-stimuli as weak as possible", p. 821.

Anatomy. — "On the relation between the teeth-formulas of the

platyrrhine and catarrhine Primates". (^Communicated by

Prof. L. BoLK).

(Communicated iu the meeting of March 31, 1906).

Among the anatomical characteristics by which the Primates of

the New-World — the platyrrhine apes — are distinguished from
those of the Old-World — the catarrhine apes and man — tJie com-
position of the set of teeth takes a first place. They are charac-
terized because they possess in the upper and lower jaw one milk-

molar with premolar, which replaces this, more than the latter.

In simplified writing the set of teeth of catarrhine Primates may
be rendered by the following formula:

55
Proceedings Royal Acad. Amsterdam. Vol. VIII.
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2 /. 1 C. 2 P.

2 i. 1 c. 2 m. 3 31.

2 ;. 1 c. 2 m. 3 il/.

2 i. 1 C. 2 P.

in which the teeth of tlie pcrniaiieiit set ol' teeth are written with

a Capital letter.

For the majority of the phvl vrrhine Pi'iniates the following formula

holds true :

2 /. 1
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that it has been the tirst, so tliat whieli follows immediately on

the caninetooth. The two opinions have in common that thej link

ont a milk molar and its replacing tootli from the continuity of the

tooth I'ow. On account of this the two theories may be distinguished

as the excalation theories. I cannot agree with any of these opinions,

it appears to me that tlie reduction has been brought about in another

way, but this can only be explained more fully,' when I shall have

brought forward what pleads for and what against each of the above

mentioned theories.

The Anthropologists look for iheir proof material, or perhaps more

exactly for the arguing of tlieir theses in the variations in the set

of teeth, which occur with man. Of late Duckworth among others

has again drawn attention lo the fact that rudiments of a tooth, more

or less developed often appear between the last bicuspid tooth and

the first molar tooth especially in the upper jaw and what is especially

of importance, often on both sides. These rudiments are conical tooth-

points, now occurring single either on the inner or the outer border

of the alveolar margin, then again double on each of the two

borders simultaneousi}'. And Duckworth does not hesitate to con-

sider these rudiments as the again visible traces of the linked out

third premolar : "on the whole we think that it is most reasonable

to adopt the view that the}- are aborted third premolars, which

constitute a human type of dentition similar to that of the New
World Apes" '). From the investigation of Duckavorth the following

must be mentioned. Firstly that the occurrence of these rudiments of

a third premolar is exceedingly different with the different races :

in 300 old Egyptian skulls he found no single case, on the other

hand in some thirty skulls of Australians he found these rudiments

seven times. The set of teeth of the natives of New-Britain shows

this anomaly exceedingly often. With respect to the set of teeth of

the Anthropoids, Duckavorth mentions that with seven of the thirteen

skulls of gorillas, which he investigated, the rudiments in question

were present whereas on the other hand he found them not a single

time with Hylobates nor with Orang-outans or Chimpanzees.

The reasoning of those who think that the first milkmolar and

pi'emolar, following on the canine tootli have fallen out, in the

passing from the platyrrhine form to the catarrhine form is of quite

a different nature. It is a tact which is generally acknowledged as

being true that originally the number of premolars of the primitive

Primates did not amount to three but to four; so that already the

1) W. H. L. Duckworth. Studies in Anthropology. Cambridge 1904. p. 22.

55*
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platyrrliiiies also, with llieir three preiiiohxry and iiiilkinuhxrs, possess

a reduced set of teeth, and indeed among the group, of the primitive

Primates which Osbokn puts together under tlie general name of

-\- Mesoilonta, forms are found with which both in upper and lower

jaw still four premolars occur (-f- Hyopsodus). According to the

investigations of Leche the number of four premolars has decreased

to three, because the premolar which follows immediately behind the

canine tooth — so the tirst or front of the row — has become lost.

As most convincing for this opinion of Leche the set of -|- JNJicro-

choerus may count, where only three premolars occur in the upper

jaw, and still aij many as four in the lo\ver jaw, but of these the

first of the row has been reduced to a rudiment without function.

Where it is as good as proved that the reduction of four to three

premolars with the primitive Primates has been brought about by

the disappearance of the premolar following immediately behind the

canine tooth, where moreover we know that with other animals also

reduction of teeth may take place in this spot, there it is quite

comprehensible that the further reduction of four to three premolars

in the same place is localized. The difference between the two

explained opinions is easily made recognizable by writing down the

complete tooth formula of the primiti\e Primates and that of the

now living ones.

For the primitive Pi-imates we get the following formula in which

the probably original number of Inclsivi has not been reckoned with :

/. 1. 2. C. 1. P. 1. 2. 3. 4.

i. 1. 2. c. 1. m. 1. 2. 3. 4. M. 1. 2. 3.

i. 1. 2. < 1. rn. 1. 2. 3. 4. M. 1. 2. 3.

I. 1. 2. C. 1. P. 1. 2. 3. 4.

For the Platyrrhines (Cebidae) the formula becomes :

/. 1. 2. C. 1. P. 0. 2. 3. 4.

i. 1. 2. C. 1. m. 0. 2. 3. 4. M. 1. 2. 3.

i. 1. 2. c. 1. m. 0. 2. 3. 4. M. 1. 2. 3.

/. 1. 2. C. 1. P. 0. 2. 3. 4.

According to tlie opinion of Anthropologists this formula becomes

for the catarrhine Primates:

I. 1. 2. C. 1. P. 0. 2. 3. 0.

i. 1. 2. c. 1. m. Ü. 2. 3. 0. M. 1. 2. 3.

i. 1. 2. c. 1. m. 0. 2. 3. 0. M. 1. 2. 3.

I. 1. 2 C. 1. P. 0. 2. 3. 0.
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so the niilkmolars and premolars of man should be the original 2'"'

and S'-J.

According to the theory, mentioned in the second place, the for-

mula becomes :

I. 1. 2. C. 1. P. 0. 0. 3. 4.

i. 1. 2. c. 1. m. 0. 0. 3. 4. M. 1. 2. 3.

i. 1. 2. c. 1. m. 0. 0. 3. 4. J/. 1. 2. 3.

J. 1. 2. C. 1. P. 0. 3. 4.

so that with man the original 3"^ and 4''' milkmolar and premolar

would still exist.

The last mentioned opinion seemed to me also to be the most

acceptable. It pleads for it, that in a phylogenetically older stadium

the first milkmolar and its premolar had already become lost, and

if then one lets the second follow, the reduction-process is localized

and more continuity brought into it. The following can moreover

be said against the opinion of the Anthropologists, that the fourth

milkmolar and premolar with man should have been lost. It may
be justly supposed that only those teeth can reduce, which fulfill

the smallest function. And this now does not applj* to the last milk-

molar and premolar. On the contrary. With the Platyrrhines we see,

that just that last molar does not only not stay behind by the others,

but is even the sti-ongest developed of the three. So with those

forms, where we might with some right suppose at least some indi-

cation to a reduction of this tooth, we on the contrary find a pro-

gressive development. No single reason can be given why in the

middle of this toothrow a tooth should suddenly ha\e disappeared,

and w4iy a discontinuity of the set of teeth should have come about

by which the function would have suflfered considerably, no single

indication can be found, neither in the ontogenetic nor in the full-

grown set of teeth, in the form of a diastem, that a tooth Jias really

become lost here, and so the first mode of explanation : that the

last milkmolar and its replacing tooth would have become lost, does

not seem probable to me.

But neither can the theory that at the passing from the platyrrhine

to the catarrhine type, the first milkmolar with the premolar belonging

to it, should have been linked out, satisfy me. The above mentioned

argument about it, is always only an argument per analogiam

without its being possible that a morphological proof for such a

reduction can be given. If the sets of teeth of Platyrrhines are com-

pared in particular with relation to the degree of development of

the first premolar nothing is found that points to a reduction of this



( 786 )

tootli, at least with the now living tonus; on the contrary, the first

premolar is often stronger than the second (Cebus, CHuysothrix,

Mycetes, Hapale). Then not a single indication can be observed in

the Ontogenese of the set of teeth of man, which indicates that a

tooth should have become lost beliind the canine tooth, the papillae

succeed each other very regularly in their origin and place. Moreover

if it were right that a molar and a premolar became lost behind

the canine tooth the remarkable fact remains still unexplained, that a

rudimentary tooth appears so often between the first molar and the

last premolar.

So I cannot agree with eilher of the two opinions which prevail

now about the differentiation ot the set of teeth of the Primates,

but I am of the opinion that it came about in ([uite another way.

To be short, my opinion about it is as follows : the set of teeth of

the catarrhine Primates has originated from that of the platyrrhines

by the disappearance of the last or third molar and of the last

or third premolar while the third milkraolar has lost its character

of temporary tooth and has become a ]iermanent tooth.

This opinion is explained by the two following formulas. If we
overlook the original number of four milkmolars and premolars,

and number the elements of the platyrrhine set of teeth according

to their now present amount this set of teeth may be wi'ilten

according to the following formula

:

y,. ƒ,. ('. I\. /',. F,.

/, . /„. c. in,, m... )ii,. M,. J/.,. M,.

/j.
(.J.

e. m^. m^. m^. il/,. J\I^. 3f,.

J,. /,. C. F,. F,. F,.

The catarrhine set of teeth has originated from this, as /-*, and jy,

iiavc fallen away in the upper and lower jaw, whereas ni^ becomes

J7j in both jaws, by which as a matter of course Mi of the

platyrrhines becomes ;!/., of the catarrhines, the AI^ of tlie former

becomes 3f, of the latter. If it had remained the i/, of the platyrrhines

would have become M^ of the catarrhines. Those things are stated

in the following formula in \viiich the reduced teeth are put between

parenthesis.

/,. I„_. C. F,. iV [/^,|.

ij. i^. c. m^. in^. i/j. J/j. M^ L^'AJ-

i^. i^. c. m,. m,. M,. M^. M,. [ifj.

J, J,. C. F,. P.,. [F,].

So the di(ferentiati(in of the set of teeth of the Primates is accord-
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ing to my view move complicated than would have been the case

according to the two above mentioned excahxtion tlieories. Two pheno-

mena may be distinguished in this process of development, namely

progressive development of one of the elements : Jii, loses its character

of temporary element and becomes persistent, and the second pheno-

menon is the reduction of two other elements. These two elements

are at the extremity of eacli of the two tooth series, P, at tiie end

of the series of replacing teeth, y]/, of the end of the series of

the teeth of the first generation. Contrary to the two above mentioned

excalation hy])otheses 1 might distingnish the one defended by me
as the hypothesis of the terminal retluction. 1 shall try to show
the correctness of my opinion.

If I lei m^ of the Platyrrhines become a persistent tooth, no

new principle is introduced into odontologie. For it is kwown to us

from othei- groups of animals that milk teeth may become persistent

teeth; I remind the reader of the Marsupialia, where but for some

exceptions the whole set of milk teeth has become a set of persistent

teeth except a single tooth. Furthermore to Erinacaeus, where according

to the investigations of Leche the so called persistent set of teeth

consists partly of milk teeth partly of |)ermanent teeth. So my
opinion is nothing more than a new example of the tendency also

observed elsewhere of a diphyodont set of teeth to pass into a

monophyodont. So against the principle as such (here can be no

objection.

As a tirst argument for the correctness of my opinion I state the

morphology of the milk molars in platyrrhines, 1 had the opportunity

of stiulying them from Hapale, Chrysothrix, Cebus, Mycetes, Pithecia

and Ateles. Without going into details it must only be mentioned here

that 7»3 of the platyrrhines dilfcrs a great deal l)olh in the comjjo-

silion of its crown and in the number of its fangs from ///, or tn

and shows much resemblance lo M^ of these apes.

It is of much importance with this that v», is functionally a

higher developed tooth than its deciduous tooth J\, so that means
that at the moment that m^ is replaced by Pj, the set of teeth

becomes to a certain degree functionally inferior. So if »?,, becomes

persistent, this means a gain for the mechanism of the set of teeth.

This does not hold true for ni^ and m^, the replacing F^ and I\

are functionally higher developed.

A second motive is derived from the development of the set of

teeth of the catarrhine Primates, in particular that of man. So according

to my opinion our tirst molar has passed from a milk tooth into

a persistent tooth in a relatively recent stadium, with the Platyr-
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rhines it still belongs to the milk teeth. May this not be the

explanation of the fact that our first molar still breaks through

in connection with the teeth of the set of milk teeth, and still

before the appearance of the first replacing tooth, while the

second tooth appears only after a period of some years ? By this

early appearance of our first molar it functionates indeed for

some time together with the complete set of milk teeth and so

according to my opinion the set of teeth of man still possesses in

this period a composition as in the first lifetime of the Platyrrhines.

Still more distinctly than from the time of the eruption this relation

appears wlien the first forming during the ontogonese is more closely

investigated. I derive the following about this from the wellknown

investigation of Rose '). Between the 9^'' and J 2''' week ofthefaetal

development the papillae of the milk teeth are invaginated in the

dental band (Zahnleiste) which grows on uninterruptedly towards the

back, and already in the l?'^'^ week of the development the papilla

of the first molar is invaginated. So with man there is not the least

histogenetical discontinuity between the forming of the milk teeth

and of the first molar. C>nly after the course of a year, so

four months after the birth the dental band begins to grow on

towards the back and not before the 6"' month after birth the

papilla of the second tooth is invaginated. So while M^ is formed

immediately after m^ with man, a pause of about a year begins

after this first development. So both from morphology and ontogeny

arguments may be derived for the hypothesis that m^ of the Platyr-

rhines is homological to M^^ of the Catarrhines.

My hypothesis however still contains another clement viz. the

reduction of P^ and M^ of the Platyrrhines.

Let us first consider the reduction of M^. From my above men-

tioned deduction of the catarrhine set of teeth given in a formula,

follows that I come in conflict with a rather generally accepted

opinion that the three molars of the Catai'rhines should be homo-

logue to the three molars of the Platyrrhines. According to my
opinion M^ of the Platyrrhines is homologue to il/, of the Catarrhines,

Mi of those homologue to M^ of these, and in the set of teeth of the

Catarrhines the honiologon of M^ of the Platyrrhines is wanting.

If this tooth should also appear by the last mentioned group

of Primates it would become a M\. Now it is a fact that is

universally known that a more or less developed fourth molar

is not seldom with man and among the Anthropoids, especially

1) G. Rose, Ueber die Entwicklung der Ziiline des Menschen. Arch. f. mikrosk.

Anat. End. XXXVIII.



( 789)

witli tlie Orang and Gorilla. Moreover Zückerkandl ') has shown
that the epithelial rudiment of a fourth molar of man is formed

with the majority of the individuals. This rudiment of a tooth

and the eventual eruption of the fourth molar were till now
phenomena which were somewhat difficult to interprete. There

was an inclination to keep this fourth molar with man for an

atavism and the set of teeth of man was deduced from a hypo-

thetical primitive form when the set of teeth cont^iined four

molars. Here however the difficulty offers itself that among the

already numerous well known primitive Primates there has never been

found a form with four molars. Zuckerkandl also reveals this difti-

culty where he points to it that four molars should onl^' appear with

the primitive forms of the carnivores. Selenka '') also, Avho found from

his rich material that with Orang in 207„ of the cases appears a

fourth molar feels the mentioned difficulty and interprets the

variation in another way. It should not be atavism but a progressive

phenomenon in that sense, that the set of teeth of Orang is on the

way of bringing into development a fourth molar. It appears to

me that this explanation of Sei.enka is not correct. If this variation

Avere only known to us from Orang, no direct difficulties could be

stated against this hypothesis. But such a fourth molar also occurs

as I said before very often with man. And Jiow it is not doubtful

that the extremity of the human set of teetii is in a state of regres-

sion, the third molar is always more or less I'educed and even

according to the investigations of de Terra ') and others issues no
more with at least 12 7o of the recent Europeans. Where it

is now fixed that our set of teetli reduces at its extremity, the

formation and issue of a fourth molar can hardly be interpreted as

a progressive phenomenon.

The hypothesis brought forward by me gives a simple solution

of the difficulty. The fourth molar of man and of the Anthropoids

is indeed an atavism but does not refer back to a removed primi-

tive form unknown to us, but does not go any farther than to the

nearest past of the history of development of our set of teeth, it

is the homologon of M, of the Platyrrhines. And contemplated in

such a way the relatively frequent occurrence of it can no longer

surprise us.

I) E. Zuckerkandl, Viertcr Malilzalin beim Menschen. Sitzungsber. der k. Akad.

d. Wiss. Wien Bnd. G.

^) E. Selenka. Meusclienaffen. Rassen, Scbadel und Bezahnung des Orang Utan.

Wiesbaden 1898.

3; M. DE Tehra. Beitriige zueinerOdonlographie der Menschenrassen. Zurich 1905.
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More direct proofs may however be cited for the conclusion that

31, of the Platjrrhines should be reduced. For if the sets of teeth of

different representatives of this group are investigated, it is undeni-

able that Mi is behind in development to J/, and M^.

Not all Platyrrhines are alike in this regard, with some species the

set uf teeth is apparently very constant with other it is more varia-

ble. A particularly fixed set of teeth CInysotlirix seems to possess. I

could at least lind not a single deviation in the 130 skulls of Chry-

sotlirix sciurea which I possess, no more in GO skulls of Cebus fatuel-

lus, although the M^ is already very much reduced with this species.

Ateles on the contrary seems to possess a set of teeth which is

richer in variations and Bateson ') mentions three cases in which

the M, which is already reduced in this genus quite fails. The men-

tioned author points to it that in these cases Ateles possessed a

formula for its set of teeth which is typical for the second family

of the Platyrrhines — the Hapalidae. And in connection with this

I may now examine the set of teeth of the Hapalidae in the

light of my iiypothesis. This hypothesis puts that jM, of the Pla-

tyrriiines became lost in passing to the catarrhine type, that m,

becomes il/j and that 1\ no longer issues. Where a reduction

of M, is not seldom found with the Cebidae, and now and then

even it is quite wanting as an individual variation, there M' is

already constantly absent with the Hapalidae. So with these Pla-

tyrrhines one phase of the process has already been run through,

but not yet the second phase, the progression from m, to AI^. So

according to my opinion the set of the Hapalidae does not stand

as a deviating form at the side of that of the other Platyrrhines,

but must be considered as an intermediate form, between the original

piatyrrliine atid the definite catarrhine set of teeth.

So we see that several i)henomena plead for my opinion, that the

catarrhine set of teeth has not originated by an excalation but by a

terminal re(kiction, and I must stop at my assertion that, because

///, lias become M^ the replacing tootii, wiiich originally belonged

(o it, i.e. J\ no longer appears.

By this supposition, the observation of the anthropologists is done

justice to, that a rudimentary tooth does relatively often appear with

man and Gorilla between P, and M^. When P, has only been sup-

pressed as a normal element of the set of teeth, in a relatively recent

period of the development, than the supposition lies at hand, that this

.tooth also like M, of the Platyrrhines ontogenetically will be formed

1) W. Bateson. Materials for tlie Study of Variation. London, 1S94.
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still. And it is my opinion lIuU iIr' rudiments of a tooth which so

often occur in tiie indicated place are indeed traces of the 1\ which

has got lost.

There conld still he mentioned some more anomalies in the set

of teeth of man (the growing together of M^ with a snperfluons

tooth, the pushing out of 3/, and replacing by a new tooth (so

called third dentition) which would be explained l)v m_v hypothesis,

but 1 will not look more closely into this matter in this |ilace.

By my opinion about the differenlation of the set of teeth of tiie

Primates I come into conflict with a rather universally prevailing

opinion about the morphological significance of the first molar oi

the Placentalia. This molar is universally considered with all Pla-

centalia as a perfectly homologieal element of- the set of teeth.

Thus says Schi.osser ') e. g. speakiiig of the first molar of man

:

"Niemand wird siclier die Honiologie dieses Zahnes mit dem ersteii

Molaren der übrigen Placentalier bestreiten dürfen". Where I now
homologise M^ of man with m^ of the Platyrrhines I come into

conflict with this opinion. If we however try to find motives for the

above mentioned opinion in literature, we seek in vain. And so it

seems to me, that here we have to do with a dogma, which is not

without danger for the comparative anatomy of the set (tf (cclh.

For it lies at hand that as soon as in the whole I'ow of ihe Pla-

centalia one element of the set of teeth is ti.xed in its morphological

significance, that then Ihe homologating of the other elements nuist

join itself to this aprioristical principle. And where such a thing is

possible to a certain degree with a canine tooth, which is sharply

distinguished from the other teeth l)y its peculiar form, it is absolutely

impossible with a definite molar which possesses no specific mor-

phological qualities.

I cannot finish this communication before having pointed to a

phenomenon, which is immediately related to the here communicated

point of view. If we compare the set of teeth of man with that

(tf the olher catarrhine Primates, it appears that the process, by

which the catarrhine set of the teeth orginated froni the platyrrhine

type, is still progressive with man, and that the human set of teeth

is on its way to differentiate from that of the other Catarrhines in

the same way, as these differentiated from the Platyrrhines one time.

I shall try to show this in short. The still active differentiation of

the human set of teeth appears from different facts. First as to the

[jremolars. In comparison to all other Primates the premolars of men

^) M. ScHLOssER. Das Milchgebiss der Siiugetiere. Biol. Centralblatt, Bnd. 10, biz. 89,
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have been reduced considerably, and the 2"'^ premohxr more than

the first. Where as the premohxrs in the upper jaw of all other

Catarrhines possess three and in the lower jaw two fangs, the

premolars of man have normaliter one single fang. That this

has originated from several, appears from the grooves on the

surface. Now it is not without significance that the first premolar

shows its origine of a form with several fangs, by a dividing of the

point of the fang. So P^ is more reduced than P^ with man. If

further the milkmolars, which temporarily precede the premolars

are compared, we state that the milkmolars differentiate progressively

in the group of the catarrhines, and this is especially the case with

the second milkmolar. The progression concerns especially the crown

of the teeth, the ]uiml)er of roots is two in the lower jaw, three in

the upper jaw.

So if we for a moment fix our attention exclusively on m^ and

its replacing tooth P.^ with man, it appears that the first is in

pi'Ogression, tlie second in regression, and that with man, the same

relation exists in regard to these two teeth as ^vilh m^ and P, of

the Platyrrhines. When man namely pushes out his m.-^ and replaces

it by Pj, his set of teeth becomes functionally inferior, for instead

of a tooth with iwq or four knobs on the crown and two or three

fangs there comes in its place a tooth with two cusps on the

smaller crown and only one root.

So we see, that the terminal element of -the dental band of

the second generation {P^) reduces with man. Still distinctly'

may be seen the terminal reduction of the tooth band, of the

first generation, closing with il/j, for as is already mentioned our

il/j no longer even issues in ±12 "/o of 'i-H cases, and is always

behind in development, at least with more highly developed human

races. So the human set of teeth is characterized from the catarrhine

Primates by tlie following peculiarities ; the last molar is on its way
of reduction, tiie last premolar is on its way of reduction, the last

milkmolar has developed very progressively. So a trio of phenomena

which are entirely homological to those, by which the catarrhine set

of teeth has originated from the platyi-rhine. Only one phase is still

wanting to the process, namely the remaining persistent of the last

milkmolar and the suppression of the last premolar. And this phase

also is reached now and then individually. This among others

appears from what Magitot says : La persistance des grosses molai-

res temporaires (jhJ s'observe très-souvent, concurremment avec

['absence congenitale ou I'atrophie des secondes prémolaires (P,)
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Xous en comiaissons de iioinbreiix exemples '). If the stated plie-

noraena are connected with each other the conformity to the earliei'

process of development of the set of teeth of tlie Primates as I take

it, immediately strikes the eve; and one would be inclined to this

thesis; In the future set of teeth of man I\ -will no longer erupt,

7H3 will have become persistent and functionate as J/j, but by the

simultaneous reduction of J/, the number of molars will not have

become larger than three.

So from this communication appears that the difterentiation of the

entire set of teeth of the Primates is from my standpoint more in-

tricate than was supposed till now, but it seems to me that my
principle of the terminal reduction can better be brought into accord-

ance with the function of the set of teeth, and is based on a

larger number of facts than the hypothesis of the excalation.

What from a general point of view, also seems to me to plead

for my opinion is the fact, that in the exposition given by me the

development of the set of teeth has taken place without a disconti-

nuitv in the toothrows at anv time.

Physics. — "A simple geometrical deduction of tlie relations existing

between knoion and unknown quantities, mentioned in the

method of Voigt for determining tlie conductibility of heat

in crystals. By Dr. F. M. J.\eger. (Communicated by Prof.

P. Zeeman.)

(Gommunicated in the meeting of March 31, 1906).

It is commonly known that about ten years ago W. Voigt '^)

indicated a method, based on a recognized principle of Kirchhoff,

by which to determine the relative conductibility of heat in crystals

in the different directions. His mode of experimental examination

consists in the determination of the break which two isothermal lines

present at the boundary line of an artificial tw^in, the principal

directions of which form a given angle <f with that line, whilst the

conduction of heat takes place along the line of limit. The isothermal

lines are rendered visible to the eye by the tracings formed by the

fusion of a mixture of elaidic acid and wax with which the plane

of tlie crystal has previously been covered.

1) E. Magitot. Traite des Anomalies du Système dentaire. Paris 1877. p. 221.

=) Voigt, Gottinger Nachrichten, 1896, Heft 3.
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The method oï Voigt is far more aoourale tlian that of de Senar-

mont') or even of Röntgen ^), and, requiring for other purposes to

investigate the relative conductibility of heat in crystals, it was

obvious that 1 should make use of the method indicated by Voigt.

For a crystal, for which the rotatory coefficients, found in accord-

ance with the theory of G. C. Stokes '), are = 0, Voigt deducts

the relations required here by constructing the equations of the flow

of heat, conformable to the conditions of limit which are common

to the lateral boundaries of both plates; i.e. that along that line the

loss of temperature must be the same, and moreover that in a

direction normal to that boundary-line the entire flow of heat must

be the same in the two contiguous plates.

Prof. LoKENTZ had the kindness to derive tlie above mentioned

relations in an analogous manner and to note down the conditions

under which the break in the isothermal lines will reach its maximum.

If 6 be the break, and the angle, formed in the plates by the

two principal directions, is 45°, the proportion of tiie two coeflicients of

the conduction of heat in those directions, consequently — is found

as follows

:

If <p differs from 45°, Voigt finds iu that case:

(Aj— k^)si?i2<p

'''^ ^ (X,^ )..;)-{?.,-?.,) cos 2<p'

which for (/ equal to 45° passes into the formula of Prof. Lorentz

by introducing tij — {= f[/i^ according to Voigt's deduction) instead

of tye.

Instead of the complicated formulae which are required for the

determination of these relations, we here give a simple geometrical

demonstration, which, besides presenting — in a form which is iinme-

diately available for logarithmic calculations, possesses at the same

time the advantage of beiug easily discernible.

If, from a given point in the centrum of a crystal, a flow of heat

can take place without interruption in all directions, the isothermal

1) DE SÉNARMONT, Gompt. rencf. 25, 459, 707. (1847).

2) RöNTGEN, Posg. Ann. 151, 603, (1874).

^) Stokes, Gambr. and Dublin Math. Journal. 6 215, (1851).
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surfaces in a similar plane of a crystal are, in most cases, concentric

and eqniform three-axial ellipsoids whose half axes stand in the

relation of V^X^,V'?., and l/A., ; among these the so-called piincipal

ellipsoid h, whose axes are V?.^, \/).^ and l/p-, must here be kept

more especially in view.

In the present case we leave unnoticed the rotatory qualities of

the crystal, and suppose an infinitely thin plate, cut parellel to a

plane of thei'mic symmetry, whose principal directions correspond to

the coordinate axes. Let lig. 1 represent the elliptic intersection

of the plate with the ellipsoitl h ; the line traced by the melted wax

then has the direction of the tangent of tlio elli[)se in the point

P{x'y'), given by the radius vector q, whicii may enclose the angle

fp with the axis X The flow of heat may thus proceed along q,

being the boundary line. In this case the equation for the isothermal

line pq is

:

,vx' ?/?/'

c=\r\.

Thus for the two sections Op and 0<j cut off on the two axes

the result is :

;/ Q sin <p

therefore :

x' Q cos (f

2i= b.

0, X,
cot

(f.
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On the otlici' luiiid liowever :

^ z= Uió — ü, yO° — ('p ^(- ^1 = cot ( w -f ~Y

where - is half of the break uf the isotliermal lines at the boundary

line OG.

The immediate conclusion is therefore :

^
=<r/( y + — jcoU/) (J)

From this equation the required proportion may be at once dedu-

ced when (f represents the direction of the plate and the value of e

has been ascertained.

Moreover it will be easy to tiud the maximum of e — and thus

reduce the errors of investigation to the lowest figures. Suppose

A^— , the above stated formula, after a few goniometrical trans-

formations becomes :

(A—l)sin2(p
Hi -7 =

(yl+1) — {A—\)cos2(p

ds ^ .

This tuiiction will be a maxinuim for -— := 0, i. e.
(Up

ds _ 2 |(^'— 1) cos 2(p — {A—iy\ _
d^~ {A'-irl) — {A'—l)cos2^~'

The maximum condition then becomes :

cos ZfC rr: ^
,

and the appertaining maximum break e in the isothermal lines is

then expressed by :

ia - = "^^-^^ (B)

In cases where the difference between j/P., and j/;.^ is vei'y small

— and observation teaches that this is usually the case — the

notation may be

:

« P-, — ^„
<<7— = -i 1 (C)

For practical i)iirposes therefore, the theoretical maxinuini c/) = 45°

may be taken as fairly accurate, so that then the twin plate with
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the isothermal lines etc., takes the Ibnn of llg. 2. In that case it

follows from A :

hK«-i)- (D)

Fis. 2.

By expressing tg s as a fniiction of fg - from (C) one obtains (lie

relation (ledneed by Prof. Lokentz
;

tg f = (^-1 - K)
(^1 + K)

Moreover from the geometrical solution here given the fact is again

brought to light that in general (he angle t|' is not equal to 90°; in

other words in this simple but exjierimeuhil way is proved by

occular demonstration the truth of the statement already made by

VoKJT, that the isothermal lines in crystals do not generally stand-

perpendicular to the direction of the flow of heat.

Along the thermic axes however this is the case, because the

tangent lines at the ellipses are there directed perpendicularly^ to

these axes.

From fig. 1 also follows the form of the break as a result of

I hope soon to communicate the results obtained in the measurement

of crystals by means of tiiis method, together with a few observations

on the differences of these results with those, derived in the same

minerals by the usual methods of de Sénarmont and Röntgen.

56
Proceedings Royal Acad. Amsterdam. Vol. Vill.
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Botany. — "On plants vshich in the natural state have the character

of eversporting varieties in the sense of the mutation theory."

By Dr. W. Bdrck. (Communicated bv Prof. J. W. Moll).

(Communicated in tlie meeting of Marcli 31, 1906).

An investigation ot the causes of Cleistoganiy ') showed that: 1

plants with closed flowers originated bv mutation from plants with

chasmogamic flowers and 2 that they occur in the natural state,

partly as constant, partly as ever-sporting varieties.

In the course of this investigation the question arose whetlier other

wild-growing plants do not also lia\e the character of ever-sporting

varieties.

Especially those plants were thought of that have bisexual and

unisexual flowers in one and tlie same individual or in which by

the side of bisexual, unisexual individuals are found and also those

plants among the dioecious ones that possess rudimentary stamens or

ovaries, from which may be inferred that they originated from plants

with bisexual flowers.

The agreement between unisexual, cleistogamic and tilled flowers

pointed to the same origin, while the resemblance in the manner

in which unisexual flowers occur among the hermaphrodite ones and

closed tlowers among the chasmogamic ones, justified the assumption

that in the monoecious and dioecious as well as in the cleistogamic

we have ever-sporting and constant varieties.

This summer I tried to confirm this conception in a twofold manner,

firstly by cultivating the gyno-monoecious Satureja hortensis and

secondly by studying the different forms in which one and the same

andro-monoecious Umbellifer can occur in nature with regard to the

number of male flowers in proportion to that of the bisexual ones

and to the place \vhicli the male flowers occupy on the principal

and secondary axes.

To the results of the culture experiments I shall return afterwards

when I shall have had an occasion to repeat these experiments on

a larger scale and with more species. I will here only mention that

they showed tliat a gyno-monoecious Satureja hortensis begins its

period of flowering with producing bisexual flowers only, that not

until later, when the plant has grown stronger, a few female flowers

appear among the bisexual ones, that their number gradually increases

') Die Mutation als Ursache tier Kleistogamie. Recueil des Travaux Botaniques

Néerlandais Vol. II. 1905.
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in tlie following days until a definite maximum is reached, after

wiiicli it gradually decreases again until at the end of its flowering-

jieriod the plant again produces bisexual flowers only.

Hence the female flower follows the law of periodicity established

by DE Vries for the occurrence of anomalies of various nature with

other plants and it may in this respect be put on a line with such

anomalies. It may be compared with the increased number of leaflets

of Trifolium pratense quinquefolinm, with the fdled flowers of

Ranunculus bulbosus semiplenus, with the ramified spikes of P/rt«^(7^o

lanceolata ramosa, etc.

In what follows I shall give the results obtained with the andro-

monoecious Umbelliferae.

The investigations of Beijerixck '), Schllz "), Kirchner '), Mac
Leod *), LoEW *), Warnstorf '), and others on the sexual relations

of the Umbelliferae have shown that by far the most species are

andro-monoecious and that i)esides in some of them forms occur with

female or with female and asexual flowers. Male flowers appeared

in this family to be as common as bisexual ones. Male individuals

are rare, however. Until now Trinia glauca was considered the

only Umbellifer in Europe, known in the male form. From Schulz's

notes it appears, however, tliaf in the environs of Halle a. S. also

male plants of Oennnthe fistidosd ') and Sltun latifoUam ") occur,

while in this country also Heraclcum SphondyHuin can occur in the

male form.

Far less general are female flowers. Schilz only mentions them

for [Erijni/ium cauipesin')? "), Trinia <jJanca, Finipinelln magna,

1) Beijerinck, Gynodioecic bei Daucus Carota L. Nederlandsch Kruidicundig Arcli.

Tweede serie 4e Deel 1885, p. 345.

-) August Schulz, Beitriige zur Kennlniss der Bestaubungseinrichtungcn und

Geschleclitsvertheilung bei den Pllanzen. Bibliotheca botanica. Bd. II 1888, Heft 10

und Bd. Ill 1890, Heft 17.

•') 0. Kirchner, Flora von Stuttgart und Umgebuug 1888.

-•) J. Mac Leod, Over de bevruchting der bloemen in het Kempiscli gedeelte van

Vlaanderen. Botanisch Jaarboek Dodonaea 1893 en 1894.

5) E. LoEw, Blütenbiologische Floristik des mittleren und nordiichen Europa

sowie Grönlands. 1894.

^) G. Warnstorf Blütenbiologische Beobachtuiigen aus der Ruppiner Flora im

Jabre 1895. Verhandlungen des botanischeu Vereins der Provinz Brandenburg

Bd. XXXVIII. Berlin 1896.

") Schulz, Beitr. I p. 47.

*) Schulz, Beitr. I p. 48.

^) In his note concerning this plant on page 42 of his first paper, female

flowers are not mentioned. So this is perhaps an error in the general summary
at the end of the second paper.

56*
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P. saxifraga and Daucus Carota, for which hitter phxnt Hemerixck

had already found them befoi'e.

In the long list of 66 European Umbelliferae in the Bliitenbiologische

Floristik of Lokw no more than 16 species occur that are only

known as bisexual plants whereas 40 are andi-onionoecious. It lias

appeared since that with three of the plants mentioned as bisexual

also male flowers are found. Of Anethum graveolenn, Aethusa

Cynapium and HeracUum Sphondijlluin namely, Waknstorp found

andromonoecious forms in the environs of Neu-Ruppiu ; also in this

country they occur in this form. Of the 66 Umbelliferae that were

studied, the following remain of which until now no other than

bisexual plants are known:

Laserpitium pruthenicum, Peucedanuin venetum, CritJimum marlti-

mum, Silaus pratensis, Seseli Hippomaratlirum, S. annuum, Anthriscus

vulgaris, Bupleurum longifolium, falcatum, tennissimum and Pleuro-

spermum austviacum, to which list I think must be added : Eryn-

gium mnntimum, Berula angustifolia, Conmm maculatum and

Helosciaclium nodijlorum.

It is probable that of some of these plants andro-monoecious forms

will be found when they are examined over a larger part of their

region of occurrence, especially since it has appeared that the diilerent

forms in which umbelliferae can occur, are often spread o\'er very

different and widely distant parts, so that, even though the species

mentioned be only known as hermaphrodite plants in a part of

Europe, the possibility must be granted that they occur in other

forms elsewhere.

Of Slum Intifolium e. g., no other Init tiie andro-monoecious form

is found in a great part of Middle Europe and until now only in

the environs of Halle a/S accompanied by the male form, evidently

only in a few specimens. Only in our country the bisexual form

is known.

Of Plmpiai'lla mngiiu the bisexual plant is only found in southern

Tyrol and Italy; the andro-monoecious on the other hand in the

whole of Middle Europe, while in southern Tyrol and Italy the

same plant also occurs with female and with female and asexual

flowers.

()f ('>L'v.anth.(' pstidosn the andro-monoecious plant is found every-

where, the male one until now only in the environs of Halle.

Of Aethusa Cynapium the hermaphrodite plant is known in the

whole of Middle Europe, the andro-monoecious one only in the

neighbourhood of Neu-Ruppin and of my residence.

Of Daucus Ctii'otd the andro-monoecious form is ii,enerall\' Ibuiid,
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the bisexual one until now only in Flanders^) and in this country ^).

So it is not at all unlikely that of those species whicii until now
are known as bisexual only, later other forms will also be found,

and similarly it may be assumed that of the large number of Um-
belliferae of wliieii now only the monoecious form is known, on

closer examination also tiie hermaphrodite or unisexual forms will

be found.

JMeanwhile it is a very reniarkal)le fact that by far the most

Umbelliferae are andro-monoecious and that exactly these forms are

most generally spread.

Where male individuals are found they only occur in very

limited numbers as rare occurrences among the great majority of

andro-monoecious individuals.

This also holds for the hermaphrodite plants, at any rate for Dauciis

Carota, Sium latlfoUum and Heradeum Sphondylium. Where these

and andro-monoecious plants occur together the number of biscxuals

is far less than that of the andro-monoecious ones. ')

This general occurrence of andro-monoecious forms gives a very

peculiar character to the family of tiie Umbelliferae. Nowhere in

the vegetable kingdom these forms are so prominent as here.

In other families with species that are rich in forms, as the

Lahiaiae, Alsineae, Sileneae and others, where gyno- and andro-

monoecious and female and male forms occur together with bisexual

ones, a similar preponderance of monoecious plants is not found

with a single species.

Tlie rule is there that where the three forms occur together the

monoecious flowers are a minority with respect to the bisexual and

unisexual ones.

Next is conspicuous with the monoecious Umbelliferae the great

variety that may be observed in the occurrence of the male flowers

in the umbels of different order and the man^^ mutually different

forms in which consequently' one and the same andro-monoecious

plant may occur.

Sometimes an individual is found which among the large number

of bisexual flowers has a relatively small number of male ones,

another time one in which the number of male flowers is not much

1) J. Staes. De blopmeu van Daucus Carota L. Botanisch Jaarboek, Dodonaea

Jaargang I. ]889. p. 132.

-) I shall soon treat elsewhere the different forms in whicli the Ümbelüferae,

occurring in this country, are met.

3) Male Umbelliferae and exclusively bisexual species are very rare also outside

Europe. (See Drude Umbelliferae. Enoler und Prantl. Die natiirl. Pflanzenfamilien

III. Tell. Abt. 8. p. 91).
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less than that of the bisexual ones, and then again an individual in

which the male flowers are more numerous than the others, and

between these a long series of gradual transitions and intermediate

forms is found.

Not unfrequently the number of male flowers is greatly in excess

of the bisexuals. I met in (his country plants of HeracJeum Sphon-

dylium in which the inner umbellules of the umbel of the first order

and all other umbels of higher order were exclusively male and

similar plants are also found of Pastinacn sativa and Dauciis Carota.

They are found spread among other individuals in which the propor-

tion of male to bisexual flowers is more favourable to the bisexuals

or where the number of males is even vei-y small.

Some Umbelliferae are only known in an almost male form.

Echinophora spinosa e. g. has one bisexual flower in the middle

of the umbel ; all other flowers are male. Also with Meum athaman-

ticum and 3fip'rhis odorata we ma_y observe in (he specimens cul-

tivated in this coun(ry in bolanical gardens, how also (here (he

bisexual flower is superseded, so (hat (he umbellules often do not

contain more (lian one such flower.

An invcsdgation of (he andi'o-monoecious Umbelliferae shows us

at once that (here is a cer(ain regularity in the way in which the

male flowers occur. In the fii'st place, when they appear for the

first time in an umbel of a certain order, their number as com-

pared with that of (he bisexual flowers increases as we come to

umbels of higher order ; and secondly, if in the peripheral umbellules

some male flowers occur among (he bisexual ones, their part in

the constitution of (he umbellules becomes greater as the umbellules

are more distant from (he periphery.

Of Daucus Carota, Pastiiiaca sailva and Heracleum SpliondyUum

whole series of specimens may be collecled in (he neighbourhood

of my residence, beginning wi(li such which in all the umbels con-

tain only bisexual flowers up to forms which are almos( or entirely

(H. Sphondylium) male. Among these specimens are found in which

the male flowers already appear in the very first umbel of the plant

by the side of other specimens in which the andro-monoecious cha-

racter only appears in the umbels of the second order or later still

in those of the third or fourth order. Now it is a constant rule that

if they appear for the first time in an umbel of a certain order they

will also appear in the umbels that develop later and that their

number in proportion to that of the bisexual flowers in the succes-

sive umbels goes on increasing.
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Specimens which in no respect revealed their andro-monoecioiis

character during the whole summer, which only late in summer
produced male flowers in the umbels of the third or fourth order

or sometimes entire male umbels, are found connected by interme-

diate forms with specimens which already in the very first umbels

contain male flowers.

Concerning the part occupied by male flowers in the constitution

of the peripheral and central umbellules, it must be remarked in

the first place that with all Umbelliferae whose umbels reach a

certain size, the peripheral umbellules consist of a larger number of

flowers than those that occupy the middle part of the umbel. In

some species those central umbellules may be very poor in flowers

;

with Daucus Cnrota the central umbellules often even consist of

only one flower.

When it was stated that the part occupied in the umbellules by

the male flowers becomes greater the more they are placed near

the centre of the umbel, this must be so understood that as the

umbellules become more distant from the periphery the number of

bisexual flowers decreases and does so much more rapidly than the

number of male flowers. Hence the inner umbellules are often

entirely male while the outer ones bear a number of bisexual

flowers.

This rule is not without exception, however. Tliere are namely

Umbelliferae in the umbels of which the central umbellule occupies

the top of the principal axis of the umbel and may consequently

be distinguished as the top-urabellule.

Such top-umbellules are especially found with Carum Carvi and

Oenanthe fistulosa and occasionally, although not so regularly, also

with Daucus Carota. For such a top-umbellule now the rule does

not hold that the part occupied by the male flowers is greater than

in the surrounding umbellules. Such an umbellule contains a greater

quantity of bisexual flowers. With Carum Carvi I often found no

male flowers in the top-umbellule when all others, as well the

peripheral as the more inwardly situated umbellules had some of

them. In other specimens the number of male flowers in this top-

urabellule was smaller than in the other.

Of Oenanthe fistulosa the umbels of the second order are in this

country much larger than those of the first order; they consist of

five to eight umbellules and agree in their constitution almost entirely

with that, indicated by Schulz for the umbellules of the first order.

Here as a rule a top-umbellule can be very easily distinguished; it

contains only a few (7 to 9) male flowers, but is for the rest entirely
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hermaphrodite, wliilc the sidc-ninbolhilcs are generall}' exclusively

male.

Wi(h Daiicus Carota, where (lie uinlteliulc as was remarked

abo\e, often oonsist.s of no more than one flower, this latter is very

often hermaphrodite, also when the surrounding umbellules consist

entirely of male tlowers.

It must still be remai'ked for the andro-monoecious Umbelliferae

that both sorts of flowers as a rule occupy a fixed place in the

umbellule.

In by far the most Umbelliferae the bisexual tlowers are found

near the edge and the male ones in the middle.

Only a few make an exception to this rule; with Oeiianthe jistulosa

and Sanicula europaea the opposite is found and with Astrantia the

bisexual flowers as a rule occupy a definite zone between the peri-

pheral and central male flowers. Advancing from the circumference

to the centre we find there first one or two whorls of male flowers,

then a whorl of bisexual ones and finally at the centre male flo-

wers again.

But although it may be the rule for all other Umbelliferae that

in all the umbellnles, containing the two forms of flowers, the her-

maphrodite ones are placed at the edge and the male ones in the

middle, an excejition must be made for those Umbelliferae which

in the middle of the umbellules develop a top-flower, for this latter

is as a rule bisexual.

Such top-flowers are e.g. regularly found with Chaerophyllum and

with Meum; in each umbellule of Chaewphi/IIum temu/inn and Afeum

athamanticum bisexual marginal flowers and a bisexual top-flower

are found and for the rest male flowers.

Also with Aegopodium Podograria, Canim Carvi and Daucus

Carota bisexual top-flowers are fonnd in the umbellules, but in these

species this top-flower is not always found in all umbellides.

No extensive argument will be needed to understand that the two

forms of flowers, found in the same individual of the plants men-

tioned, may be considered, like the two flowers of a cleistogamic

plant, as two antagonistic characters which mutuall}' exclude each

other and that consequently these plants may be compared with

ever-sporting varieties, originated by mutation, the existence of which

was shown by de Vries.

Every andro-monoecious Umbellifei'a of which we compare a

number of individuals among themselves, affords an opportunity for

noticing that the two antagonistic characters evidently fight for
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supremacy, in which combat now one, tiien the other gains an

advantage.

But if of a species wiiicli is ricii in forms we mutually compare

a fairly complete series of anilro-monoecious forms, we are struck

by the circumstance that between these and the ever-sporting varieties

known until now, there is this important difference that while

with other ever-sporting varieties the original specific character is

always more conspicuous than the I'acial cliaracter, here xery often

the opposite takes place.

We met in what precedes plants like ^fyrrhis odorata, Meum
athamanticum or forms of Pastinaca saliva, Heradeum Sphondylhtm

and Daucus Carota, where the speciiic character had been entirely

superseded by' the racial character, and this raises the question whether

the andro-monoecious Umbelliferae, looked upon as races originated

by mutation, must be placed on a line with the above-mentioned

gyno-nionoecious Satureja Iwrtens'u and other ever-sporting \-arieties.

We know from the theory of mutation that the interaction of two

antagonistic characters may show itself in more than one way and

that a character originated by mutation may be inherited in a different

degree in various plant-species, iiy wliich process various races are

formed.

To a race in which the anomaly comes only little to the front,

much less than the normal character, and which consequently is

hereditary in a small degree only, de Vries has given the name of

a half-race, and the abnormal character he has called semi-latent.

That, ho\ve\er, among these half-races important differences may
occur in the measure in which the character is semi-latent, clearly

appeared from the statistical investigation of the half-races, e.g. of

Trifoliiim incnrnatum quadrifoliuin and Trifolium pratense. qidnque-

folium.

It may be imagined tiiat there exist races in which the two antago-

nistic characters possess nearly the same degree of heredity so that

then it is often difïicult, under favourable circumstances, to settle

whether the specific or the racial character is more prominent and

sometimes even, when the conditions of life are very favourable,

the anomaly gets the upper hand. In such a race as well the specific

character as the anomaly are then to be considered as semi-active.

The statistical investigation of the anomalies has not yet re\'ealed

that such races really exist.

But it may be further imagined that between these latter races

which DE Vries called middle-races and the constant varieties, in

which the specific character is latent and the anomaly active, there
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exist still other races in wliieh the normnl character is semi-latent

to a different degree.

De Vries thinks such cases possible, but until now they have not

yet been noticed '). Now the question arose to me whether in the

andro-monoecious Umbelliferae we may not have such races in which

the specific character has become semi-latent?")

Let US start our speculations with one of those Umbellifei'ae of

which besides andro-monoecious ones also hermaphrodite and male

forms are known, e. g. Heradeum Sphondylium.

As was remarked above, Heradeum Sphondi/Iium appears in a

great part of Middle Europe as a hermaphrodite plant. In the

en\'irons of Neu-Ruppin at the same time forms are however found

which are only bisexual in the umbels of the first order, whose

umbels of the second order are composed on half bisexual and half

male umbellules and whose umbels of the third order are exclusively

male, and which in consequence may be considered to produce about

as many male as bisexual flowers.

In this country now I found besides the hermaphrodite and the

Neu-Ruppin middle forms a great variety of forms which may be

considered either as gradual transitions of those middle forms to

perfectly hermaphrodite ones or as gradual transitions of those middle

forms to perfectly male indi\idual8, which latter occur also in this

country.

If we now for the present consider tliis andro-monoecious plant

which is so rich in forms as an ever-sporting variety, and if we

compare its properties with those of TrifoUum pratense quinquefolium,

which has first been extensively dealt with hj de Vries, and later

has been investigated in all its details by Miss Tammes '), so that of

this race the properties are most completely known, then we begin

with asking what peculiarities Heradeum should present if its mo-

noecious form- represented an ever-sporting variety.

Then we should observe

:

1. that a stronglj' developed specimen, e.g. a plant with umbels

of the first to the fourth order, produces more male flowers than

an individual which has not succeeded in getting beyond the formation

of umbels of the first and second order.

1) De Vries, Mutationstheorie, 1, p. 424.

-) In my article on clelstogamic plants I already briefly raised the question

wliether Ruellia luberosa, Inipaliens noli tangere, Impatiens fiilva, Ampliicarpaea

inonoica, Viola spec. div. are not in this condition.

3) Bot. Zeit. Iste. Abt., Heft XI, 1904.
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2. that plants on fertile soil produce on the whole more male

flowers in proportion to the bisexual ones than plants on less fertile

soil.

3. that the male flowers only appear at a stage in which the

plant has grown stronger, that they gradually increase in number

as the individual grows stronger and gradually decrease in number

again when the plant has passed its highest point of development.

4. that in each umbel as well as in each urabellule which contains

both forms of flowers, the male flowers are preferably found in

those places which are most favourable with respect to nutrition.

It is not difiicult to show that observation does not confirm these

four points.

Let us in the first place consider point 4.

There can be no doubt that (excepting the just mentioned terminal

umbellules and terminal flowers) the peripheral umbellules are more

fa\ourably placed with regard to nutrition than the more inwardly

situated umbellules, and that in each umbellule the flowers at the

circumference also occupy a more favourable position than those in

the middle. This is seen not oidy by the inner umbellules being

less i-ich in flowers but also in the flowers becoming smaller the

further they are distant from tlic periphery; often the central flowers

do not reach their normal de\elopment or the' setting of the fruit

does not take place. We see here the same with the umbels as with

long-dra«Ti inflorescences like those of Capsella Bursa pastoris or

Pimm sativum, that namely the last-formed flowers, at the top of

the inflorescence, no longer reach their normal development on

account of insufficient nutrition. Further every umbellule (not only

a mixed one but also a purely hermaphrodite one) allows us to

notice that the peripheral flowers are ahead of the central ones in

their development.

And now we see with all Unibeliiferae without exception:

that the peripheral umbellules retain their bisexual character longest,

that the male flowers always occur first at the centre of the umbel,

that where the umbellules are mixed, the number of bisexual

flowers always decreases from the periphery to the centre,

that the iimer umbellules often are already entirely male when

the outer ones still contain bisexual flowers, and

that everywhere, except with Oenanthe fistuhsa, Sanicula euvopaea

and Astrantia the marginal flowers in the umbellules are bisexual

and the central flowers male').

1) I thiDk an explanation may be found for the anomalous behaviour of these

three genera. 1 cannot dwell on this point, however, in tliis short communica-
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In other words, we may .say tluit an irell In the uinbel as in the

timbelluh the bisexual flowers always occiqn/ the place wldch is most

favourable loith respect to nutrition.

That terminal umbellules and flowers are placed most favourably

is evident; it can be readily explained why a top-umbellule is often

richer in bisexual flowers than other umbellules from the centre

and why as a rule the top-flower of the umbellule is hermaphrodite.

That this position is by far the most advantageous can also be

inferred from the fact that often the top-flower is the only bisexual

one of the whole umbellule. So with Meum athamanticuni e.g. it is

very often found that in tiie umbels of the second order, the 6—

8

inner umbellules possess no bisexual flowers at all ; the only bisexual

flower of these umbellules is the top-flower. ^)

So we see exactly the opposite from what we should observe if

the andro-monoecious plant represented an ever-sporting variety like

Trifolium pratense quiriquefoliam. It is not the male flower — the

anomaly — which is preferably found in the best places, but the

bisexual flower, and on further examination of the above points

1, 2 and 3 we shall again see how it is this latter that depends

on the nutritive conditions and in all respects behaves like a character

in a semi-latent condition opposed to the active condition of the

anomaly.

I pointed out already that with all andro-monoecious Umbelliferae

the umbel of the first order shows the anomaly least.

With very many forms the male flower appears first in the umbels

of the second order, with others in those of the third order, and

sometimes it is the umbel of the fourth order in which the male

flower appears first.

But where these flowers are already observed in the umbels of

the first order their number is there always less than in the umbels

of the second and higher orders.

The umbel of the first order consequently retains in all andro-

monoecious Umbelliferae the pure racial character longest.

If we remember that the umbel of the first order is at the same

time the terminal umbel of the plant and is extremely favourably

placed at the end of the principal axis with regard nutrition, we
cannot wonder at this, bearing in mind what was said when

lion. I shall return to it elsewhere when exposing the differences between the

forms occurring in this country and those (hat have been observed in other parts

of Europe.

') This i-cniinds us of what may be noticed with Echinophora spinosa. Vide

supra.
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discussing point 4. We find tlie already stated conception confirmed

that the bisexual flower, being in a latent condition loith respect to

the anomaly, preferably occurs in the most favourable places.

We may also assume that the plant during the flowering of its

top-umbel, which only occurs after it has reached its full vegetative

development, is also in the strongest stage of its growth, in a stage

in which a good part of its nutritive material may be spent on the

development of its top-umbel, while all umbels that bud forth later,

are in less favourable conditions, first on account of their being

placed on lateral axes of the second or higher order and secondly

because a very great part of the nutritive material is spent on the

ripening of the fruit of the first umbel during the development of

the umbels of the second or at any rate higher orders. This would

explain why in the umbel of the second order the semi-latent bisexual

flower is no longer prominent in the same degree as in the terminal

umbel, and why in the umbels of the third and fourth order it more

and more gives way before the racial character.

This also explains why in very strong specimens the male flowers

first appear in the umbels of the third order, and why often with

Slum, latifolium, Daucus Carota and others, not until late in summer,

when the plant has already passed its highest point of development,

male flowers and even male umbels appear in plants which in their

umbels of the first and second or first, second and third order have

exclusively produced bisexual flowers.

That in fact strongly developed specimens produce more bisexual

flowers than weak specimens was already noticed by Mac Lkod.

With strong specimens — he says in his note on Aec/opodium

Podar/raria, — the umbels of the first order and with very strong

specimens also those of the second order consist almost exclusively

of hermaphrodite flowers, while with ordinary specimens the

umbellules in the umbels of the first order consist partly and in those

of the second order exclusively of male flowers. Also Schulz made

the same remark with Torilis Andmscus and Pimpinella saxifraga

and personally I found the justness of his remark repeatedly confir-

med with Pimpinella magna, Aegopodium Podagraria, Aethusa

Cynapiuvi, Astrantia major etc.

If now finally the numerical relations of the two flower-forms are

examined in umbels of such species as are fovmd in large numbers

on soils of different constitution and fertility, the examination at once

shows that the number of bisexual flowers in a fertile place is

considerably greater than in a less fertile one. Anthriscus silvestris

and Chaerophyllum temalum arc plants which in our country are
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very general as well on sandy soil (at the edge of the dnnes) as on

fertile clajgronnds. Both plants can be best judged by the constitntion

of the nmbels of the second order.

Of Anthriscus silvestris the average constitution is :

on sandy soil on clay ground

of the six outer umbcllules 4-5«+ii-J3r!' 7.io"^+3-4d'

of the seven inner umbellules 2-4^+ 8-1 Icf 6-7?-|-4-7cr

And of Chaerophyllum teimthim :

of the outer umbellnles JSg+ JOd'+l^ 20^+70"+!?

while the 2 or 3 innermost umbellnles of the plants on sandy soil

are entirely male.

So the results are in perfect agreement with my observations on

the intluence of the fertility of the soil on the appearance of clias-

mogamic flowers with Ruellia tuherosa at Batavia and with those

of GoEBEL on the chasmogannc flowers with Jmpittienfi noli tangere

in places of different fertility near Ainbach ').

From what has been communicated here it appears that the andro-

monoecious Umbelliferae in the natural state have the character of

ever-sporting varieties in wdiich the racial character, the bisexual

flower, is in a semi-latent condition.

By assuming this it becomes clear why the anomaly shows itself

least in the terminal umbel, why, after it has once appeared, it

increases in number in the mnbels of higher order, why in each

umbel the number of hermaphrodite flowers decreases from the

jieriphery to the centre, why in each nmbellule the bisexual flowers

are placed at the circumference and the male ones at the centre and

why with those species in which the umbels have a top-nmbellule,

this latter often has again relatively more bisexual flowers than the

suri'ounding umbellules and finally why, where in the umbellules

a top-flower is found, this is as a rule bisexual and holds out longest

when the umbellules grow more and more male, so that it often

still occurs in such umbellules where the bisexual marginal flowers

have already had to give way to the male ones.

Although I am of opinion that many things plead for my conception,

yet I am perfectly aware that certainty about the true nature of the

race, about the influence of fluctuating variability on the numerical

relations between bisexual and male flowers, about the question

whether perhaps locally different varieties or ever-sporting varieties

1) GoEBEL. Die kleistogamen Bliiten und die Anpassungslheoriëu, Biol. CeiitralbL

Bd. XXIV. No. 24, p. 770.
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may exist of one and tlic same Umbellifer and other related questions

can only be obtained by culture experiments and statistical investi-

gation.

Yet I thought it wortli while to communicate these observations

although they must only be considered as an exposition of the

grounds why culture experiments were undertaken. It may be useful

to indicate these grounds, first because they support my conception

about the racial character of many cleistogaraic plants, and further

because in my opinion we may certainly expect that besides monoe-

cious and cleistogamic plants, other plants in the natural state will

turn out to have the character of races originated by mutation, so

that this communication may to some extent draw attention to this

point.

The culture experimejits will from the nature of the case occupy

a few years.

In the Erganzungsband of Flora J 905, Heft I, p, 214, Gokbel

communicates as a sequel to his paper "Die kleistogamen Bliiten

und die Anpassungstheorien" the results of his continued culture

experiments with cleistogamic species of Viola. The results of his

experiments confirm his formerly pronounced opinion that the appea-

rance of a cleistogamic or chasmogamic flower depends entirely

on nutritive conditions. If these are favourable the chasmogamic

flower is seen to appear; in the opposite case the cleistogamic one

appears.

I communicated in my former article my objections to this con-

ception. I will now only remark that the influence of the nutritive

conditions shows itself in such a way that with favourable conditions

the .semi-latent character is developed, and with unfavourable is

suppressed.

Now if in Goebel's experiments the chasmogamic flowei-ing is

suppressed when the plant is under unfavourable conditions, this is

because Viola is an ever-sporting variety in which the chasmogamic

flower is in a semi-latent condition. If the cleistogamic Viola be-

longed to one of the other ever-sporting varieties, if e.g. it were

an ever-sporting variety like the gyno-monoecious form of Satureja

horten.üs or Trifolium pratense quinquefolium in which the anomaly:

(the female flower and the composite leaf) is in a semi-latent con-

dition, then under favourable nutritive conditions the anomaly, the

cleistogamic flower and under less favourable conditions the chas-

moijamic flower would be fostered.
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Zoology. — "The uterus of Erinnceus europaeus L. after parturi-

tion". B}' Prof. H. Stuahl, of Giessen. (Communicated by

Prof. A. A. W. Hübrecht).

(Gommuuicated in tlic meeting of March 31, 190Ö).

Tliroiigh the obliging kindness of my eolleagne Prof. Hubreciit,

to whom I owe my sincere thanks, I was enabled to continue my
researches on the involution of the uterus post partum with a species

which, as far as I know, had not yet been studied in this respect.

The examination of a larger number of uteri of Erinaceus europaeus L.

made it possible sufficiently to investigate the regressive development

in question.

In the pregnant uterus of the hedgehog shoi'tly before pai-turition,

pretty large foetal chambers are found, as was shown by Hubrecht's

extensive investigations. These chambers are entirely lined with

epithelium which extends a little under the edges of the discoid

placenta, the relative size of which is not very large. This placenta

consequently belongs to the stalked ones, although the stalk is a

very broad one.

The wall of the uterus of a hedgehog which was killed immediately

after parturition is accordingly almost entirely covered with an

epithelium whicii proved to consist of high, cylindrical cells. A
layer of epitiielium is only wanting in a small antimesometral region

which is chai'acterised as the site of tlie placenta by the large

vascular stumps.

Excepting the specimen just mentioned the time [)0st partum could

not be determined in my preparations. So I had to arrange them in

a series according to the thickness of the uteri, beginning with such

as were still very thick and admitted of a determination of the number

of former foetal chambers by swellings corresponding to the placental

places and ending with others the appearance of which did not

reveal any traces of pregnancy. The sections obtained from such

uteri were in good agreement with each other and gave a sufficient

idea of the various stages of involution.

I will not give here a detailed description of the phases of the

retrogade development but only remark that the essential changes

occur in the connective tissue of the uterine mucous membrane and

in the glandular apparatus. The surface epithelium whicli with many

animals (e.g. with Putorius furo) undergoes considerable changes of

form, here shows these to a relatively smaller extent. They are

limited to the casting otf of supertluous parts and to the cliange of

larger cells into smaller ones.
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The epithelial defect of tlie placental spot is covered by epithelimn

advancing fi-oui the edges by a similar process as has become knoAvn

of late years for a nnmber of other mammals. Since a spot without

epithelium is found in several stages, it must l)e assumed that the

covering of the gap does not take place so rajiidly as e.g. in many
Rodents.

Characteristic for the connective tissue is the great abundance of

liquid in it; after parturition it appears to be of a loose irregular

texture and contains a considerable number of large blood- and

especially lymph-vessels, the former especially in the placental spot, the

latter spread o\er tiic- ^\•hole mucous membrane. In this connective

tissue during the first period following parturition only small and

irregularly shaped glands are found, with a low epithelium. These

glands occupy little place in the pretty thick mucous membrane.

In the completely retrograde uterus I find a mucous-connective

tissue which is not particularly strong and is rich in cells; in this

long glands reach in a very graceful and regular arrangement from

the inside of the uterus lo the musculature, while larger blood- and

lymi>h-vessels are lacking in it. (see fig. J in Hubrecht's Studies in

Manniialian Embryology. Quart, journ. of micr. sc. \'ol. XXX. new
ser.). A comparison of these two stages, representing the beginning

and the end of the involution, shows the direction of the involution.

It consists, not to speak of the just mentioned minor changes in the

epithelium, in the connective tissue becoming more compact, the

total calibre becoming considerably less, and in a re-arrangement of

the glandular apparatus which is probably accompanied by a new-

formation, but certainly with a re-arrangement and considerable

lengthening of the single glandular tubes.

In the connective tissue it is not so much the single cells wdiich

change (as is e.g. conspicuously the case with the female dog post

partum) as there is a clear indication that intercellular substances

diminish, which finally leads to a consolidation of the whole tissue.

At the same time the swollen lympli-\essels become smaller and

narrower as well as (he stumps of the torn blood-vessels in the

placental spot, the tronibi of which organise themselves. The retro-

gression at the placental spot takes place distinctly more slowly

than in the remaining mucous membrane so that the placental spot

is still recognised as something particular when the gap in the

epithelium has become completely covered.

The return of the glands to their regular form takes still more

time than that of the connective tissue, perhaps its last phase only

sets in with a new rut.

57

Proceedings Royal Acad. Amsterdam. Vol. VIII.
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Comparing the puerperal involution of the uterus of the hecU/ehog

with the same pjrocess as it occurs in other mammals, hitherto studied,

loe may state that in this respect the hedgehog occupies an intermediate

position between Rodents and Carnivora. It stands near the former

in the way in ivhich the epithelium, regresses, near some of the latter

in the regression of the layer of connective tissue, although in this

respect the analogy is not complete.

The more accurate details of the involutional processes of whioii

a short sketch is given here, will be published elsewhere.

Physics. — "Magnetic resolution of spectral lines and magnetic

force". Bj Prof. P. Zeeman. (First part).

The intensity of a magnetic field may be defined by the amount

of splitting up of a given spectral line emitted by a source placed

in the field.

The distance of the outer components of a triplet can be measured

Avith great accuracy. The components of a line resolved by the

action of magnetism are of the same width as (he original line and

the high degree of accuracy obtainable in the measurement of spec-

trum photographs is generally known.

We may call two magnetic intensities equal, when producing

equal amounts of separation of a spectral line, and we may call

two differences of magnetic intensifies equal, when the changes of

the distances of tlie components are the same. In this way we
obtain a scale of magnetic forces, the zero point and the magnitude

of the units can still lio\\'evei' be chosen arbitrarily. All conditions

necessary for the imlirect comiiarisou of different intensities of a

quantify are fultilied. ')

In this method of measuring magnetic forces we adopt a natural

unit of magnetic foi'ce.

In applying the specified method we need not know the functional

relation between magnetic force and magnetic separation of the

spectral lines. It is sufficient to know that this function is one-

valued. The most accurate measurements of the present time °)

and also theory render it extremely probable (hat tlie separation

of the spectral lines is proportional to the intensity of the field

wherein the source of light is placed. If this simple relation be

1) Comp. RuNGE, Maass unci Mes.sen. Encyclopiidie der mathematiscliou Wisseusch.

Bd. V. I. 1903.

~) See specially : A. Farber, Uber das Zeeman-Plianomen. Ann. d. Phys. 9

p. 886. 1902,
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the true one, ttien our scale of magiietio forces is identical witli the

one commonly used.

We may then deduce from a given separation of a well-detlned

spectral line the strength of a field in absolute measure, the constant

of reduction being once for all determined.

In the measurements of Fariser ') relating to the lines 4678 Cd

and 4680 Zu (produced by a spark between zinc-cadmium electrodes)

the constant of reduclion could he determined with a probable error

of far less then Vioo-

This method and all methods used till now for measuring

magnetic fields, give the intensity in a point. Or rather the mean
value in a small area (often rather extensi\e) or in a small space

is considered to be the intensity in a point of that ai'ea oi' of that

space.

The magnetic separation of the spectral lines enables us to measure

simultaneously the macpietlc force in all points hehmfirui to a

straight line.

In my experiments vacuum tubes charged with some mercury and

excited by a coil were used. The tubes had capillaries of 8 cm.

le'ngth, the inlerior diameters varying between V^ and
'/i!

'"'H-

The shape of the tubes was that given by Paschen ^), also used by

RuNGE and Paschkn in their investigation concerning the radiation of

mercury in the magnetic held.

Avery moderate heating is required for the passage of the discharge,

the light in the capillary is then fairlj' intense, it becomes very

brilliant as soon as the tube is placed in the magnetic field.

It was noticed that for a given vapour density there exists a

definite intensity of field for which the luminosity is a maximum.
This is easily seen when putting on the current of a dü Bois half ring

electromagnet. Owing to the large inductance (relaxation time 50")

the intensity of the field rises gradually. If the vapour density in

the tube is not too high, there is clearly one moment of maximum
luminosity.

If with a given field the density of the vapour is well chosen, then

only a very moderate heating of the tube is sufficient for keeping

it luminous.

When the tube is placed between the conical poles of a dü Bois

electromagnet and in a plane perpendicular to the line joining the

poles, there is of course a different field intensity in every point of

1) Farber. 1. c.

-) Paschen, Eine Geisslersche Röhre zum Studium des ZEEsiAN-efl'ectes. Pliysik.

Zeitschr. p. 478. I. 1900.

57*
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the tube. Analysing tlie ligiil of the ditrerent points of the tube

with a spectroscope, we find of course a dilfereiit iiiagnefic separation

for every point.

We can liowever spectroscopically analyse slimdtaneoush/ the light

of all points of the tube.

We have only to focus an image of the tube upon the slit of the

spectroscope. This spectroscope must satisfy one condition. This con-

dition is that to every point of the slit there corresponds one point

of the spectral image. In the case of a prism spectroscope, of an

echelon spectroscope, and of a plane grating spectroscope, this condition

is clearly fulfilled, but the concave grating mounted in Rowland's

manner forms an exception. The use of the concave grating necessitates

in our case the employment of the method pnijKised by Ru.nge and

Paschen ').

My experiments were made in the above maimer.

To illustrate this method I shall take the blue line of mercury (4359),

which divides into a sextet.

The distribution of the magnetic force in a plane perpendicular to

the axis of a du Bois electromagnet with a distance of 4 mm. between

the poles is mapped out in a spindle-shaped magnetograra, of which

a part is reproduced in Fig. 1. This figure is from a negative enlarged

9 times. We may extinguish by means of a Nicol the light of the

inner components. At both sides two narrow lines remain. Fig. 2

is a nntural size reproduction of a magnetogram taken under the

specified conditions. The duplication of the outer components is lost

in the reproduction. The extension of the field, mapped out by this

magnetogram, may be better understood if I observe that 1 mm. in the

focal plane of the spectroscope corresponds to 1.80 mm. in the plane

between the poles or 1 mm. in the latter plane to 0,556 mm. of the

negative. Hence in Fig. 1 5 mm. corresponds to 1 mm. between the

poles. The complete magnetogram gives the magnetic force in a line,

30 mm. in length. Using a lens of shorter focus we can represent,

of course, a greater part of the field. In the middle of the field the

magnetic force is about 24,000 C. G. S. A comparison oï Held strengths

can be made with a decidedly higher degree of accuracy than that

which is given above for an absolute measurement.

The method set forth above will be applied, of course, only in difficult

cases. As long as our spectroscopes of great resolving power are

rather cumbersome, no practical application of the method is possible.

In many cases there will be great advantage in selecting a spectral

line which is tripled in the field.

1) Kayser. Handbuch Bd. I, p. 482.
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The magnetisation of the speetral lines enables us to determine the

ma.xinuim value of the force with phenomena varying rapidly with

the time, and with non-uniform fields.

h\ some cases it is of great importance to follow the behaviour of

a spectral phenomenon with dilferent strengths of field. The above

described method miglit then be called t/ie method of the non-uniforin

field.

In a future commujiieatiun 1 hope to stutly in this manner the

fisi/ininetrij of the separation of spectral lines in weak magnetic

fields, predicted from theory by Voigt. On a former occasion I have

communicated some experiments giving rather convincing evidence of

the existence of this asymmetry ').

In the mean time, I think that the developments lately given by

LoHEXTZ ") make it desirable to corroborate the reasons for accepting

the existence of this extremely small asymmetry.

Mathematics. — "Some properties of penciL- of algebraic curves".

l>y Prof. Jan de Vries.

§ 1. Let A be one of the n'' basepoints of a pencil (c") of curves

c" of order n, B one of the remaining basepoints. If we make to

correspond to each f' the right line c' touching c" in A, then we
get as product of the projective pencils (c") and (c'), a curve 1\ of

order (?t -|- 1) forming the locus of the tangential points of A, i. e.

of the points which are determined by each c" on its tangent c^.

This tangential curve has in A a threefold point where it is touched

by the inflectional tangents of three c" having in A an inflection

;

it has been considered for the first time hy Emil Weyr (Sitz. Ber.

Akad. in Wien, LXI, 82).

I shall now consider more in general the locus Tm of the )/i">

tangential points of A. The order of this curve is to be represented

by t(»;). whilst «(/») and ^{m) are to indicate the number of branches

which Tm has in A and B.

Prof. P. H. ScHOUTE has drawn my attention to a paper inserted

by him in the Coniptes Rendus de l'Académie des sciences, tome CI,

736, where the corresponding curve is treated for a cubic pencil.

I found that the numbers obtained there for ?i ^ 3 appear from the

results to be deduced here.

1) Zeeman. Tfiese Proceedings, December 1899.

'^) LoRENTz. These Proceedings, December 1905.
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To deterniine the fuiu-liuns r[m), a{m) and ji(»i) 1 shall make use

of an auxiliary curve already used by Weyk, which might be called

the antitnn(jential curve of A. It contains tlie groups of a {71— I)-—

2

points ^1— 1_ having A as tangential point; so it passes three times

through ^4 and once through all points B. So it has (2»" — n)

points in common with any c", from which it is evident that it is of

order (2h — 1).

^ 2. The {m — 1)* tangential curve (^'«-') of A is cut by the

antitangential curve (^~') of A, save in the base points, in the points

A"'~^' having A as tangential ])oint. Their number amounts to three

less than the number of tangents which T,,, has in A, so a{m) — 3;

for, on the three c" which have in .1 an iutlcction .1 coincides with

one of its vh"' tangential points.

The three iiitlectional tangents being also tangents of the curve

{A~'), the tangential curve (^1'""') and the antitangential curve

(J.~') have 3«(j/i — l)-)-3 pohits in common in A. In each base-

point B lie [i^iii — 1) points of intersection. So

(2w — 1) T {m — 1) = » (?w) 4 3ft (w — 1) + («' — l)^(m — 1) . . (1)

A .second relation is found by noticing that (/]'"—') has with the

antitangential curve of B, save the basis, the l3{m) points in common
for which B is an ?/i''Mangential point. In B lie 3|J (/», — 1) points

of inter.section, a {in — I) points of intersection lie in A, mm — 1)

in each of the other basepoinls. So

(2» - 1) r(m - 1) = ,i{,n) + a(m - 1) + ("' H 1) /:?('" - 1) • (2)

With any r' the locus 2'„ has, save the i)asis, only the (n — 2)'«

points ^1'^'") in common ; so

n T{m} =-- a(in) + {u' — 1) /i(»t) + {n — 2)'" . . . (3)

§ 3. To tind a iiomogeneous equation of finite differences for the

determination of t(7//) I eliminate from the three obtained relations

the quantities a'm) and |5(/h), and 1 find

nr{m)= »'{2)i— l)T(m - 1)— (m' -U 2)ift(w— 1) -f (>,.-— I )i^m - 1 )] + (« - 2)"'.

Here the expression within braces can be replaced on account

of (3) by mim — 1) — (»• — 2)'"-'. Then

t(m) = («' — « — 2) t(7/i — 1) + (m + !)(« — 2)"' 1 . . (4)

So

T(m — 1) = («' — II — 2) t(?« — 2) + (n + 1)(m — 2)'"-- . (5)

Equations (4) and (5) finally furjiish

T(m} — (n — 2)(« + 2) T(m — 1) + (« — 2)^(« + 1) r{m — 2) = (6)
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To determine a particiilai' solution T{m) = .i"» we have

,,^ _ (,, _ 2) (« + 2).. + (« - 2)^ {n + 1) = 0,

therefore

,y zz: ir — n — 2 Or A' z=: /t — 2.

Consequeiilly tlie general solution is

r{m) = c,(n' - n - 2)"' + .,(« - 2)"'.

To determine the constants c\ and c\ I substitute in (4) the known
values (M + l) of t(1) and (u + 1) (/t'^— 4) of t(2).

Now
/( 4- 1 = c^ {>,^ _ ,, — 2) + c, (n — 2),

(ir — 4)(« + 1) = 0,
(«- — « — 2)-^ -(- c-, (m — 2)^

Finally we find by elimination of c\ and c,

T(m) = (« + 1) {n — 2)"'-i "—ïl^! .... (7)
n

From (1) and (2) ensues

« (m) — i? (»») =: - 2 <« (m — 1) — ,? (w _ 1)>
,

so

« (m) - iJ (m) = (- 2)"'-> \a (1) - ,? (1)| = - (- 2)"' . . (8)

Making use of (3) and (7) we now find

//- (t (;/i) = (« — 2)"'-l |(h + 1)"'+' — -In + Ij — {»' — 1) (— 2)'« . (9)

,,'^ ,i(»i) = {n — 2)'«-l |(n + 1)'»+I — 2« + Ij + (— 2)»' .... (10)

§ 4. For in = 2 we (liul « (2) = ///"
-f- // — 9 ; as ^1 is inflection

for three curves c„, tiiere are tlierefore (n^ ~\- n — 12) curves on

which A coincides with its second tangential point. From this ensues

the wellknown result that A is point of contact of (n -f- 4) (n — 8)

double tangents.

In a former paper ') 1 have brought into connection the locus of

the points of contact D of the double tangents with the locus of the

points ir in which a r" is cut l)y ils double tangents. To determine,

how often a point D coincides with one of its tangential points IF

I consider the correspondence of the rays c?= OD and iv := Ojr
which tlie correspondence {D, W) forms in a pencil with vertex 0.

As the curves (D) and ( IF) are of orders (n — 3) (2»" -|- 5n— 6)

and i (// — 4) (n — 3) (5h^ -\- 5;i — 6), to each ray (7 correspond

(/i — 4) {n — 3) (2«^ -|- 5ii — 6) rays ;/' and to each ray w correspond

{n — 4) {ii. — 3) (5»" -|- 5/i — ()) rays (/.

'j 'On liiii'ar systems of algeln-aic plane curves." Proc. April ii2 1905, Vol. VII

(a), P-
711-
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Because each of the In (n— 2) (n — 3) double tangents out of

represents 2 (?? — 4) coincidences d^iw, the number of coincidences

J):^ 11' is represented by

(„ _ 4) („ _ 3) (2m' + 5« — 6) + (w — 4) {?* — 3) (on" -\- 5// — 6) —
— 4 (n — 4) (n — 3) (m — 2) w z= 3 (n — 4) (« — 3) («' + 6« — 4).

In a pencil (c") n.'e find that 3 (« — 4) {n — 3) {n'' -\- Gn — 4) curves

have an inflection, of which the tangent touches the curve in one other

2)oint more.

In the paper quoted above I tiiouglit I was able to determine this

number out of the points of intersection of the curves (i>)and(]F);

here I overlooked the fact that a point of contact of a double tangent

can be tangential point IF of another double tangent.

§ 5. To find the number of tlireefold tangents 1 consider the

correspondence between the rays projecting out of <) two points

IF and W' lying on the same double tangent. The characterizing

number of this symmetric correspondence is evidently equal to

\ (n — 4) (n — 3) {5n^ -\- 5n — 6) (n — 5), whilst each double tangent

borne by O replaces 2n {n — 2) {n — 3) {n — 4) (n —5) coincidences.

The number of coincidences W i£2 IC amounts thus to

(h — 5) {n — 4) {n — 3) {an' + 5n — 6 — 2n' + 4:?i).

As each threefold tangent bears three of these coincidences we
have the property :

Li a pencil (c") ive find that {n — 5) (n — 4) (n — 3) [n'' -\- 3n — 2)

curves have a threefold tangent.

§ 6. In my paper indicated above I have tried to detei'mine the

number of undulation-points out of the points of intersection of the

intlectional curve (/) with the locus of the points (
1") which c"

determines on its inflectional tangents. As each inflection which is

also tangential point of another inflection is common to (/) and

( V), the number found elsewhere is too large. The exact number I

can determine by means of the correspondence between the rays 01
and OV.

As the orders of (/) and ( V) are a{n—1) and 3(?i

—

3){n''-}-2n— 2)

and each of the 3n. («— 2) inflectional tangents drawn from O replaces

(n— 3) rays of coincidence, we get for the number of coijiciilences

ƒ= V
6(«— 1) (n— 3) + 3(w— 3) (n'+ 2?t— 2)—3w(«— 2) (w— 3)= 6^«-3) (Sn—2).

In a pencil (c") we fni.d that 6 (/i — 3) (3 n — 2j curves have a

four-point tangent.
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§ 7. The curve of inflections (/) and tlie bitangential curve (Z))

have in each of the 3 [n — 1)'' nodes of (''") in common a number

of 2 (n — 3) {n + 2) points.

For, out of a node we can draw to the c" to which it belongs

(«' — n— 6) tangents, to be regarded as double tangents, whilst e^eli

node of a c" is at the same time node of (/).

In each basepoint lie moreover 3 (« -|- 4)(/i — 3) points of inter-

section (§ 4). The remaining points common to (D) and (/) are

the inflections of which the tangent touches the c once more {^ 4)

and the undulation-points {^ 6) where the two curves touch each

other.

Indeed, we have

ö(n— lf {n - 3) («+ 2) -f 3h' («+ 4) («— 3)
+" 3 {n - 4) («—3) (n'^6n—i) +

4- 12(«— 3)(3«— 2) = 6{h— l)='(n— 3)(«+2) + 3(/(— 3)(2«'+(3«'— 1(3/(+8) —
= ti(n-l)(H— 3) (2«'-f 5«— 6),

and this is the product of the orders of (/) and (D).

Physiology. "0« the strength of reflex stiimiU an weak an jjonnHik."

By Prof. H. Z\va.\rdemaker. (Report of a research made by

D. I. A. VAX Reekcm).

(Communicated in the meeting of March 31, 1906).

Investigated were chemical, thermal, mechanical and electrical

stimuli, which partly acted upon the skin partly on the sensible nerves

of the animals, wliich were experimented on.

§ 1. The chemical stimuli were applied by immerging tlie hind-

leg of a winterfrog in a little bowl with a solution of sulphuric

acid varymg from V
„ to V„7„ ( ^ *» — 1. The spinal cord system

was withdrawn in the usual way from the influence of the cere-

brum. After the experiment the legs were washed with distilled

water and the experiment repeated after a pause of 5 minutes.

Neglecting the preliminary reflex, only a complete reflex was consi-

dered as a positive result. After-reflexes and general movements did

only show themselves when rather strong concentrations were used.

As a rule a \i;°/(,(~) solution of sulphuric acid may be accepted

as the minimum stimulus which still pi'oduces reflexes. The reflex-
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time at ail iminergiiig of tlie two legs was 10 seoomis, at an iinnierging

of' one leg 22 seconfls.

It was calculated liow niiicli siilpliuric acid disappeared in the

skin of tlie i'i\)<£, when '/i- Vo sulphuric acid
(

---
1 was used, respec-

tivelj how much Avas fixed by the excretion-products. This occurred

by titrating the imnierging liquid with caustic soda (methylene orange

as indicator) before and after a series of 20 singular reflexes.

Then it appears that about Vis of *''*5 total quantity of the

used sidphuric acid has been bound. Supposing the heat of reaction

of 2 aequivalents natron and I aequivalent sulphuric acid to be

31,4 great calories and supposing that our sulphuric acid has been

bound in a reaction of this kind then the heat of reaction of

the chemical process pro singular reflex, reckoned over the whole

immerged surface of the skin, amounts to 1,37 gram-calorie. It is evident

that only a small part of this supposed i-eaction can have taken

place in or near the terminations of the nerves and that this value

of 1,37 gram-calorie must be also a limit under which is situated

the heat of reaction.

This amount may surpass the real value of the reflex-stimulus

perhaps a million of times. By measurijig the electrical conductivity

of the stimulating solution before and after the reflexes it was

controlled if anything else had passed into the immerging liquid

in the place of the disappeared sulphuric acid. This proved to

be the case for the increase of resistance of the liquid experi-

mented with, was greater than would follow from the decrease of

the sulphuric acid.

§ 2. As a thermal stimulus served immersion in cold or wai'm

water. The most favourable i-esult was obtained by a decreasing dif-

ference of temperature between animal and water of 10^ C. and

by an increasing difference of temperature of 15° C. The reservoir,

isolated by an asbestos envelope, in which the immersion of the frog

took place contained 50 ccm. The immersion was performed once

and after that the reflex was waited for. Then it could be stated

that the temperature of the water increased on an average of 8

centigrades by tlie immersion of the heated frog and deci-eased on an

average of 22 centigrades by the immersion of the leg of a frog

which was conled down. Some experiments already gave a reflex

before it iuid come to this. A sufficient quantity of reflexes large

enough to avoid casualties, were accomiianied by an increase of

• temperature of 7 centigrades resp. a decrease of temperature of 19
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centigrades. Consequently at these last experiments a quantity of

beat of 3,5 gr. calorie must have been withdrawn from ihe leg of

the frog, and 9,5 calorie have been added. This heat divided itself

during a reflex-time of average 7'/^ sec. resp. 9 sec. over the whole

immerged part of the skin. Only a veij small part will have come

to the benefit of the terminations of the nerves and what appears

as a reflex-stimulus may very well be millions of times smaller than

the total quantity of the heat which is given or taken up. The

above mentioned values have again only the significance of limit

values beneath which the heat resp. cold stimulus, which causes a

reflex movement, must be necessarily situated.

§ 3. To produce mechanical reilex-stimuli first falling mercury

drops were made use of ^), afterwards a little ball of resin fastened

to a pig's-bristle, which by an electrically moved tuning fork of

16 double vibrations was kept in a forced vibration of fixed ampli-

tude. In both cases as much as possible the lateral side of the

foot, where the corpuscula tactus are situated, was taken.

The mercury drops were all of the same size (average 100 mgr.)

and were used to the number of 1 to 15, trickling down one after

the other. The iieiglit from which the drops were falling varied

from i to 20 cm. At each experiment the vis viva was calculated

with which the drop came down on the skin of the animal. It was

obvious that for causing a reflex the vis viva had to be in minimo

686 ergs which aniount was obtained by dropping 7 drops one after

the other from a falling height of 1 cm. Once it was possible to

obtain a reflex by the fall of one drop from a height of 7 cm.

which shows the same quantity of energy now contained in one

single stimulus without any summation.

The smallest results according to vis viva Avhich still produce

a reflex were obtained with a little ball of resin of 7 milligram

which vibrated with an excursion of 5 mm. After a retlextime of

on an average 3 sec. the reflex movement was obtahied. The
quantity of energy which was added to the skin in this way in

summing contains 212 ergs.

The result of the mechanical stimulation is quantitatively consi-

derably lower than the above mentioned chemical and caloric

stimulation. It leads to a mininuim, which however put together

in a rt'strici sjiol still [)ossesses the peculiarity of having been

communicated to a part of the skin which probably is considerably

'; E. A. ScHAFER, Proc. Physiol. Soc. 26 Jan. "901.
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larger than the surface of a corpusculiim tactiis. The divergency

between the quantity of energy applied and that which is used for

reflex-stimulus is in this last case not by far so great as in the

thermal forms of reflex stimulus. The simplest relation might be

expected in the very favourable case already mentioned, in which

only one drop of mercury falling from a height of 7 cm. was used.

IMeauwhile, with the ball of resin, still smaller values were obtained,

notwithshxnding' the summation was taken into the account, so that

we may accept, this most simple case has not at all been a most

favourable one.

§ 4. The electrical stimulation brought about by discharges of a con-

densator which was immediately before charged with a voltage varying

between and 2 volts. The capacity of the condensators, which were

constructed in the laboratory from mica of different thickness and cover-

ings of tinfoil dilferent in surface varied from 15 X ^0-^ to 4 X
10-3 m. p They were wholly closed in by paraffine and verified by com-

paring with an air-condensator. The following stimuli were used

:

firstly on the skin of the leg of the frog by means of little catches

of steel wiiich surround the leg: secondly on the posterior roots of the

lumbal-cord, by means of platinum-electrodes set in paraffine, thirdly

on the ner\'us \'agus of a rabbit by means of platinum-electrodes set

in ebonite. The stimuli were for the greater part supplied in series

with an interval of Va sec. in a number varying between 1 and 15.

All those regulations took place automatically by properly isolated

swings and keys. The best results gave a condensator of 59X^0"^ 'n. F.

Skinrefiexes (not ordened series)

(with condensator of .59.10—5 m.F.)

number of btimuli

number of observat.

0.65 0.62 jn. 67 average voltage

12.46 11. 341:!. 24'euergy in 10—4

The above mentioned experiments were taken without a system.

Observing a more judicious succession of the stimuli more favourable

conditions of stimulation were obtained in the following series.

From this table it distinctly appears that the stimulus is limited

to the smallest quantity of energy when a condensator 0,00035 m. F.

is used. Then 1,4 X 10"'* ergs is sufficient on condition that

the stimulus is repeated three times with an interval of Ys sec.

Consulting the experiments about reflexes which are not mentioned
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Skin reflexes (ordened series)

(the average for the different condensators).

Capacit}'
1 j

Number
!

Energ\-
Voltage of

i

of each stimulus
in ni.F. ' stimuli

,

in 10— i ergs.

0.0002.5
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Breatli-reflexes.

capacity
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is dissociated in the liquid and the gasphase." 200.

— Properties of the critical line (plaitpoint line) on the side of the components. 271.

— The properties of the sections of the surface of saturation of a binary mixture

on the side of the components. 280.

— The exact numerical values for the properties of the plaitpoint line on the side

of the components. 289.

— presents a paper of Prof. J. D. van deb Waai.s Jr.: "Kemarks concerning the

dynamics of the electron." 477.

WAALS JR. (j. D V A N d E ii). Remarks concerning the dynamics of the electron. 477.

WEBER (max) presents a paper of Prof. Svdney J. Hickson: "On a new species

of Corallium from Timor." 268.

WEEDER (J.). Approximate formulae of a high degree of accuracy for the ratio of the

triangles in the determination of an elliptic orbit from three observations. II. 104.

WENT (f. a. r. c). Some remarks on the work of Mr. A. A. Pulle, entitled: "An

enumeration of the vascular plants known from Surinam, together with their

distribution and synonymy." 639.

— and A. H. Blaauw. On a case of apogamy observed with Dasylirion acrotrichum

Zucc. Ü84.

w I c H M a N N (c. E. A.). On fragments of rocks from the Ardennes found in the

diluvium of the Netherlands North of the Ühine. 518.

wilterdink (j. h.). Report on the operations with the tvvo slit-spectrographs for

the solar eclipse of August 30, 1905. 606.

WIND (c. H.) presents a paper of C. Easton : "Oscillations of the solar activity and

the climate". 2^^ communication. 155.

WINKLER (c.) presents a paper of D. J. Hülshoff Pol : "Bolk's centra in the

cerebellum of the mammalia". 298.

— presents a paper of Dr. G. van Eunberk : "The designs on the skin of the

vertebrates, considered in their connection with the theory of segmentation". 307.

— presents a paper of Dr. L. J. J. Muskens : "Anatomical research about cerebellar

connections." 563.



XXII U E G I S T E E.

W U S M A N (II. P.) nnd (t. C. J. Vosmaer. On the structure of some siliceous spi-

cules of sponges. I. The styli of Tetliya lyncurium. IB.

ZEEMAN (p.) presents a paper of Dr. F. M. Jaeger : "A simple geometrical

deduction of the relations existing between known and unknown quantities,

mentioned in the method of Voigt fur determining the conductibility of heat in

crystals." 793.

— Magnetic resolution of spectral lines and magnetic force. 1st part. 814.

Zoology. G. C. J. Vosmaer and H. P. Wijsman: "On the structure of some siliceous

spicules of sponges. I. The styli of Tethya lyncurium." 15.

— Sydney J. Hickson : "On a new species of Coralliuin from Timor." 268.

— Eugen Fischer : "On the primordial cranium of Tarsius spectrum." 397.

— P. P. C. HoEK : "On the pol3'andry of Scalpellura Stearnsi." 639.

— H. Steahi. : 'The uterus of Erinaceus europaeus L. after parturition." 812.

ZWAAEDEMAKER (h.). On the pressure of sound in Corti's organ. 00.

— On the ability of distinguishing intensities of tones. 421.

— On the strength of the reflex-stimuli as weak as possible. 821.

zwiERS (h. J.). Eesearches on the orbit oi the periodic comet Holmes and on the

perturbations of its elliptic motion. 642.
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